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PREFACE 


During the past few years students have frequently come to the author 
with this query, ‘‘Where can I find an elementary treatment of atomic 
spectra?” Further questioning has shown, in general, that, although 
these students have had at least one year of calculus and one or more years 
of college physics, they have found most treatments of atomic spectra 
either too brief or too highly mathematical. The desire to meet the 
situation has given the author the incentive and the encouragement 
to write this book. 

In preparing a manuscript that will in some measure meet the desires 
of beginning students, as well as those already familiar with certain 
phases of atomic spectra, the author set up the following three objectives: 
first, to start as nearly as possible at the beginning of each subject; 
second, to develop each new concept so that the student with a working 
knowledge of elementary physics and elementary calculus should have 
little difficulty in following; and third, clearly to illustrate each chapter, as 
far as possible, with diagrams and photographs of actual spectra. 

At the outset one is confronted with the problem of describing a field 
of scientific investigation that has developed, anfd still is developing, 
at a rapid rate. On the one hand we have the Bohr-Sommerfeld theory 
of an orbital atom and on the other the newer and more satisfactory 
theory of quantum mechanics. Believing that one can better under- 
stand the principles of quantum mechanics by first becoming well 
acquainted with the observed spectra and with the vector model, the 
orbital model of the atom is first treated in some detail. Once developed 
the orbital model then furnishes a very easy step to the quantum- 
mechanical atom as given by Schrodinger^s wave equation or by the 
Dirac electron. At frequent intervals throughout the book both the old 
and new models, of orbits and probability density functions, are compared 
with each other. 

The treatment as it is given here starts with the historical background 
of spectroscopy (Chap. I) and develops in the first ten chapters the old 
and the new quantum theories of one-valence-electron atoms. The 
second half of the book (Chaps. XI through XXI) deals with complex 
atomic systems of two or more valence electrons and includes a brief 
account of x-ray spectra. Believing that frequent comparison with the 
observed spectral lines, by giving actual reproductions of spectrograms, 
is all too often neglected, the author has spent a great deal of time in 
photographing many of the spectra used as illustrations. That photo 
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graphs are an extremely important feature of any book on atomic spectra 
may be emphasized by pointing out that, of all the theories and knowledge 
concerning atoms, the spectrum lines will remain the same for all time. 

For the benefit of those readers who profit greatly by the working 
out of examples, typical problems on each subject are given at the end of 
most chapters. All sections, figures, tables, and equations are assigned 
two numbers, the first number designating the chapter, and the second the 
ordinal number in the chapter. The purpose of this notation is to facili- 
tate the finding of any section, figure, table, or equation referred to in the 
text. In referring to Eq. (4.9), for example, one turns to Chap. IV, using 
the headings at the top of each page, and then to the ninth equation in 
that chapter. 

The author wishes to take this opportunity especially to thank 
Prof. Raymond T. Birge and Dr. E. Ramberg for their valuable criticism 
of the entire manuscript. Sincere thanks are also to be extended to 
Adeline Dally White for her assistance and patience in the reading of the 
proof, Prof. F. K. Richtmyer and S. Allison for their reading of Chap. XVI 
on x-ray spectra, Prof. H. N. Russell for reading Chaps. XI, XII, XIII, 
XIV, XV, and XIX, on complex spectra. Prof. S. Goudsmit for reading 
Chap. XVIII on hyperfine structure, Prof. P. S. Epstein for reading Chap. 
XX on the Stark effect, Prof. J. R. Oppenheimer for the reading of 
sections dealing with quantum-mechanical results, and Profs. R. B. Brode 
and F. A. Jenkins for their reading of various sections and chapters. 
Most sincere thanks are also extended to Drs. A. S. King and P. W. 
Merrill of the Mount Wilson Observatory, and Prof. D. H. Menzel of the 
Lick and Harvard observatories, for the original terrestrial, stellar, and 
solar spectrograms, and to Mr. H. D. Babcock of the Mount Wilson 
Observatory for the very fine Zeeman patterns of vanadium and chro- 
mium. I also wish to thank Prof. F. K. Richtmyer and Dr. F. Hirsch for 
the original spectrograms reproduced in Figs. 16.5 and 16.7, Prof. M. 
Siegbahn for the copies of the x-ray diffraction and interference patterns 
reproduced in Figs. 16.2 and 16.3, Prof. J. S. Foster for the Stark-effect 
patterns reproduced in Fig. 20.12, Profs. G. N. Lewis and C. D. Shane and 
Drs. F. H. Spedding and N. S. Grace for the spectrograms of and 
reproduced in Figs. 9.1 and 9.5. Finally I wish to thank Prof. R. B. 
Erode and Miss Burmann for especially photographing the x-ray absorp- 
tion spectra shown in Fig. 16.9, S. 8. Ballard for the photographing of the 
Lyman series of and H*, reproduced in Fig. 2,12, and Dr. N. S. Grace, 
Dr. E. McMillan, and K. More for the original spectrograms reproduced 
in Fig. 18.2. 

Habvey Elliott White. 

Berkeley, Calif., 

September, 1934 . 
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CHAPTER I 

EARLY mSTORICAL DEVELOPMENTS IN ATOMIC SPECTRA 

Spectroscopy as a field of experimental and theoretical research has 
contributed much to our knowledge concerning the physical nature of 
things — knowledge not only of our own earth but of the sun, of inter- 
stefiar space, and of the distant stars. It may rightly be said that 
spectroscopy had its beginning in the year 1666 with the discovery by 
Sir Isaac New^ton that different colored rays of light when allowed to 
pass through a prism were refracted at different angles. The experiments 
that Newton actually carried out arc well known to everyone. Sunlight 
confined to a small pencil of rays by means of a hole in a diaphragm and 
then allowed to pass through a prism was spread out into a beautiful 
band of color. Although it W'as know'n to the ancients that clear crystals 
when placed in direct sunlight gave rise to spectral arrays, it remained 
for New’ ton to show’ that the colors did not originate in the crystal but 
were the necessary ingredients that go to make up sunlight. With a 
lens in the optical path the band of colors falling on a screen became a 
series of colored images of the hole in the diaphragm. This band Newton 
called a spectrum. 

Had Newton used a narrow’ slit as a secondary source of light and 
examined carefully its image in the spectrum, he probably would have 
discovered, as did Wollaston' and Fraunhofer^ more than one hundred 
years later, the dark absorption lines of the sun's spectrum. Fraunhofer 
took it upon himself to map out several hundred, of the newly found 
lines of the solar spectrum and labeled eight of the most prominent ones 
by the first eight letters of the alphabet (see Fig. 1.1). These lines are 
now known as the Fraunhofer lines. 

1.1. Kirchhoff’s Law. — More than half a century passed in the history 
of spectroscopy before a satisfactory explanation of the Fraunhofer 
lines was given. Foucault® showed that, when light from a very power- 

1 Wollaston, W. IL, Phil. Trans. Roy. Soc., II, 365, 1802. 

* Fraunhofer, J., Gilbert s, Ann., 66, 264, 1817. 

» Foucault, L., Ann. chim. et phys., 68, 476, 1860. 
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ful arc was first allowed to pass through a sodium flame just in front 
of the slit of a spectroscope^ two black lines appeared in exactly the same 
position of the spectrum as the two D lines of the sun's spectrum. Not 
many years passed before evidence of this kind proved beyond doubt 
that many of the elements found on the earth were to be found also 
in the sun. Kirchhoff^ was not long in coming forward with the theory 
that the sun is surrounded by layers of gases acting as absorbing screens 
for the bright lines emitted from the hot surfaces beneath. 

Fraunhofer Lines 
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Fig. 1.1. — Prominent Frrunhofer lines. Solar spectrum. 

In the year 1859 Kirchhoff gave, in papers read before the Berlin 
Academy of Sciences, a mathematical and experimental proof of the 
following law: The ratio between the powers of emission and the powers of 
absorption for rays of the same wave-length is constant for all bodies at the 
same temperature. To this law, which goes under Kirchhoff's name, the 
following corollaries are to be added: (1) The rays emitted by a substance 
excited in some way or another depend upon the substance and the tem- 
perature; and (2) every substance has a power of absorption which is a maxi- 
mum for the rays it tends to emit. The impetus Kirchhoff 's work gave to the 
field of spectroscopy was soon felt, for it brought many investigators 
into the field. 

In 1868 Angstrom'^ set about making accurate measurements of the 
solar lines and published an elaborate map of the sun’s spectrum. Ang- 
strom’s map, covering the visible region of the spectrum, stood for a 
number of years as a standard source of wave-lengths. Every line to be 
used as standard was given to ten-millionths of a millimeter. 

1.2. A New Era. — The year 1882 marks the beginning of a new era in 
the analysis of spectra. Realizing that a good grating is essential to 
accurate wave-length measurements, Rowland constructed a ruling 
engine and began ruling good gratings. So successful was Rowland'^ in 
this undertaking that within a few years he published a photographic 
map of the solar spectrum some fifty feet in length. Reproductions 
from two sections of this map are given in Fig. 1.2, showing the sodium 

^ Kikchhoff, G., Monatsber. Berl. Akad. TFiss., 1859, p. 662; Pogg. Ann., 109, 
148, 276, 1860; Ann. chim. et phys., 58, 254, 1860; 69, 124, 1860. 

2 Angstrom, A. J., Uppsala, W. Schultz, 1868. 

® Rowland, H, A., Johns Hopkins Univ. Circ. 17, 1882; Phil. Mag., 13, 469, 1882; 
Nature, 26, 211, 1882. 
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D lines, the iron E lines, and the ionized calcium H lines. With a wave- 
length scale above, the lines, as can be seen in the figure, were given to 
ten millionths of a millimeter, a convenient unit of length introduced by 
Angstrom and now called the Angstrom unit. The Angstrom unit 



Fig. 1.2. — Sections of Rowland’s solar map. 

is abbreviated A, or just A, and, in terms of the standard meter, 1 m 

= IQi” A. 

Up to the time Balmer (1885) discovered the law of the hydrogen 
scries, many attempts had been made to discover the laws governing 
the distribution of spectrum lines of any element. It was well known 
that the spectra of many elements contained hundreds of lines, whereas 
the spectra of others contained relatively few. In hydrogen, for example? 
half a dozen lines apparently comprised its entire spectrum. These few 
lines formed what is now called a series (see Fig. 1.3). 

In 1871 Stoney,^ drawing an analogy between the harmonic over- 
tones of a fundamental frequen(;y in sound and the series of lines in 
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Fig. 1.3. — The Balmer series of hydrogen. 

hydrogen, pointed out that the first, second, and fourth lines were the 
twentieth, twenty-seventh, and thirty-second harmonics of a fundamental 
vibration whose wave-length in vacuo is 131, 274.14 A. Ten years later 
Schuster® discredited this hypothesis by showing that such a coincidence 
is no more than would be expected by chance. 


1 Stoney, G. J., Phil. Mag., 41, 291, 1871. 

* Schuster, A., Proc. Roy. Soc. London, 31, 337, 1881. 
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Liveing and Dewar, ^ in a study of the absorption of spectrum lines, 
made the outstanding discovery that most of the lines of sodium and 
potassium could be arranged into series of groups of lines. A reproduc- 
tion of their diagram is given in Fig. 1.4. Excluding the D lines of 
sodium, each successive group of four lines becomes fainter and more 
diffuse as it approaches the violet end of the spectrum. Liveing and 
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Fig. 1.4. — Schematic representation of the sodium and potassium series. {After Liveing 

and Dewar.) 


Dewar say that while the wave-lengths of the fifth, seventh, and eleventh 
doublets of sodium were very nearly as .'iV^ Ihe whole series cannot 
be represented as harmonics of one fundamental. Somewhat similar 
harmonic relations were found in potassium but again no more than would 
be expected by chance. 

Four years later Hartley^ discovered that the components of a 
doublet or triplet series have the same separations when measured 
in terms of frequencies instead of wave-lengths. This is now known as 
Hartley's law. This same year Liveing and Dewar® announced their 
discovery of series in thallium, zinc, and aluminum.'* 

1.3. Balmer’s Law. — By 1885 the hydrogen series, as observed in the 
spectra of certain types of stars, had been extended to 14 lines. Photo- 
graphs of the hydrogen spectrum are given in Fig. 1.5. This year is 
significant in the history of spectrum analysis for at this early date 
Balmer announced the law of the entire hydrogen series. He showed 
that, within the limits of experimental error, each line of the series is 
given by the simple relation 


X = 



( 1 . 1 ) 


where h = 3645.6 A and ni and nz are small integers. The best agree- 
ment for the whole series was obtained by making ni = 2 throughout 


^ Liveing, G. D., and J. Dewar, Proc, Roy. Soc. London, 29, 398, 1879. 

* Hartley, W. N., Jour. Chem. Soc., 43, 390, 1883. 

® Liveing, G. D., and J. Dewar, Phil, Trans. Roy. Soc., 174, 187, 1883. 

* A more complete and general account of the early history of spectroscopy is to 
be found in Kayser, ‘^Handbuch der Spektroscopie, Vol. I, pp. 3-128, 1900. 
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andnj = 3,4, 5, 6 • • • for the first, second, third, fourth, • • • members 
of the -series. The agreement between the calculated and observed 
values of the first four lines is shown in the following table : 


Table 1.1. — Balmer's Law for the Hydrogen Series 


Calculated wave-lengths 

Angstrdm’s 
observed values 

Difference 

He “ !A= 6562.08 A 

6662.10 A 

4-0.02 A 

Hg = \th = 4860.80 

4860.74 

-0.06 

Hy = l‘h = 4340.00 

4340.10 

-hO.lO 

Hs = }!A “ 4101.30 

4101.20 

-0.10 


While the differences between calculated and observed wave-lengths 
for the next 10 lines are in some cases as large as 4 A, the agreement is as 
good as could be expected from the existing measurements. The 


Balmer Senes 
of 

HYDROGEN 

Stellar and Solar Spectra 




Fio, 1.5. — Stellar and solar spectrograms showing the Balmer series of hydrogen. 


accuracy with which lines were then known is seen from the following 
measurements of five different investigators for the first member of the 
hydrogen series: 


Table 1.2. — Early Measures of the Hydrogen Line 


6666 .6 Van der Willigen 

6662.10 Angstrom 

666 1.62 Mendenhall 

6560.7 Mascart 

6559 .6 Ditflcheiner 


1.4. Rydberg’s Contributioiis.— -Rydberg’s early contributions to 
atomic spectra consisted not only in Ending the laws of a number of 
series but also in showing that Hartley’s law of constant frequency 
differences was applicable in cases where the doublet or triplet com- 
ponents were very far apart. For example, he showed that the first 
menxber of the principal series of thallium is a doublet with the enormous 
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separation of 1574 A, one line lying in the green at X5350 and the other 
in the near ultra-violet at X3776. This discovery proved to be of con- 
siderable importance, as it suggested the possibility that all series arising 
from the same element were in some simple way connected with each 
other. 

Using Liveing' and Dewar’s data on the sodium and potassium 
series, Rydberg made for the first time the distinction between what is 
called a shary series and a diffuse series. The Na and K series given in 
Fig. 1.4 were each shown to be in reality two series, one a series of sharp 
doublets (designated by s) and the other a series of diffuse doublets (des- 
ignated by d). 

A third type of series found in many spectra is the so-called principal 
series^ involving as its first member the resoiiance or persistence line of the 
entire spectrum. Resonance or persistence lines are those relatively 
strong lines most easily excited. Such lines usually appear strong in a 
Bunsen flame. The yellow D lines are a good example of this. 

Still a fourth type of series was discovered by Bergmann. This type 
of series is usually observed in the near infra-red region and is sometimes 
called the Bergmann series. Since Bergmann did not discover all such 
series, Hicks called them the f undamental series. Although this name is 
perhaps less appropriate than the other and is really misleading, it has 
after 20 years become attached to the series. New scries were dis- 
covered so rapidly about this time that many different names and 
systems of notation arose. Three of these systems commonly used are 
given in the following table. 


Table 1.3. — Series Notation Used by Different Investigators 


Foote and Mohler 

Paschen 

Rydberg 

Second subordinate 

' II. Nebenseric 

Sharp 

Principal 

Haiiptscric^ 

Principal 

First subordinate 

I. Nebenseric 

Diffu.se 

Bergmann 

Bergmann 

Fundamental 


In searching for a general series formula Rydberg discovered that 
if the wave-lengths X or the frequencies p of a series be plotted against 
consecutive whole numbers, a smooth curve which is approximately a 
displaced rectangular hyperbola is the result.^ For a curve such as the 
one shown in Fig. 1.6 he attempted a solution of the form 

^ It is convenient in practice to express v numerically not hs the actual frequency 
but as the frequency divided by the velocity of light, buch quantities are called 
wave fiuntherff and, since c — v\, they are given by the reciprocal of the wave-length 
measured in centimeters. In this way a spectrum line is described by the number of 
waves per centimeter in vacuo. Wave numbers, therefore, are units with the dimen- 
sions of reciprocal centimeters, abbreviated cm*"*. 
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Vn ^ n = 2, 3, 4, 5, • • • oo, (1.2) 

n + M 

where vn is the wave number of the given line n, and C, and fi are 
constants. In this equation, approaches y « as a limit, as n approaches 
infinity. While this formula did not give the desired accuracy for an 
entire series, Rydberg was of the opinion that the form of the equation 
could not be far from correct. 

The next equation investigated by Rydberg was of the form 

Vn = V 00 - + n = 2, 3, 4, 5, • • • (1.3) 

where, as before, N and n are constants, «, is the limit of the series, and 
n is the ordinal number of the line in the series. This formula proved 



to be so successful when applied to many series that Rydberg adopted 
it in all of his succeeding work. The important fact about the formula 
is that W takes the same value in all series in all elements. It is interest- 
ing to observe that, by placing /x = 0, the equation reduces to Balmer^s 
formula for hydrogen (see Sec. 1.8). Since n takes on integral values 
only, the hydrogen series affords a direct means of calculating this 
universal constant JV, now known as the Rydbcvg constciTit R, Rydberg s 
equation is now written 

Vn = V. - , j -v,' n = 2, 3, 4, 5, • • • (1.4) 

(n + nr 

If we now let vi, vl, vi, and vi represent for the sharp, principal, 
diffuse, and fundamental series, respectively, then the four general 
series may be represented by 
Sharp series: 

v’ = vU - where n = 2, 3, 4, • • ■ ». (1-5) 
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Principal series: 

Tf 

= »S - n = 1, 2, 3, • • • «. (1.6) 

Diffuse series: 

vi=- vi - n == 2, 3, 4, • • • 00 . (1.7) 

Fundamental series : 

where n = 3, 4, 5, • • • oo. (1.8) 

Here /S, P, D, and F represent the values of and pi, pS, pi, and p^ the 
limits of the different series. In applying the above equations to the 
three chief series of lithium, Rydberg obtained the following expressions: 


pj = 28601.6 - 

pj = 43487.7 - 
vi = 28598.5 - 


109721.6 
(n + 0.5951)2' 

109721.6 
(n + 0.9596)2’ 

109721.6 
{n + 0.9974)2* 


(1.9) 

( 1 . 10 ) 

( 1 . 11 ) 


These equations show a relation that might have been anticipated 
from an examination of the sharp and diffuse series of Na and K in Fig. 
1.4, viz,, that the limits of the S and D series are probably the same, 
t.e., Pi = pi. It is to be noted that the first member of the sharp series, 
Eq. (1.9), starts with n * 2. With n = 1 this formula gives the first 
member of the principal series with a negative value. 

1.6. The Rydberg-Schuster Law. — Rydberg observed that if n is 
placed equal to unity in the sharp-series formula, Eq. (1.9), the right- 
hand term became approximately the limit of the principal-series formula, 
Eq. (1.10). 

109721.6 _ 43123 7 ~ pS (1 12) 

(14- 0.5951)2 43123.7 _p£. ) 


Similarly, if n is placed equal to unity in the principal-series formula, 
the right-hand term becomes approximately the limit of the sharp 
series: 


109721,6 
(1 + 0.9596)2 


28573.1 


pS>. 


(1.13) 


Rydberg came to the conclusion that the calculated differences were 
due to experimental errors and that the sharp- and diffuse-series limits 
were identical. He therefore could write Eqs. (1.9), (1.10), and (1.11) 
in the following form: 
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== ^ ^ , Q 24) 

” (1+P)2 {n + SY 

vv = — 3 . , n 15) 

” (1 + sy (n + py 

yd = ? —5 (1 16) 

It was not until 1896 that Rydberg' discovered, as did Schuster^ in 
the same year, that the first line of the principal series in the alkalies 
is also the first member of the sharp series when taken with negative sign. 
If n is placed equal to unity in Eqs. (1.9) and (1.10), then v\ ~ —v\. In 
exactly this same way it was found that the difference between the limit 
of the principal series and the common limit of the sharp and diffuse 
series is equal to the first member of the principal series : 

vl - v% ^ v\ ^ (1.17) 

These important relations are now known as the Rydherg-Schuster law. 

Immediately upon the discovery by Bergmann, 12 years later, of the 
fundamental series, Ruiige announced that the difference between the 
limits of the diffuse and fundamental series is equal to the first line of 
the diffuse series: 

~ (1.18) 
Hence, from Eqs. (1.7) and (1.18), Ecp 1.8 can be written 


(2 + DY^ 


(1.18a) 


and this equation added to Ihe group (1.14), (1.15), and (1.16) shows 
that the frequency limit of every one of the four series has now been 
expressed in terms of the constants of some other series. For the diffuse 
series, n usually starts with two in place of unity. 

The Rydberg-Schuster law^ as well as the Runge law is shown in 
Fig. 1.7 by plotting the spectral frequencies, in wave numbers Vy against 
the order number n, for the four chief series of sodium. To prevent 
confusion among the lines belonging to the different series each one is 
plotted separately. In order to show that the first member of the 
principal series becomes the first member of the sharp series, when taken 
with negative value, the scale has been extended to negative wave 
numbers. Unfortunately the frequency scale is too small to show the 
doublet nature of each line. The Rydberg-Schuster law is indicated 
by the intervals Xi of the figure and the Runge law by the intervals X2. 

A study of the singlet and triplet series discovered in a number of 
elements shows that similar laws are to be found. This may be illus- 

1 Rydberg, J. R., Astrophys. Jour., 4, 91, 1896. 

* Schuster, A., Nature, 56, 180, 200, 223, 1896. 
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trated by the calcium series shown schematically in Fig. 1.8. The 
upper four series represent the triplets and the lower four the singlets. 
Intervals between certain series limits, shown at the bottom of the figure, 



Fia. 1.7. — Schematic plot of the four chief series of sodium doublets showinK the Rydborj^- 
Schuster and Runge laws. 


are observed to be the same as the frequencies of certain radiated lines. 
Figures such as these reveal many important relations and, as we shall 
see later, facilitate the formation of what are called energy level diagrams. 


50,000 cm-^ 40.000 30.000 

I ■ I , ■ I , , . . 1 

Radiated Freoiuencies 


Principal 



Sharp 

Diffuse 

Fundamental 



Principal 

Sharp 


- 20.000 




Fiq. 1 8. — Schematic plot of the chief triplet and singlet aeries of calcium showing the 
Rydberg-Schuster and Runge laws. 


1.6. Series Notation. — A somewhat abbreviated notation for Ryd- 
berg^s formulas was employed by Ritz. This abbreviated notation, 
which follows directly from Eqs. (1.14), (1.15), (1.16), and (1.18a), for 
the four chief types of series is written as follows: 
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j'* = IP — nSj = IP — nD, 

vl = IS - nP, = 2D - nF. (1.19) 

In order to distinguish between singlet-, doublet-, and triplet-series 
systems, various schemes ^have been proposed by different investigators. 
Fowler,^ for example, used capital letters S, P, 2), etc., for singlets, Greek 
letters <r, tt, 5, etc., for doublets, and smalLletters s, p, d, etc., for triplets. 
Paschen and Gotze^ on the other hand adopted the scheme of small 
letters s, p, d for both doublets and triplets, and capitals S, P, D for 
singlets. 

A more recent scheme of spectra notation, published by Russell, Shen- 
stone, and Turner,® has been accepted internationally by many investi- 
gators. In this new system capital letters are used for all series and small 
superscripts in front of each letter give the multiplicity (see Table 1.4). 


Table 1.4. — Series Notation 


Series 

Fowler 

Paschen 

Adopted 

Singlet 

S P D F 

a TT 5 (p 

s p d f 

S P D F 
s p d f 
s p d f 

IS ip ID iP 

2^ ip ID ip 

3S 3p ZD ap 

Doublet 

Triplet 


1.7. Satellites and Fine Structure. — The appearance of faint lines, 
or satellites, in some series was discovered by Rydberg and also by 
Kayser and Runge. At first the satellites, which usually appear on the 
long wave-length side of the diffuse series, were considered as a secondary 
diffuse series until it was discovered that Hartley's law of constant 
frequency separations applied to the separation of the satellite and one 
of the strong lines of the doublet. In most diffuse doublets the strongest 
line lies between the satellite and the weaker line of the doublet. 

This is illustrated in Fig. 1.9, where the first four members of the four 
chief series of caesium are plotted schematically. Plotted to a frequency 
scale it is seen that the outside separation of each member of the sharp 
and diffuse series and the first member of the principal series is exactly 
the same. It should also be noted that the first member of the principal 
series is, when inverted, the first member of the sharp series. This mem- 
ber is shown dotted. 

Unlike other -F series, to be studied later, the strongest line in each 
P-doublet in caesium lies on the low-frequency side of the respective 
satellites. Like all W series, however, each doublet has one interval in 
common with the first member of the diffuse series. 

1 Fowler, A., “Report on Series in Line Spectra,” Fleetway Press, 1922. 

* Paschen, F., and R. Gotze, “Seriengesetze der Linienspektren,” Julius 
Springer, 1922. 

^ Russell, H. N., A. G. Shenstone, and L. A. Turner, Phya. Rev., S3, 900, 1929. 
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Similar relations are found to exist among the triplet series of the 
alkaline earths. The first four members of the four chief series of 
calcium are shown schematically in Fig. 1.10. From the diagram it is 
seen, first, that the common limit of sharp and diffuse series is a triple 



LifDifs 4th 3rd 2nd 1st 


Fig. 1.9. — Frequency plot of the doublet fine structure in the chief series of caesium. 

limit with separations equal to the first member of the principal series; 
second, that the limit of the fundamental series is a triple limit with 
separations equal to the separations of the strongest line and satellites 
of the first member of the diffuse series; and third, that the principal 
series has a single limit. It is to be noted in the doublet series (Figs. 



Limits 4th 3rd 2nd 1st. 

Fig. 1.10. — Frequency plot of the triplet fine structure in the chief series of calcium. 


1.9 and 1.7) that, while the first principal doublet becomes the first 
sharp doublet when inverted, the reverse is true for the triplet series of 
calcium. By inverting the first sharp-series member (Fig. 1.10), the 
lines fall in with the principal series in order of separations and intensities. 
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In the development of Rydberg^s formula, each member of a series 
was assumed to be a single line. In the case of a series where each 
member is made up of two or more components, the constants v » and /i 
of Eq. (1.4) must be calculated for each component. Rydberg^s formulas 
for the sharp series of triplets, for example, would be written, in the 
accepted notation. 


K 

K 

K 


R 

R 

(1 + ’Ps)* 

(n + 

R 

R 

(1 + 

(n + 

R 

R 

(i + ’> 0 )" 

(n + 


= VP2 - 
= l^Pi - n^Si, 

- VPo - n^Su 


( 1 . 20 ) 


where ^Foj ^Pi, ^Piy occurring in the denominators, are small con- 
stants. Symbolically PP 2 stands for the term R/{1 + *^ 2 )^ which is 
one of the three limits of the sharp series. The subscripts 0, 1, and 2, 
used here to distinguish between limits, are in accord with, and are part 
of, the internationally adopted notation and are of importance in the 
theory of atomic structure. 

A spectral line is seen to be given by the difference between two 
terms and a series of lines by the difference between one jixed term and a 
series of running terms. The various components of the diffuse-triplet 
series with three main lines and three satellites are designated 

VP 2 — n^Dz, first strong line; PFi — n^Dz, second strong line. 

1 ^P 2 n^Dz, satellite; PPi — n^Z>i, satellite. (1.21) 

1®P2 — n^Du satellite; PPo — third strong line. 


The general abbreviated notation of series terms is given in the 
following table along with the early schemes used by Fowler and Paschen. 


Table 1.6. — Notation of Series Terms 


Series 

Fowler 

Paschen 

Internationally 

adopted 

1 

Singlet 

1 

S P D F 

S P D F 

>Pi >£>2 ‘F, 

Doublet 

tr TTg S 
iri 5' tp' 

s Pi dz fi 
Pi di fi 

«Di 

»P, »£», »F^ 

Triplet 

8 pi d / 

p, d' r 
p, d" f" 

« Pi di fi 
Pi dz fi 
Pi di ft 

»F2 «Z>, 

*Fi 

"Po ^Ft 


While the new notation is somewhat complicated by the use of 
superscripts and especially by half-integral subscripts, it will be seen 
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later that each letter and number has a definite meaning, in the light of 
present-day theories of atomic structure. 

1.8. The Lyman, Balmer, Paschen, Brackett, and Pfund Series of 
Hydrogen. — It is readily shown that Balmer's formula given by Eq. (1.1) 
is obtained directly from Rydberg's more general formula 


_ R R 

(ni + Mi)^ (W'2 -f 

by placing = 0, jLi 2 = 0, rii — 2, and n 2 = 3, 4, 5, 

Eq. (1.1), 

1 = 1 _ i = 

X a a nl 

where a = 3645.6 A. Writing R == nl/a, 

- ^ = j?(L - 1 

n| nl Vnf nl 


( 1 . 22 ) 

Inverting 


(1.23) 


(1.24) 


This is the well-known form of the hydrogen-series formula. 

It was Ritz, as well as Rydberg, who made the suggestion that n 2 
might take running values just as well as ni. This predicts an entirely 
different series for each value assigned to ni. For example, with ni = 1, 
2, 3, 4, and 5, the following formulas are obtained : 


Lyman series: 



Balmer series: 



Paschen series: 



Brackett series: 



pfund series: 



“S|} 

-k) 

- 4 > 

-k)' 

'5|)’ 


2, 3, 4, • • • . 

(1.25) 

3, 4, 5, • • • , 

(1.26) 

4, 5, 6, • • . . 

(1.27) 

5, 6, 7, • • • . 

(1.28) 

' * ’ • 

(1.29) 


Knowing the value of R from the well-known Balmer series the positions 
of the lines in the other series are predicted with considerable accuracy. 
The first series was discovered by Lyman in the extreme ultra-violet 
region of the spectrum. This series has therefore become known as the 
Lyman series. The third, fourth, and fifth series have been discovered 



Sec. 1,9] 


EARLY HISTORICAL DEVELOPMENTS 


15 


where they were predicted in the infra-red region of the spectrum by 
Paschen, Brackett, and Pfund, respectively. The first line of These five 
series appears at X1215, X6563, X18751, X40500, and X74000 A, respec- 
tively. It is to be seen from the formulas that the fixed terms of the 
second, third, fourth, and fifth equations are the first, second, third, and 
fourth running terms of the Lyman series. Similarly, the fixed terms of 
the third, fourth, and fifth equations are the first, second, and third 
running terms of the Balmer series; etc. This is known as the Ritz 
combination 'principle as it applies to hydrogen. 

1.9. The Ritz Combination Principle. — Predictions by the Ritz 
combination* principle of new series in elements other than hydrogen 
have been verified in many spectra. If the sharp and principal series of 
the alkali metals are represented, in the abbreviated notation, .by 

Sharp: Vu = VP — n^Sy where w = 2, 3, 4, • • • , 

Principal: Vn = VS — n^P, where w = 2, 3, 4, • • * , ^ ' 

the series predicted by Ritz are obtained by changing the fixed terms 
VF and VS to 2‘^Py S^P and 2‘^S, 3^8, etc. The resultant formulas are 
of the following form : 

Combination sharp series: 

2^P — n^Sy where n = 3, 4, 5, • • • . n •iu 

32 p _ where n = 4, 5, 6, • • * . v • / 

etc. 


Combination principal series: 

2^S — n’^Pj where = 3, 4, 5, • • • . 
3“5 — ?iPy where = 4, 5, 6, - • • . 
etc. 


(1.32) 


In a similar fashion new diffuse and fundamental series are predicted 
by changing the fixed P term of the diffuse series and the fixed P term 
of the fundamental series. 

Since all fixed terms occurring in Eqs. (1.31) and (1.32) are included 
in the running terms of Eqs. (1.30), the predicted series arc simply com- 
binations, or differences, betw^een terms of the chief scries. Such series 
have therefore been called combination series. Extensive investigations 
of the infra-red spectrum of many elements, by Paschen, have led to the 
identification of many of the combination lines and series. 

In the spectra of the alkaline earth elements there are not only the 
four chief series of triplets P, and W but also four chief series of 
singlets ^>3, Pj and P. Series and lines have been found not only 
for triplet-triplet and singlet-singlet combinations but also iriplet-singlet 
and singlet-triplet combinations. These latter are called interconibi'naiion 
lines or series. 
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1.10. The Ritz Formula. — The work of Ritz on spectral series is 
of considerable importance since it marks the development of a series 
formula still employed by many investigators. Assuming that Rydberg's 
formula for hydrogen was correct in form 



(1.33) 


and realizing that p and q must be functions involving the order number 
Uj Ritz obtained, from theoretical considerations, p and q in the form of 
infinite series: 




ai+-2+-4+:-6 + 

n\ n\ 

I I ^2 , C 2 , ^2 , 

q = 712 + a 2 -\ gH i + re"!" 


di 


(1.34) 


Using only the first two terms of p and q, Ritz's equation becomes 
identical with Rydberg's general formula which is now to be considered 
only a close approximation. In some cases, the first three terms of the 
expansion for p and q are sufficient to represent a series of spectrum lines 
to within the limits of experimental error. 

1.11. The Hicks Formula. — The admirable work of Hicks^ in develop- 
ing an accurate formula to represent spectral series is ^\orthy of mention 
at this point. Like Ritz, Hicks starts with the assumption that Ryd- 
berg's formula is fundamental in that it not only represents each series 
separately but also gives the relations existing between the different 
series. Quite independent of Ritz, Hicks expanded the denominator of 
Rydberg's Eq. (1.3) into a series of terms 

n -h ;t H 1 — 2 H — ^ "f" * * * (1.35) 

n rv 7r 


The final formula becomes 


Pn = Poo — 


R 


n-f-piH — - ^ + 



(1.36) 


This formula, like Ritz's, reduces to Rydberg's formula when only 
the first two members in the denominator are used. 

1.12. Series Formulas Applied to the Alkali Metals. — The extension 
of the principal series of sodium to the forty-seventh member by Wood^ 
(see Fig. 1. 11) and of the principal series of potassium, rubidium, and 
caesium, to the twenty-third, twenty-fourth, and twentieth members. 


’ Hicks, W. M., Phil. Tram. Roy. Soc., A, 210, 67, 1910; 212, 33, 1912; 213, 323, 
1914; 217, 361, 1917; 220, 335, 1919. 

* Wood, R. W., Aslrophys. Jour.y 29, 97, 1909. 
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respectively by Bevan^ furnishes the necessary data for testing the 
accuracy of proposed series formulas. A careful investigation of these 
series was carried out by Birge^ who found that the Ritz formula was to 
be preferred and that with three undetermined constants it would 
represent t|ie series of the alkali metals of lower atomic weight with fair 
accuracy. Birge shows that the number of terms that need be used in 


Principoil Series of Sodium 



Fia. 1.11, — Principal series of sodium in absorption. {After Wood.) 

the denominator depends directly on the size of the coefficients of the 
several terms, and that these coefficients increase with atomic weight. 
This increase is shown in the following table : 


Table 1.6. — Series Coefficients 
{After Birge)^ 


Element 

Atomic weight 

a 

b 

H 

1 

0 

0 

He 

4 

O.Olll 

0.0047 

Li 

7 

0.047 

"0.026 

Na 

23 

0.144 

0.113 

K 

39 

0.287 

0.221 

Rb 

85 

0.345 

0.266 

Cs 

133 

0.412 

0.333 


* Biroe, R. T,, Attropkns. J our., SS, 1 12, 1910. 


To illustrate the accuracy with which the Ritz formula represents 
series in some cases, the principal series of sodium is given in the table 
shown on page 18. 

The Rydberg constant as calculated by Birge from the first fiv( 
members of the Balmer series of hydrogen and used by him for all seriei 
formulas is B = 109678.6. It is to be noted that the maximum erroi 
throughout the table is only 0.1 A. 

This work greatly strengthened the idea that the Rydberg constan 
was a universal constant and that it was of fundamental importance ii 
series relations. The Ritz equation has therefore been adopted by man; 
investigators as the most accurate formula, with the fewest constante 
for use in spectral series. A modified but equally satisfactory form c 
the Ritz formula will be discussed in Sec. 1.14. 

I Bbvan, P. V., Phil. Mag., 19, 196, 1910. 

* Biroe, R. T-, Astrophys. Jour., 92, 112, 1910- 
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Table 1.7. — The Ritz Formula Applied to the Sodium Series Observed by Wood 
(CakulcUiotu) after Birge)' 



wIiproA = 41,450.083 ciu->, R = 109,678.6 cni-i, a = 0. 1 44335, and 6 = -0.1130286- 


n 

XvaiOi>S. 

Calc. 

cliff. 

w 

XvAC Ol^S« 

Calc. 

diff. 

n 

Xvac ot)S. 

Calc. 

diff. 

2 

5897 563 

0 00 

18 

2432 08 

-0 01 

34 

2418 03 

H 0 01 

3 

3303 895 

0 00 

19 

30 07 

-0 02 

35 

17 75 

H O 02 

4 

. 2853 63 

-0 04 

20 

28 37 

-0.01 

36 

17.45 

0 00 

5 

2681 17 

+0 09 

21 

26.93 

+0.02 

37 

17 21 

H-0 03 

G 

2594 67 

+0 09 

22 

25 65 

+0.03 

38 

16.98 

H 0 04 

7 

2544.49 

-0.05 

23 

24 53 

+0.01 

39 

16.76 

+0 03 

8 

2512 90 

+0.07 

24 

23 55 

0 00 

40 

16 54 

+0 02 

9 

2491.36 

-0 04 

25 

22.69 

0 00 

41 

16 35 

H O 03 

10 

76 26 

+0.03 

26 

21.93 

+0 02 

42 

16 17 

+0 02 

11 

65 18 

+0.10 

27 

21.25 

+0 01 

43 

16 02 

+ 0 03 

12 

56 67 

+0.05 

i 28 

20 67 

+0 04 

44 

15 86 

H 0 04 

13 

50 11 

1 +0 04 

1 29 

20.15 

+0 07 

45 

15 71 

+ 0 03 

14 

44 89 

-0 03 

30 

19 65 

+0.06 

46 

15 59 

H 0 05 

15 

40 71 

+0 01 

31 

19 09 

-0 05 

47 

15 43 

0 01 

16 

37 35 

+0 06 

32 

18 74 

0 00 

48 

15 29 

-0 01 

i 

34 50 

+0 04 

33 

18 36 

-0 01 

1 

49 

15 15 

-0 04 


1 Bikok, II. T. Astruphus . Jour .^ 32, 112, 1910. 


1.13. Neon with 130 Series. — The first successful analysis of a ically 
complex spectrum was made by Paschen^ in the case of neon. A1 though 
the neon spectrum was found to contain a great many lines, Paschen ^vas 
able to arrange them into 130 different series. These series, classified 
as 30 principal series, 30 sharp series, and 70 diffuse series, were found to 
be combinations between 4 series of S terms, Si, § 2 , ^ 3 , and S 4 ; 10 series of 
F terms, pi^ p 2 , ps, . . , j pio; and 12 series of D terms, di, ^ 2 , ds, . . . , 
di 2 . Paschen showed that, while many of the series were regular and 
followed a Ritz formula, others were irregular and could not be fitted to 
any formula. These abnormal series will be discussed in the following 
section. 

1.14. Normal and Abnormal Series. — Occasionally it is found that 
certain members of a well-established series do not follow the ordinary 
Rydberg or Ritz formula to within the limits of experimental error. 
Well-known series of this kind were pointed out by Saunders in the 
singlet scries of Ca, Sr, and Ba, and by Paschen in certain neon series. 
A convenient method, employed by Paschen and others, for illustrating 
deviations from a normal series is to plot p, the residual constant in the 
Rydberg denominator, of each term against w, the order number of the 

1 Paschen, F., Ann. d. Phya.f 60, 405, 1919; 68, 201, 1920. 



Sec. 1.14] 


EARLY HISTORICAL DEVELOPMENTS 


19 


term. Several of the diffuse series of terms of neon as given by Paschen 
are reproduced in Fig. 1.12. A normal series should show residuals that 
follow a smooth curve like the first nine members of the series. The 
curves for the di, da, and ds terms show no such smoothness, making it 
very difficult to represent the series by any type of series formula. 

A series following a Rydberg formula is represented on such a graph 
by a horizontal line, z.c., /x constant. With a normal series like dx of 



Fio. 1.12. — Four difTuse series in neon showing normal and abnormal progression of the 
residual m- (After Paschen ) 


neon, a Ritz formula with at least one added term is necessary to ade- 
quately represent the series. If Tn represents the running term of a 
Ritz formula, and Ti the fixed term. 


- Tn = T, 


R 


(n + a + ^^ 


(1.37) 


Another useful form of the Ritz formula is obtained by inserting the 
running term itself as a correction in the denominator: 


Tn = 7 - 


R 


(a -f~ d" bTn)“ 


(1.38) 


This term being large at the beginning of a series, the correction is 
correspondingly large. Formulas representing abnormal series like 
di, da, and da in Fig. 1.12 will be treated in Chap. XIX. 

Other anomalies that frequently occur in spectral series are the 
irregular spacings of the fine structure in certain members of the series. 
A good example of this type of anomaly is to be found in the diffuse 
triplet series of calcium. In Fig. 1.13 a normal diffuse series, as is 
observed in cadmium, is shown in contrast with the abnormal calcium 
series. The three chief lines of each triplet are designated a, &, and d, 
and the three satellites c, e, and /. Experimentally it is the interval 
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between the two satellites / and c and the interval between the satellite 
c and the chief line a that follows Hartley’s law of equal separations in 
both series. In cadmium it is seen that the main lines and satellites 
converge toward the three series limits very early in the series. In 
calcium, on the ^ther hand, the lines first converge in a normal fashion, 
then spread out anomalously and converge a second time toward the 
three series limits. These irregularities now have a very beautiful 
explanation which will be given in detail in Chap. XIX. 



Abnormal Series of Calcium , Normal Series of Cadmium 

Triplets ^ Triplets 


Fig. 1.13. — Diffuse series of triplets in cadmium and calcium. 

1.16. Hydrogen and the Pickering Series.— In the hands of Balmer 
and Rydberg the historical hydrogen series was well accounted for when 
Pickering, in 1897, discovered in the spectrum of the star f-Puppis a 
series of lines whose wave-lengths are closely related t o the Balmer series 
of hydrogen. Rydberg was the first to show that this new series could 
be represented by allowing n-, in Balmer’s formula to take both half and 
whole integral values. Balmer’s formula for the Pickering series may 
therefore be written 

Vn = where n 2 == 2.5, 3, 3.5, 4, 4.5, * • • . (1.39) 

\2 nj/ 

The Balmer and Pickering series are both shown schematically in Fig. 
1.14. So good was the agreement between calculated and observed 
wave-lengths that the Pickering series was soon attributed to some new 
form of hvdrogen found in the stars but not on the earth. 
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Since m was allowed to take on half-integral values, Rydberg predicted 
new series of lines by allowing Ui to take half-integral values. One series, 
for example, could be written 

Vn = “■ where 112 = 2, 2.5, 3, • • • . (1.40) 

All of the lines of this predicted series, except the first, are in the ultra- 
violet region of the spectrum. With the appearance of a line in the 
spectrum of f-Puppis at X4688, the position of the first line of the pre- 
dicted series, Rydberg’s assumption was verified and the existence of a 
new form of hydrogen was (erroneously) established. 


He Hs H^ H« 


1 

1 

1 

1 






Balmer Series 


1 








Pickering Series 

1- . 1 L . 1 . ■ ■ . 1 , 1 1 , 1 , 1^ 1 1.. .J.. ..J L__l 1 1 1 1 1 ■- I -■ 1 «. 


I - . 1 L . I . ■ ■ . t , 1 I , I , 1^ I I.. .J.. ■... L__l 1 I I I I ■- i -■ I «. 

31500 4.000 4^00 5,000 5,500 6P00 ^00 A 

Fig. 1.14. - Comparison of the Balmcr series of hydrogen and the Pickering series. 


Fowler in his experiments on helium brought out, with a tube con- 
taining helium and hydrogen, not only the first two members of the 
Pickering series strongly but also a number of other lines observed by 
Pickering in the stars. While all of these lines seemed to be in some way 
connected with the Balmer formula for hydrogen, they did not seem to 
be in any way connected with the known chief series of helium. The 
whole matter Avas finally cleared up by Bohr^ in the extension of his 
theory of the hydrogen atom to ionized helium. This is the subject taken 
up in Chap. II. 

1.16. Enhanced Lines. — Spectral lines which on passing from arc to 
spark conditions become brighter, or more intense, were early defined 
by Lockyer as enhanced lines. In the discovery of series relations 
among the enhanced lines of the alkaline earths, Fowler ^ made the dis- 
tinction between three classes of enhanced lines; (1) lines that are strong 
in the arc but strengthened in the spark, (2) lines that are weak in the 
arc but strengthened in the spark, and (3) lines that do not appear in the 
arc at all but are brought out strongly in the spark. 

Fowler discovered, in the enhanced spectra of Mg, Ca, and Sr, series 
of doublet lines corresponding in type to the principal, sharp, and diffuse 

iBohr, N., Phil Mag., 26, 476, 1913. 

s Fowler, A., Phil. Trans. Roy. Soc., A, 214, 225, 1914. 
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doublets of the alkali metals. In an attempt to represent these series 
by some sort of Rydberg or Ritz formula, it was found that n2, the order 
number of the series, must take on half-integral as well as integral values. 
The situation so resembled that of the Pickering series and the hydrogen 
series that Fowler, knowing the conditions under which the enhanced 
lines were produced, associated correctly the enhanced doublet series of 
Mg, Ca, and Sr with the ionized atoms of the respective elements. For 
such series we shall see in the next two chapters that the Rydberg con- 
stant R is to be replaced by 4lR so that the enhanced series formula 
becomes 

"» = -r — V2 - 7 (1-41) 

((ni + /xi)^ (n2 +• ^ 

where n2 is integral valued only. 


Problem 

With the frequencies of the four chief series of spectrum lines as given for ionized 
calcium by Fowler, ‘‘Series in liine Spectra,” construct a diagram similar to the one 
shown in Fig. 1.7. Indicate clearly the intervals illustrating the Rydberg-Schuster 
and Runge laws. 



CHAPTER II 


INTRODUCTION TO THE QUANTUM THEORY AND THE BOHR 

ATOM 

The Quantum theory was first introduced by Planck in the year 1900 
and is the result of an attempt by him to derive the law of black-body 
radiation. In order to formulate an equation which would fit the experi- 
mental data at hand Planck postulated that energy is radiated and 
absorbed only in whole multiples of an elementary quantum of energy, 

E = hv, (2.1) 

where v is the frequency of the emitted or absorbed radiation and h 
is a universal constant now known as Planck* s constant of achcni (h = 
(6.547 ± 0.008) X IO'^t erg sec.). Planck 
arrived at the quantum hypothesis by assuming 
that a simple harmonic oscillator acts as a reson- 
ator to radiation. Making use of this hypoth- 
esis Einstein developed the law of the 
photoelectric effect, and Bohr developed the 
theory of the hydrogen atom. 

2.1. Planck’s Simple Harmonic Oscillator. — 

As an introduction to the quantum theory we 
shall first consider Planck’s simple harmonic 
oscillator '^he term simple harmonic oscillator 
is here^6ferred to as a single electrically charged^ 
particle of mass m free to oscillaj^ a 

straight line under the action of a force^propor- 
tional to the displacement from and always 
directed tow ard a central equilibrium position. 

For such an oscillator the position of the mass Planck a simple har- 

point m is conveniently described in terms of 

the projection on any diameter of a graph point P moving with constant 
speed on the circumference of a cinde of reference (see Fig, 2.1). 

With the radius of the circle of reference equal to the amplitude of 
vibration a, the position coordinate q is given by 

^ = a cos oit. (2.2) 

The momentum mq of the particle is obtained by differentiating Eq. (2.2) 
and multiplying through by m. This gives 

mq — —meut) sin oit = p, 

23 



(2.3) 
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Squaring the resulting expressions for cos and sin and adding yields 


+ t ^ 1 . 


(2.4) 


This is the equation of an ellipse in a pq plane with a major axis a and a 
minor axis macj. When sin = 1, then q = -’aco and g = 0; the 

potential energy is zero and the total energy is all kinetic. Replacing 
the angular velocity oi by 2x times the frequency v, the total energy of the 
oscillator becomes 

P- W — ^nKp — 27r^v^ma'^. (2.5) 

Now the area of the ellipse in the pq plane is obtained by integrating the 
momentum p over a complete cycle, i.e, : 

Area = J = (t.p dq = rab — 2T^vma^. (2.6) 

This area is, thus, equal to the total energy W divided by v, i.e , : 

W 

Area, of ellipse in pq plane = — « (2.7) 

1 / ( 

Now Planck made the drastic assumption that the total energy W 
of the oscillator can take only integral values of energy hv: 

. W = nhpf where n = 1, 2, 3, • • • . (2.8) 


This quantum condition expressed in terms of the area ot the ellipse in 

phase space becomes 



Area — / ~ ^p dq = nh. (2.9) 


This last equation signifies that out of 
all the classically possible ellipses only 
certain discrete ones are allowed. 
These discrete “ quantized ellipses 
which represent quantized states of 
the linear oscillator# are shown in 
Fig. 2.2. 

According to Eq. (2.9) the total 
area of the first ellipse is h, the second 
2/i, the third Sh, etc., so that the area between any two consecutive 
ellipses is just h. The motion of the oscillator in any one of its quantized 
states is now represented by a graph point traversing one of the fixed 
ellipses in phase space. In the emission or absorption of radiation the 
graph point jumps to a smaller or larger ellipse with the simultaneous 
emission or absorption of a quantum of energy hv. The elliptic path 
traversed by the graph point in phase space is not to be confused with the 
actual path of the mass point. 


Fig. 2.2. — Phase-space diagram 
simple harmonic oscillator. 
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With such a quantized oscillator Planck was able to derive (where 
the strictly classical laws of mechanics and the assumptions of statistical 
mechanics failed) a law of black-body radiation which agrees with 
experimental observations. 

2.2. The Bohr Atom. — The announcement by Bohr^ in the year 1913 
of his theory for the hydrogen atom marks the beginning of a new era 
in spectroscopy and atomic structure. Bohr not only gave a satisfactory 
account of the Balmer, Lyman, and Paschen series of hydrogen and the 
Pickering series of ionized helium but also calculated fron^ purely theo- 
retical considerations the value of the Rydberg constant. More than 
this his theory gave a physical meaning 
to the experimental discovery that the 
frequency of a spectrum line is given 
by the difference between twm terms. 

^ , Bohr adopted the theory of Ruther- 

ford^. that an atom consists of a posi- 
tively charged nucleus surrounded by a 
cluster of electrons. Rutherford had 
just shown from experiments on large- 
angle scattering of a particles that each 
nucleus carries with it a charge that 
corresponds to a number of electrons 
approximately equal to the atomic 
number Z, Making the assumption, following Rutherford, that the 
number of electrons around the nucleus of a neutral atom is equal to the atomic 
number Z, Bohr concluded that the hydrogen atom was made up of one 
electron, of charge and one proton, of charge +c - E. 

Consider with Bohr then the simplest type of atomic system, viz., 
that of a positively charged nucleus and an electron describing closed 
orbits around it. Since the mass of the hydrogen nucleus M is approxi- 
mately 2000 times the mass of the electron m, the motion will be approxi- 
mately the same as the motion of an electron around a fixed central charge 
of infinite mass. 

2.3. Bohr’s First Assumption. — Bohr’s first assumption was ihatfhe 
electron moves in circular orbits about the nucleus under the action of a 
Coulomb field of force (see Fig. 2.3). The force of attraction between the 
electron of charge e and the nucleus of charge E will then be 

cE c^Z 

^ ^ = -T’ f2.10) 



Fig. 2.3. — Bohr’s atomic model. 


where a is the electron-nuclear distance, E — Ze, and Z is the atomic 
number; 1 for hydrogen, 2 for helium, t.c., helium with one of its two 

1 Bohr, N., Pha. Mag., 26, 1, 476, 1913. 

* Rutherford, L. M., Phil. Mag., 21, 669, 1911. 
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electrons removed, 3 for doubly ionized lithium, z.e., lithium with two 
of its three electrons removed, etc. '‘'"This force is ^ual to the centripetal 
force where v is the velocity and m the mass of the electron. For 

equilibrium conditions, then, 


e^Z _ mv^ 
a ^ 


( 2 . 11 ) 


from which 



ma 


( 2 . 12 ) 


The kinetic energy of the rotator becomes, therefore, 

K.E. = = ^ = r. (2.13) 


If the potential energy of the system is zero when the electron is 
infinitely far removed from the nucleus, then 

P.E. = = -27’ = V. (2.14) 

a 

Now the total energy W is the sum of the kinetic energy T and the 
potential energy V so that, by adding Eqs. (2.13) and (2.14), 

w = T + V = --- = -T. (2.15) 

2a a ^ " 


For uniform circular motion the kinetic energy may also be written 


T = \mv'^ = = |ma ‘^(27r/) 2 , 


(2.16) 


V here <p is the angular velocity and / is the frequency of revolution. 
From Eq. (2.13) 


a = 


2T 


v^ hich substituted in (2.16) gives 

T = 2x2/2ml 


m- 


(2.17) 

(2.18) 


One interesting result brought out in Eq. (2.15) is that the kinetic energy 
T taken with a negative sign is equal to the total energy W, 

2.4. Bohr’s Second Assumption. — Bohr’s second assumption for the 
hydrogen atom may be stated as follows: ^ times the orbital angular 
momentum is equal to an integer times Planches constani ^-adLianJi^ 


2wp^ = 27rwaV = nhy where n = 1, 2, 3, • • • . (2.19) 


This assumption may be derived from Planck’s quantum conditions 
for the harmonic oscillator by making the following substitutions: In 
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Bohr^s rotator the angular displacement replaces the linear displace- 
ment q of the oscillator and the angular momentum = ma<i> replaces 
the momentum p = mg. Since the angular momentum is constant for 
circular motion the graph point in pjiase space always remains at a fixed 
distance from the ^ axis. Now the quantum conditions are that for one 
complete revolution of the electron the area under 
the graph-point curve in phase space is equal to 
an integer n times h [see Eq. (2.9)]: 


Area = = 


= nh. (2.20) ^ 


In making one complete revolution, the 
radius vector has turned through an angle 
ip — 2t. The phase-space diagram may there- 
fore be represented in the form of a cylinder 
of circumference 27r (see Fig. 2.4) and the 
motion by a graph point moving with constant 
speed on one of the circles at a distance nhf 2Tr 
above the base of the cylinder. The area of 
each shaded section in the figure is equal to h. 

Carrying out the integration in Eq. (2.20) we 
obtain Bohr^s second assumption, Eq. (2.19). 

Replacing <p in this equation by 27r times the frequency of revolution /, 
and multiplying through by/, 



Fig. 2.4. — Phase-space dia- 
gram for Bohr's rotator. 


Substituting Eq. (2.16), 


/ = 


/ 


47r“/^ma^ 

nh 

(2.21) 

_ 2T 


nh 

(2.22) 


Inserting this value of the frecjuency in Eq. (2.18), the kinetic energy 
T = 27rW I I I = = - W. (2.23) 


(2T\yc-Z\ 2n^-me*Z^ 

\nh ) W) 




Ihe total energy of the rotator is thus quantized in that it is given only by 
integral values of the quantum number n. 

It should be pointed out that contrary to the principles of classical 
electrodynamics, the electron in any one of its stationary orbits is not 
to be thought of as radiating but as continuing in the same state with the 
same energy. 

2.6. Bohr’s Third Assumption. — From Planck’s quantum theory that 
radiation does not take place continuously but in quanta of energy, 
Bohr takes one more step and makes his third and, at the time, radical 
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assumption, that frequency of a spectrum Une j is J>Toporiional 
difference between two energy states, su^ t^t 


kv = W 2 Ti- ^2, (2.24) 


* • t. ' \ 

where the subscripts 2 and 1 denote the initial and final states, respec- 
tively, and h is Planck^s constant of action. With the energy expressed 
in terms of the kinetic energy, as it is in Eq. (2.23), the frequency becomes 


2T^r^‘Yl ^ l\ 
'^ 1 / 


(2.25) 


While P represents the actual frequency of the radiation, z.e., the number 
of waves in 2.99796 X 10^^ cm, it is convenient in practice to express the 
frequency in w^ave numbers, z.c., the number of waves in 1 cm. The 
frequency in wave numbers v is obtained by dividing v by the velocity of 
light c, 


p = 



(2.26) 


or by taking the reciprocal of the wave-length X measured in centimeters. 
Expressed in wave numbers, Eq. (2.25) becomes 



_ ZKhmi^Z-1 1 1 \ 


(2.27) 


~ ch^ \«yii nl) 


or, more briefly, by 

V = RZ\\ - i), 

Vi ^1/ 


(2.28) 

w'here 

^ 2'K'^me^ 

^ “ ch^ 


(2.29) 


is the Rydberg constant [see Eqs. (1.4) and (1.39)]. 

For hydrogen with Z = 1, Eq. (2.28) becomes identical with the 
experimental formula of Balmer for the hydrogen series, even to the value 
of the Rydberg constant. 

2.6. Characteristics of the Bohr Circular Orbits. — Before going 
further, it will be of interest to determine some of the characteristics of 
Bohr’s stationary states, as, for example, the radius of the circular orbits 
and the speed of the orbital electron. From Eqs. (2.13) and (2.23) 


2a 


(2.30) 


® ‘ Z‘ 


which gives for the radius 


(2.31) 
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Using the best known values of the physical constants, 

m = 9.035 X 10- g, 
c = 4.770 X 10“^*’ abs. e.s.u., 
h = 6.547 X 10"2^ erg sec., 

the values of a come out to be 

a = 0.528 X cm X ^ (2.32) 

The radius of the first Bohr orbit of hydrogen, Z = 1, n = 1, is therefore 

ai = 0.528 X 10-»cm = -,4^ (2.33) 

This gives the diameter of the hydrogen atom in the normal state n = 1, 
as about 1 A, a value in good agreement with the value arrived at from 


2-1 2-2 Z-3 



Fig. 2.5. — Itclutive sizes of the Bohr circuhir orbits for H 1, He II, and Li III. 

collision experiments. In general the radius of all orbits varies as and 
as l/Z. The first three orbits for (1) hydrogen Z = 1, (2) ionized 

helium Z = 2, and (3) doubly ionized lithium Z = 3 are shown in Fig. 

2.5, drawn to the same scale. The helium atom with a nuclear charge 
E - Ze = 2e and two orbital electrons is made hydrogen-like by removing 
one of its electrons. The resultant ionized helium atom is usually desig- 
nated He II or He^. Similarly the lithium atom with a nuclear charge 
E = Ze = 3e and three orbital electrons is made hydrogen-like by 

removing two of its electrons. The doubly ionized lithium atom is 

designated Li III or LU'^. (The number of plus signs in the one notation 
signifies the number of electrons missing, Avhereas the Roman numeral 
gives the effective nuclear charge in units of c in the other.) 

The speed of the electron in its orbit is obtained directly from Eqs. 
(2.13) and (2.31); 
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As compared with the velocity of light c, 

V _ 2we^ Z ' 
c ch n 

which for the first Bohr orbit of hydrogen gives 

V ^ == 1 

c ~ “ ch 137.29’ 


(2.35) 


(2.36) 


The constant a is Sommerf eld’s fine-structure constant and, as we 
shall see later, is of importance in the study of the fine structure of the 
hydrogen series. Equation (2.34) shows that the speed of the electron 
varies as Z and as l/n. 



Fia. 2.6. — Bohr circular orbits of hydrogen showing series transitions. 


2.7. Bohr Orbits and the Hydrogen Series. — With the Rydberg 
constant calculated from the best known values of c, A, c, and m, the 
chief series in hydrogen may be computed from Eq. (2.28). The 
Lyman series in the extreme ultra-violet is given by tii == 1 and 
/^2 — 2, 3, 4, • • • , the Balmer series in the visible spectrum by 7^l = 2 
and n2 = 3, 4, 5, • • * , the Paschen series in the near infra-red spectrum 
by Til =3 and 712 = 4, 5, 6, • • ' , etc. 

The transition of an electron from any one of the excited states 
n = 2, 3, 4, 5, • • • to the first Bohr orbit n — 1 gives rise to a radiated 
spectrum line belonging to the Lyman series (see Fig. 2.6). The transi- 
tion of an electron from any one of the excited states n = 3, 4, 5, 6, • • • 
to the second Bohr orbit n == 2 gives rise to a spectrum line belonging to 
the Balmer series, etc. (see Fig. 2.7.) Should an electron be excited by 
some means or other to the third Bohr orbit, it may return to the normal 
state n == 1 in one of tw’o ways : either by tw^o jumps n = 3 to n 2 and 
then n == 2 to n = 1 with the emission of Ka and the first line of the 
Lyman series, or in one jump n = 3 to n = 1 with the emission of a 



S*c, 2.81 INTRODUCTION TO THE QUANTUM THEORY 31 

single radiated frequency, the second member of t1ie Lyman series. In 
either of the two proceed here cited the total energy radiated is the 
same, hence the frequency radiated in the latter case is equal to the sum 
of the other two frequencies. When the electron ia in ite lowest possible 
energy state n = 1, it is said to be in the normal state. 

The absorption of radiation by a hydrogen atom is the reverse of the 
process of emission and would be represented in Fig. 2.6 by the transition 

BftLMER SERIES OF HYPBOeEN 




j k, , n ri' 1 — i'" \ ' t" i ; " 

Series limit II 21 34 50 70 3^797 35 1889 A, — ^ WO 

H, li, Kt lit 

Flo. 2.7,— B^almer series of hydrogen in emission. {After Wood.) (Ea^h of the heavier 
lines shows grating ghosts.) 

of the electron from the inner orbit to one of larger n. Absorption is thus 
a process by which atoms may be excited. It must be remembered that, 
while the kinetic energy increases with decreasing n, i.e., smaller orbits] 
the total energy decreases [see Eq. (2.15)]. 

2.8. Series of Ionized Helium, He II (He+), — In the early develop- 
ment of atomic spectra the Pickering series, first discovered in the star 
f-Puppis by Pickering, was ascribed to some form of hydrogen. Owing 
to the excellent experimental work of Evans,^ Fowler,* and Paschen’ this 
series is now known to arise from ionized helium atoms. The expjeri- 
ments consisted of producing the Pickering serjps In pure helium and of 
showing that it was absent in pure hydrogen. One of the first outstand- 
ing successes of Bohr’s orbital model was attributed to the accuracy with 
which Eq. (2.28) represented this one series. 

With 2 = 2 ift , Bohr’s formula the Rydberg constant R is replaced 
by 4R: - 


(2.360) 


With different values of ni and rtj this formula represents all of the 
known series of ionized helium. The Pickering series is represented by 
ni = 4 and n, = 5, 6, 7, • • • , >vhile the so-called \4686 series of Fowler 
is represented by m = 3 and n* = 4, 5, 6, • • ■ . Two other series 


have been found in the extreme ultra-violet spectrum of helium by 
Lyman.* These two series are given accurately by m = 2 and by 
ni = 1, Jij taking running values 3, 4, 6, . . . and 2, 3, 4, , respec- 

tively. A photograph of the latter series is shown in Fig. 2.7o. 


* EvaMe. J., phiL Mag., 39, 284, 1918. 

* A., Proe. Roy. Soc., 90, 426. 1014. 

*Pa8oto», F., Am. d. Pkys., M, 901, 1916. 

* BiMMf, T., Astnphys. Jour., 28 , 181, 1906 j 48 , 80, 1916, 
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2.9. Series of Doubly Ionized Lithium, Li III (Li^) and Triply Ionized 
Beryllium, Be IV (Be+++). — _ atomic,, number ^ = 3, next 
foUowSLhelium in the periodic taWe with three orbital electrons. By 
doubly ionizing the atom of lithium a structure is left which is hydr<y^n- 
like, t.e., it has but one electron and a nucleus. . With a nuclear charg^ 

I IONIZED HELIUM 

■J* Extreme Ultra Violet Series 



Fia. 2.7a. — Lyman sorioa of ionized helium. (After Kruger.) 

three times th 3 -t of the hydrogen atom, the Rydberg constant R of 
Eq. (2.28) must be replaced by 9/2, giving for all Li III series, 

Beryllium, .Z' « 4, the fourth element in the periodic table is made 
hydrogen-like by triply ionizing the atom, lc., by removing three of its 
four electrons. Bohr’s formula for Be IV becomes therefore 



Placing ni = 1 and n 2 ~ 2, 3, 4, • • • , Eqs. (2.37) and (2.38) 
represent extreme ultra-violet series of Li III and Be IV, the first members 
of which have been found by Ericson and Edlen^ at X135.02A and 
X75.94A. respectively. 

2.10. Energy Level Diagrams. — In attempting to represent the 
stationary states of an atom and the particular transitions giving rise to 
series lines, as was done in Fig. 2.6, certain difficulties arise, tn>., orbits 
with large n values, higher series members, and series limits cannot be 
shown. In order to incorporate these latter features into the same 
atomic picture, energy level diagrams are frequently drawn (see Fig. 2.8). 

In an energy level diagram each Bohr orbit, or stationary state, is 
represented by a horizontal line plotted to an energy scale. Instead of 
plotting the energy directly it is customary to plot something which is 
proportional to it, W divided by Planck’s constant h and the velocity of 
light c* In this way the difference bet'ween any two levels gives directly 
tbe frequency of the radiation in wave numbers, t.e., in &nce the 
exier^es of the quantized states are negative in value [see Eq, ^^6)] and 
^l^roaoh zero as n —> <» , the zero of energy Cn infinite) ia drawn ^ the top 

A., and B, Bdubn, ZeiU. /. Phys., 679, 1930. 
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of the figure and the other states below. In Fig. 2.8 energy level dia- 
grams for hydrogen and ionized helium are drawn to the same scale. The 
first Ifew members of each of the various series are also indicated. It 
should be noted that each member of the Balmer series and alternate mem- 
bers of the Pickering series apparently have the same energy transitions. 



Fig. 2.8. — Energy level diagrams of hydrogen and ionized helium. 


2.11. Unquantized States and Continuous Spectra. — Soon after Bohr 
put forward his famous theory of the hydrogen atom it became apparent 
that there might also be orbits with positive energy that are not quantized. 
That such states should exist is shown experimentally by the observation 
of a continuous band of radiation starting at the series limit of the Balmer 
series of hydrogen and extending some little .distance to shorter wave- 
lengths, i.e,y to higher frcciuencies. These new unquantized orbits take 
the form of hypcrboUns and are analogou»s to the paths taken by certain 
comets known to have passed near to our own sun never to return again. 
From classical electrodynamics it is readily shown that an electron 
moving about a nucleus in such an hyperbolic path (see Fig. 2.9) has a 
positive energy. The positive energy only means that, before the 
approaching electron comes under the influence of the nucleus, the 
potential energy V = e-Z/a is zero, and that the kinetic energy 


T = 


(2.39) 
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is positive. As before, m and v are the mass and velocity of the electron, 
e its charge, and Ze — Ey the nuclear charge with a the electron-ni^lear 
distance. The total energy of the electron at any point in its path *libe 

1 e^Z 

W T +V = • (2.40) 

^ CL 


If at any time the electron jumps to one of the quantized Bohr 
orbits, energy of frequency p, given by the difference in energy between 
the initial and final states, will be radiated: 


hv = 



ejZ 2Tr^m^ 
a 71^ 


(2.41) 


The frequency of this radiation will be greater than any frequency 
arising from transitions starting from any of the quantized states and 

ending on the final quantized state of 
the series in question. In other words, 
the spectrum line will lie beyond the 
series limit. Since v and a take values 
that vary continuously through all val- 
ues, the spectrum beyond the series 
limit will not be discontinuous but 
spread out into a continuous band. In 
the energy level diagrams of hydrogen 
and ionized helium (Fig. 2.8), the con- 
tinuum of energy levels is shown as 
starting at the series limit and extend- 
Fig. 2.O.— Non-quantized orbits on the ing upward. In this diagram, transi- 
Bohr model of hydrogen. tions may also be shown starting from 

any point in the continuum and ending on any. of the quantized 
states. 

2.12. The So-called “Reduced Mass’’ of the Electron. — In deriving 
all of the above equations for the Bohr orbits, or stationary states, it has 
been assumed that the electron of mass m rotates about a nucleus of 
infinite mass, i.e.y a stationary nucleus. Before going further, let us 
consider the finite mass of the nucleus and determine its effect upon 
Bohr’s fundamental results. It may be shown from elementary principles 
of classical mechanics that the preceding equations will apply to two 
masses m and M rotating about their center of mass, if m be replaced by 



wM 
m + M 


‘^5 


M- 


(2.42) 


— » 00 , 


/i is called the reduced mass and approaches m as M 
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If Mp represents one-sixteenth the mass of an oxygen atom and A the 
atomic weight, then, to a first approximation, we may write, for any 
nucleus 


M = A • Mp; 

and, for the reduced mass, 


(2.43) 


/X = 


m 

^ AMp 


(2.44) 


Making this substitution for the mass m in Bohr’s formula, Eq. (2.27), 



and the Rydberg constant becomes 



(2.45) 


(2.46) 


where is the value of Ra for infinite mass, z.c., A is infinite. 

The last cciuation shows that the Rydberg constant is not exactly 
the same for all atomic nuclei. It should be made clear that the quantum 
conditions applied to the angular momentum of the electron in Eq. (2.19) 
arc now applied to the atomic system, electron plus nucleus, as a whole. 
For convenience, however, we shall continue to speak of the quantum 
number n as though it were the (quantum number of the electron alone. 

2.13. Variation of the Rydberg Constant. — Assuming that the Ryd- 
berg constant R is exactly the same for both hydrogen and ionized helium, 
iu]S. (2.28) and (2.36) show that alternate members of the Pickering series 
(a /2 = 6, 8, 10, • • •) coincide with members ( 7^2 == 3, 4, 5, • • •) of the 


Table 2,1. — Wave-lengths of the Balmer and Pickering Series 
{After Paschen) 


He 11 

H 

A\ 

diff. 

rii 

^air 

U: 

^air 

6 

0560 19 

3 

6562.80 

2.61 

7 

5411.60 



i 

8 

4859.40 

4 

4861.38 

1.98 

9 

1 4541.66 




10 

4338.74 

5 

4340.51 

1.77 

11 

4199.90 




12 

4100 10 

6 

1 

4101.78 

1 .68 
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Balmer series. A careful experimental investigation of these lines by 
Paschen has shown that the Balmer lines are not exactly coincident with 
alternate lines of the Pickering series but are displaced by small intervals 
to longer wave-lengths. Paschen^s measurements are given in Table 2.1 
and shown graphically in Fig. 2.10. 

If the frequency differences between corresponding lines are studied 
(instead of AX), it is found that the series Umits of the two elements must 
differ by about 11 wave numbers. This means that the Rydberg con- 
stant for He II is about four times 11 cm"“S or 44 cm“^ larger than it is 
for hydrogen. This result is in excellent agreement with theoretical 
values obtained from Eq. (2.45). Owing to the fact that the calculation 
of R from theory involves knowing accurate values of the physical 
constants, it is better to measure the wave-lengths of the hydrogen and 



25,000 cm-' 20,000 15,000 

Fio. 2.10. — Balmer and Pickering series plotted together. 


helium lines and from these to calculate directly the Rydberg constant. 
Thus determined, the Rydberg constant furnishes one of the best relations 
used in determining most probable values of the physical constants. 

The most accurate spectroscopic measurements on hydrogen and 
ionized helium have been made by Houston.^ Using Eq. (2.45) he 
obtains 

Ri = 109677.759 cm-^ (2.47) 

and for ionized helium, 

E, = 109722.403 cm-h (2.48) 

From Eq. 2.46, 

®- - ®(' + r) - + rr} 

Using Houston’s values of Ri and Ri, Birge'* obtains, as the most probable 
value of R„, 

= 109737.424 cm-^i. (2.50) 

Values of the Rydberg constant, based upon this value of R^, are 
given in Table 2.2 for a number of the lighter elements. The variation 

^ Houston, W. V., Phys. Rev., 30, 608, 1927. 

* Birge, R. T., Phys. Rev., Supplement, 1, 1, 1929. 
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of Rji with the atomic weight A is best seen from the graph, Fig. 2.11. 
The greatest change In Ha occurs between and H*. In computing 
the positions of series lines for all hydrogen-like atoms He II, 

Li III, Be IV, etc., the respective constants Riy R^j Ra, Riy R^, etc., should 
be used. This is exemplified by the photograph of the Lyman series 



Fig. 2.11.— Variation of the Rydberg constant R as a function of the atomic weight A. 


of the two hydrogen isotopes in Fig. 2.12. Photographs similar to those 
of the Balmer series lines were first used to detect the presence of this 
newly discovered isotope by Urey, Brickw^edde, and Murphy.' It is 
of interest to observe (see Fig. 2.11) that the ratio between the difference 


h’ h‘ h’ h' h* 



I st . . I st 2 nd 5 rd. 4 th. 

^ " ' T 

2nd order 1st order 


Fn;. 2.12. — Photographs of the first four members of the Lyman scries of the two hydrogen 
atoms, H‘ and II*. (After Bollard and White.) 


R«> — Ri and the difference R^ — Ra is approximately equal to the 
atomic weight A. 


R to R\ AAfp d” . 

Ro — Ra Mp -f- m ^ 


(2.51) 


In passing, it should be mentioned that for atomic systems containing 
more than one electron the refinement in the Rydberg constant is not 
necessary in representing observed series. For these heavier elements 
it is recommended that « be used for all series and the refinements be 
taken care of by the constants in the Rydberg denominator [see Eq; 
( 1 . 22 )]. 


^ Urey, H. C., F. G. Brickwedde, and G. M. Murphy, Phys, Rev., 40 , 1, 1932. 
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Table 2.2. — Variation of the Rydberg Constant with Atomic Number 


z 

Element 

Atomic weight A 

Ra 

R» — Ra 

1 


1.007 

109677.759 

59 665 

1 


2.00 

109707.387 

30.037 

2 

He 

4.00 

109722.403 

15.021 

3 

Li 1 

7 

109728.84 

8 58 

4 

Be 

9 

109730.74 

6 68 

6 

B 

n 

! 109731*96 

5 46 

8 

0 

16 

109733.66 

3 76 

10- 

Ne 

20 

109734 42 

3 00 

21 

Sc 

45 

109736.08 

1.34 

33 

As 

75 

109736.62 

0.80 

00 


00 

109737.424 

0 00 


^2.14. Bohr’s Correspondence Theorem. — According to Planck’s 
original quantum hypothesis, an oscillator emits only radiation of a 
particular frequency, viz.^ the frequency of the oscillator itself. Accord- 
ing to Bohr’s theory of the hydrogen atom, the frequency of radiation 
emitted or absorbed is not equal to the frequency of the rotator in 
one of its stationary orbits but a frequency determined by the difference 
in energy between two orbital states [see Eq. (2.24)]. Attempts to 
find^a correlation between the classical frequency of revolution in the 
different electron orbits and the quantum frequency of energy emission 
have led to Bohr’s correspondence theorem^ A rather brief but elementary 
treatment of this theorem is not out of place here.^ 

Referring to Eqs. (2.22), (2.23), and (2.29), the classical frequency 
of the revolution in an orbit is given by 


/ = = 471 ^/^^“ ^ 2RcZ^ 

^ nh n* 


(2.52) 


where R is the Rydberg constant, c the velocity of light, n the quantum 
number, and Z the nuclear charge in units of e. Turning now to Eqs. 
(2.24) and (2.25), a radiated frequency on the quantum theory is given 
by 




n 


h 

This may be written in the form 




P = RcZ"( ~ + ”a) 


V 


1^2 


O' 



(2.53) 


(2.54) 


* For a more complete treatment of Bohr's correspondence theorem see Van Vleck, 
^‘Quantum Principles and Line Spectra," Nat. Research Cowncily BuU.^ 1926. 
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If we now consider transitions where An = n 2 — ni == 1, and where 
ni is very large, we get, asymptotically. 


V 


2RcZ^ ^ 2RcZ^ ^ 
n\ nl *'■ 


(2.55) 


Thus, for very large quantum numbers n, the quantum-theory frequency 
and the classical orbit frequency become equal, a remarkable and impor- 
tant result. 

If we now allow transitions in which An > 1 and n > > An, the 
frequency P, using Eq. (2.54), is as follow-s: 


V 


2RcZ\ 2RrZ\ 

= — i - An 


/ • An. 


(2.56) 


This general result shows that the quantum-theory frequencies corre- 
spond to the fundamental classical frequencies /, or to their harmonics 
2/, 3/, 4/, etc. 

We shall now' derive these same relations in a little different fashion. 
From E(i. (2.20) we first write down the phase integral for the quantum 
number 7i, 

J = = tih. (2.57) 

It follows from this equation that the difference in J for tw’o states is 
given by 

AJ = An • h, (2.58) 


Since, from Eq. (2.24), hv = Wi - - ATT, the quantum frequency 


AW, 

= 


(2.59) 


Moreover, with W = —RcZ-h/n^, the classical frequency from Kq. (2.52) 
becomes, in differential form. 


•' h dn dj' 

(2.60; 

from Eq. (2.56), 


II 

(2.61) 

Thus the difference between the quantum-theory frequency and the 


classical frequency is just that between the difference quotient LWjbJ 
and the differential quotient dW/dJ. Graphical representations of these 
frequencies are shown in Fig. 2.13. The energy levels W of hydrogen 
are plotted in Fig. 2.13 as a function of the phase integral J = nh. The 
slope of the secant AF/AJ represents the frequency of the first line 
of the Balmer series, whereas the two tangent lines give the slope dW I dJ, 
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the classical frequencies at the end points. As we go to higher and 
higher n values, the slopes of these lines, and hence the frequencies, 
become more nearly the same. 


Ih Zh 3h 4h J — i-Bh 6h 7h 8h 



Fig. 2.13. — Graphical representation of Bohr’s correspondence theorem. 


Using Eqs. (2,52) and (2.53), the classical and quantum-theory 
frequencies of hydrogen for a few sample cases have been calculated 
and given in Table 2.3. Just as in Fig. 2.13, the quantum-theory 
frequency always lies between the initial and final revolution frequencies 
and at the same time approaches both of the latter asymptotically. 


Table 2.3. — Asymptotic Approach of the Quantum-theory Frequencies to the 

Classical Frequency 


Initial 

quantum 

state 

Final 

quantum 

state 

Initial 

orbit 

frequency 

Quantum- 

theory 

frequency 

Final 

orbit 

frequency 

n - 2 

n — \ 

0 82 X 10“8ec.-i 

2.47 X 101® 

6 58 X 10“ 

6 

5 

3 04 X 10^’ 

4.02 X 10“ 

5.26 X 10“ 

10 

9 

6.58 X 101* 

7.71 X 10“ 

9 02 X 10“ 

25 

24 

4.21 X 10“ 

4.48 X 10“ 

1 4.76 X 10“ 

101 

100 

6.383 X 10* 

6.479 X 10* 

6.576 X 10* 

501 

500 

5.229 X 10^ 

5.245 X 10* 

5.261X10* 


A comparison of two quantum jumps An — 2 shown by the dotted 
secant in Fig. 2.13, with the classical orbit frequencies at both end points, 
may also be made by use of Eqs. (2.52), (2.53), and (2.61). In this case 
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the first harmonic of the classical frequency, i.e.y 2/, is to be compared 
with the spectral frequency. 


Problems 

1 . As many as 33 members of the Balmer series of hydrogen have been observed 
in the spectrum of certain stars (see Fig. 1.5). What is the diameter of the hydrogen 
atom, i.e., the orbit diameter, when the electron is in the orbit n = 35? 

2. Find the velocity of the electron in Prob. 1. 

3. Assuming the nucleus of the hydrogen isotope to have twice the mass of the 
chief isotope IF, compute the wave-length interval between the two lines comprising 
the second member of the Lyman series. 

4. If the nieasured wave-length of the first Balmer series line of hydrogen is Xvao = 
6564.685 A, and the first line of the Lyman series in ionized helium is xCac = 303.797 A, 
what is the average value of the Rydberg constant for infinite mass? Assume the 
mass of the proton to be 1840 times the mass of the electron. 

■6. Compute the revolution freiiuency of the electron in the first 10 orbits of hydro- 
gen, and the quantum-theory frequency for transitions between the same orbits for 
An = 1. Plot frequency-difference curves vi — f and f — vz as a function of the 
quantum number n to show that the quantum frequencies approach the classicuil 
revolution frequencies. 

6. Using Eqs. (2.22) and (2.23), derive an expression for the period of the electron 
in its orbit. 



CHAPTER III 

SOMMERFELD’S ELLIPTIC ORBITS AND SPACE QUANTIZATION 


Soon after Bohr put forward his famous theory of the hydrogen 
atom Sommerfeld^ extended the model so as to include elliptic orbits. 
The importance of this extension may be attributed directly to the 
accuracy with which his resultant equations, with suitable relativity 
corrections, account for the fine structure of the energy levels and 
spectrum lines in hydrogen and hydrogen-like atoms. 

In order to quantize any proposed atomic system Wilson^ and Som- 
merfeld postulated, about the same time and quite independently, that 
each degree of freedom must be quantized separately. In other words 

each degree of freedom should be fixed 
by its own separate quantum number. 

3.1. Two Degrees of Freedom. — 
Following Sommerfeld, the motion of 
an electron in an elliptic orbit, with the 
nucleus at one focus, presents a system 
with two degrees of freedom and hence 
two quantum conditions. In polar 
coordinates the position of the electron 
is given by the azimuth angle v? (see 
Fig. 3.1) and the electron-nuclear distance r. Assuming that the poten- 
tial energy is zero when the electron is removed to infinity, 



Fig. 3.1. — Elliptic orbit. 




eE 

r 


r 


(3.1) 


where e and E are the charges on the electron and nucleus, respectively 
and Z is the atomic number. The kinetic energy is given by 

T = = ^m(f^ -f rV^) = -f (3.2) 

These equations involve two displacement coordinates, <p and r, and 
two momentum coordinates, 


= mr^<p and pr — mr. (3.3) 

Corresponding to these two degrees of freedom two phase-space 
diagrams (see Figs. 2.4 and 3.3) can be drawn in such a way that the 

' SOMMEKFELD, A., Ann. d. Phys., 51 , 1, 1916. 

* Wilson, W., Phil Mag., 29 , 795, 1916. 
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motion of the electron is represented by two graph points, one moving 
on one diagram and one on the other. Applying the quantum conditions 
[see Eq. (2.9)] to these two degrees of freedom, 

^p^d<p - kh (3.4) 

and 

^prdr = rh, (3.5) 

where k and r take integral values only and are called the azimuthal and 
radial quantum numbers^ respectively. 



Fig. .3.2. — Elliptic orbit. 


According to Kepler\s second law of planetary motion the angular 
momentum p^ remains constant throughout the motion so that the first 
integral is readily evaluated. Integrating over a complete cycle, 

^ Ptpdip — 2'7r/>^ ~ 2i7rmr^(p = kh, (3.6) 

This result is identical with Bohr's quantum conditions for circular orbits 
[Eq. (2.20)]. The quantized angular momentum for elliptic orbits 
may therefore be represented by a graph point traversing one of the paths 
in the phase space given for circular orbits in Fig. 2.4. 

3.2. The Radial Quantum Number. — In order to quantize the radial 
motion of the electron the left-hand side of Eq. (3.5) must be evaluated. 
The object of this section is to present Sommerf eld's method of evaluating 
this integral. The starting point is the general equation of an ellipse 
in polar coordinates, 

— = Cl + C 2 cos ipy (3.7) 

where Ci and C 2 are constants to be determined for every ellipse. If the 
eccentricity € of an ellipse (see Fig. 3.2) is defined as the ratio EQ/a, where 
a is the semimajor axis, then 


EQ = ae. 


(3.8) 
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In terms of the eccentricity €, it is readily shown that the perihelion 
distance EP, the aphelion distance EA, and the semiminor axis h become: 

Perihelion EP = a(l — e). \ 

Aphelion EA = o(l -f ^ (3.9) 

Semiminor axis h = a\/\ — I 

With the electron at perihelion, ^ = 0, Eq. (3.7) becomes 


= Cl + C 2 


a(l - «) 

while at aphelion, <p = tt, Eq. (3.7) becomes 

-T . - S = C-i - C2. 
a(l + e) 

With these two equations, Ci and C 2 can be evaluated 

1 1 yn# ^ 


Cl = 


and 


a(l - 6^) 

and the equation of the ellipse wTitten 

1 _ 1 + € cos (p 


C 2 = 


a(l - e^)' 


( 3 . 10 ) 


(3.11) 


(3.12) 


(3.13) 


r a(l ~ €^) 

Taking the log of each side of this equation and differentiating, we 


get 


Idr 


€ sm (p 


r dip 1 + € cos ip 
Remembering that = mrV> 


Since 


one obtains 


dt . dr 
Vr - mr — m-^jp = ^ -y— 
^ r‘ d<p 

dr = 

dip 


, if rfr Y , 

Prdr = d<p = 




(1 + c cos (p)^ 


dip. 


T‘he phase integral, Eq. (3.5), now becomes 


^p,dr -= 

Now, from Eq. (3.6), 


' sin* V j , 
(1 + € COS ipy ^ ^ * 


(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 


• M 


(3.19) 
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/ sin^ ^ j ^ /o 

2’rJj (1 + * cos ~ k 

Integrating by parts, we get 

vfe; - * - 1 

which upon transposing and squaring becomes, from the definition of the 
semiminor axis [Eq. (3.9)], 

> - - .-i- <»•“> 

Since k and r take integral values only, we may write , ’ 

k r = rij where /i = 1, 2, 3, • • • (3.23) 

IS the so-called total quantum 
number. 

In terms of this new quantum 
number n, Eq. (3.22) leads to the 
very interesting and simple result that 

k b 


Out of all the classically possible 

ellipses the quantum conditions allow 

only those for which the ratio of the 3.3. Phase-space diagram for 

. j . • xu X r X t-tie radial motion. 

major and minor axes is that of two 
integers, viz.y the quantum numbers n and k. 

The radial motion of the electron may be represented by a graph point 
traversing one of the curves in the phase space shown in Fig. 3.3. 

3.3. The Total Energy W . — The total energy of each stationary state 
has yet to be calculated. From Eqs. (3.1) and (3.2), 


W = T +V 


1 ^ 1 ... e^Z 

JL ^ r 


which in terms of p. and p,, [Eqs. (3.3) and (3.15)] gives 

w 1/^21 ‘Pi\ 

_^r/ldrY 
2 mr 2 [Vr d,p) ^ J r 

By direct substitution of Eqs. (3.13) and (3.14), 


yk A 

- ‘*)’V 


+ < cos 


\ e^Z 


'Z(i + f cos (p) 


46 


INTRODUCTION TO ATOMIC SPECTRA 


[Chap. Ill 


For a conservative system the total energy is constant and is 
independent of the time and of the angle (p. Since the total energy is 
constant and cos (p varies, the coefficient of e ^os <p must vanish. Collect- 
ing terms in € cos <p and equating to zero, 



1 p‘i> 

e^Z \ 

(3.29) 



ail - e^)) - 

This gives 





pi 

e^Z 

(3.30) 


ma^il - t^Y ~ 

a{\ - e^) 

from which 





a = 

me^Z{l 

- €")■ 

(3.31) 


With the values of and 1 — from Eqs. (3.6) and (3.22), respectively, 
the semirnajor axis 


a 




Ar^me^Z 


(k -f- r)2 




(3.32) 


and with Eq. (3.9) the semiminor axis 




(3.33) 


Here ai is the radius of the first Bohr circular orbit [see Eq. (2.33)], 
and n is the total quantum number. 

With the value of a from Eq. (3.31), the total energy [Eq. (3.28)] 
becomes 


W = 


e^Z jl + c* 
a(l ~ M 2 




2a 


(3.34) 


Substituting a from Eq. 3.32, 


2 w^me'^Z^ _ 
h^{k -f- r)^ ”” hV 


(3.35) 


This equation is of particular interest in that the energy is exactly 
the same as that obtained by Bohr for circular orbits [see Eq. (2.23)]. 

3.4. General Characteristics of Sommerf eld’s Elliptic Orbits.— While 
the introduction of elliptic orbits has thus far introduced no new energy 
states for the hydrogen atom, the electron may now move in different 
orbits. For any given value of the energy, corresponding to the total 
quantum number n, there are n different quantized orbits for the electron. 
If, for example, n = 5, the azimuthal quantum number h may take on 
one of the five values 1, 2, 3, 4, or 5, while the radial quantum number r 
takes on the values 4, 3, 2, 1, or 0, respectively. A study of the possibility 
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^states with /c == 0 shows that the ellipse reduces to motion alonj^ a 
*aight line with the nucleus at one end. Sommerfeld therefore excluded 
such states on the grounds that the electron would collide with the 
nucleus. As the quantum mechanics leads to a model of hydrogen-like 
atoms which possess features than can be described in terms of elliptic 
orbits, the size and shape of Sommerfeld^s electron orbits are of interest 
and will be given here in somewhat more detail. 

From Eqs. (3.32) and (3.33) it is seen that the semimajor axis a 
is proportional to and to 1/Z, and the semiminor axis b is proportional 



Fig. 3.4. — Relative dimensions of the Sommerfeld elliptic orbits. 


to nk, and to 1/Z. Starting with the smallest orbits of hydrogen with 
Z = 1, ionized helium with Z = 2, doubly ionized lithium with Z = 3, 
etc., we place n = 1, A; = 1 and r = 0. These are circles of radius 
aij «i/2, ai/3, etc., showm at the top of Fig. 3.4, and are exactly the same 
as Bohr’s circular orbits. With n — 2 there are two possibilities for 
each atom, A; = 2, r = 0 and /c = 1, r == 1. The first set of quantum 
numbers gives Bohr’s circular orbits of radius 4ai, 4ai/2, 4ai/3, etc., 
and the second set gives elliptic orbits with semimajor axes the same 
as for the circles, 4ai, 4ai/2, 4ai/3, etc., and semiminor axes 2ai, 2ai/2, 
2ai/3, etc. 

For the next higher states of H, He II, Li III, etc., with n « 3, there 
are three types.of orbits possible, ife==3, r = 0;fc*>'2, r=l; and A; = 1, 
r == 2. The first set gives Bohr’s circular orbits of radius Qoi, 9ai/2, 
9ai/3, etc. The second set (Ac = 2, r === 1) gives elliptic orbits with 
semimajor axes the same as for the circles and semiminor axes two-thirds 
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as large. The third set (fc = 1, r ^ 2) gives elliptic orbits with sei^ 
major axes the same as for the circles but with semiminor axes one-thSI 
as large. In general, a and h vary as the reciprocal of the atomic number 
Z, i.e.y as 1/Z, so that by reducing the hydrogen orbits (Fig. 3.4) to 
one-half and one-third their dimensions they become identical with the 
orbits of He II and Li III, respectively. 

According to the relation n = /c + r, each quantized orbit is deter- 
mined by two out of the three quantum numbers n, fc, and r. It is 
customary to define each quantized state by giving the total quantum 
number n and the azimuthal quantum number k. As will be seen in 
the following chapters, the radial quantum number is generally not used. 
In the literature two systems of notation for n and k are found to be in 
general use. According to the one system, the numerical value of k is 
given as a subscript of the numerical value of n. For example, the state 
n = 3, A; = 2 is written 82. A later and now more widely used notation 
is one in which the numerical value of n is followed by one of the letters 
5, p, dy /, gf, hy etc., representing the azimuthal quantum numbers 1, 2, 
3, 4, 5, 6, etc., respectively. The state n = 4, = 2, for example, is 

designated 4p (see Table 3.1). 


Table 3.1. — Elbctbon-orbit Notation 



n — 1 

n = 2 

n = 3 

n ~ 4 

n* 

li 

2 i 22 

3i 82 83 

4i 42 43 44 

nk 

Is 

2s 2p 

1 

3s 3p 3d 

4s 4p 4d 4/ 


The origin of the letters s, p, d, and / goes back to the discovery of 
sharpy principaly diffuscy and fundamental series, in the alkali spectra, 
and to the designation of such series by Rydberg formulas. These have 
been treated at some length in Chap. I. 

It is convenient to remember that, for a given n it is the s orbit which 
comes closest to, and recedes farthest from, the nucleus, i.e., it is the 
most elliptic of any family of orbits having the same major axis. Next 
in eccentricity come the p electron orbits with A; = 2, followed by d 
electrons with fc = 3, / electrons with fc = 4, etc. 

3.6. Space Quantization. — Up to this point the motion of a single 
electron of a hydrogen-like atom has been confined to two degrees of 
freedom. In this special case an electron orbit or energy state is deter- 
mined by two of the three quantum numbers n, ky and r. As a more 
general case, however, the motion of the electron is three-dimensional. 
With three degrees of freedom the Wilson-Sommerfeld quantum con- 
ditions require three quantum numbers to describe each energy state 
in place of two. It should be pointed out at the outset, however, that 
the introduction of a third quantum number does not change the size 



Sec. 3.5] 


SOMMERFELD^S ELLIPTIC ORBITS 


49 


or shape of the Bohr-Sommerfeld orbits but simply determines their 
orientation with respect to some direction in space. 

In order to set up a fixed axis in space we first imagine the atom placed 
in a uniform magnetic field H, Let the vertical axis in Fig. 3.5 be the 
direction of the applied field, and let a be the angle between this axis 
and the normal to the plane of the orbit. As a result of the applied field 
the plane of the orbit processes about H, just as a mechanical top pre- 
cesses in a gravitational field and the orbital angular momentum 
vector, generates a cone about the 
vertical axis. The quantum condi- 
tions imply that the orbit is space- 
quantized, i.e., that cc takes on certain 
discrete values only. It will be shown 
in the following section, how, for any 
given orbit, the precession frequency 
depends upon H, If now the field H 
is gradually reduced to zero, the angle 
a remains constant {a is independent 
of H)j while the rate at which 
processes about H decreases to zero. 

In this rather indirect way the atom 
is left with the plane of the electron 
orbit, or the orbit angular momentum 
Pyf.j in one of a discrete set of orienta- 
tions in space, but the energy is identical with that obtained by quantizing 
the field-free atom. 

Now in the two-dimensional problem, treated in the preceding 
sections, the kinetic energy in terms of the coordinates r and ip is {ip is 
now replaced by \l/) (see Fig. 3.5) 

(3.36) 



Fig. 3.6. — The motion of the electron 
with three degrees of freedom. 


T — 


iiPrr + 


and is subject to the quantum conditions that 

— kh and ^Prdr = rh, 


(3.37) 


where the radial quantum number r = 0, 1,2,3, • • • and the azimuthal 
quantum number A; = 1, 2, 3, 4, • * • . The potential energy is given 
by 


V = 


r 


(3.38) 


In the three-dimensional problem, let the position of the electron be 
given by the polar coordinates r, and tp. With the potential energy 
exactly the same as it is in the two-dimensional problem, we need only 
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write down the kinetic energy. In terms of the corresponding momenta, 
the kinetic energy T is 

T = hiVrT + Ve6 + (3.39) 

The quantum conditions in terms of the phase integrals are 


(^yrdr ~ rhj ^ped6 == thj ^p^d(p = 


where the quantum numbers r, ty and m take integral values only. 

Since the total energy W = T + V in the r, coordinates is just 
the same as in the r, 0, <p coordinates, it follows from Eqs. (3.36) and 
(3.39) that 

PiT + p^\l^ = PrT + p^(p + pe6 (3.41) 

from which 

p^d^p = p^dip 4- pedd (3.42) 


or 


^Py(,d\p ~ ^p^dip “{- ^pedS, 


The quantum conditions for each of the phase integrals are most 
easily expressed in terms of their corresponding quantum numbers k, 
rriy and ty respectively. It follows that 

k — i m. (3.44) 

Since the total angular momentum of the electron p^ is constant, its 
projection on the ^ axis, is also constant, so that 

p^ == p 4 cos a. (3.45) 

The angle between p^ and p^ is therefore determined by the quantum 
numbers m and ky 

cos« = 2-^=^, (3.46) 

p^ k ^ ^ 

where the magnetic quantum number 

w = ±1, 4:2, +3, ±4, • • • ±& (3.47) 

and the azimuthal quantum number 

A: = 1, 2, 3, 4, • • • n. (3.48) 

It is customary to represent the space quantization of an electron 
orbit by means of the orbit normal and to treat this as a vector. Equa- 
tion (3.47) shows that the number of possible m values is limited by the 
value of k. In Fig. 3.6, the space diagram for s electrons {i.e.y k - 1) 
shows two possible orientations of p^. Similar diagrams for p and d 
electrons show'^four and six possible orientations, respectively! By 
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drawing the oriented vector of length k = 2Tp^/h in place of the 
projection will always be just the magnetic quantum number m. The 
state w = 0 in this early work was always excluded on the ground that 
the application of an electric field would cause the electron to collide 
with the nucleus. We shall see later that on the quantum mechanics 
the L’tates m = 0 are allowed. Experimental proof of the space quanti- 



zation of atoms in a magnetic field is to be found in the admirable experi- 
ments of Stern and Gerlach.^ 

3.6. Larmor’s Theorem. — Just as a mechanical top processes in a 
gravitational field, so an electron in an orbit would be expected classically 
to process in a magnetic field. This precession is called the Larmor 
precession and the relation expressing the frequency of precession is 
called Larviofs theorem. This theorem, derived on the classical theory 
of electrodynamics, states that to a first approximation the change 
in the motion of an electron about a nucleus produced by the introduction 
of a magnetic field of intensity JI is a precession of the orbit about the 
field direction with uniform angular velocity 


or with a uniform frequency 


wz, = // 


VL = H ’ 


e 

2mc 

(3.49) 

€ 

Airmc 

(3.50) 


1 Stern, 0., Zeits. /, Pkys., 7, 249, 1921; Geblach, W., and 0. Stern, ZeiU, f 
Phys.f 8, 110, 1921; 9. 349, 1922; Stern, O., Zeits. f. Phys., 41, 563, 1927. 
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7 'his theorem is of considerable importance in atomic structure 
as it enables an easy calculation of energy levels in the presence of an 
external magnetic field. The classical theory shows that, as the magnetic 
field starts from zero and gradually increases, there is no change in the 
size or shape of the electron orbit. ^ The picture formed therefore is 
the one shown in Fig. 3.7. As the orbit processes with angular velocity 
cul, the orbit normal describes a cone about the field direction IL 

The quantum conditions presented in the previous section show 
that, if we represent the orbital angular momentum = khl2Tr by a 
vector of length k, the projection of k on the 
field direction H must be integral-valued, i.e., 

= i 1, i2, +3, • • * i/c. (3.51) 

3.7. Magnetic Moment and the Bohr Mag- 
neton. — It will here be shown classically that, in 
terms of electron orbits, the ratio between the 
magnetic moment g and the orbital angular 
momentum p is given by 



V 


e 

2mc 


(3.52) 


Fig. 3.7. — Larmor pre- 
cession of an electron 
orbit in an external mag- 
netic field, H. 


Hereafter we shall frequently refer to the orbital 
angular momentum p as the mechanical moment. 
An elementary principle in electrodynamics states 
that the magnetic moment g (in electromagnetic 
units) of a current in a single loop or circuit is 
equal to the area of the circuit A, times the current I (in electrostatic 
units) divided by the velocity of light c: 

-• (3.53) 


area 

c 


In terms of the moving charge e and its period of revolution T, the 
current I is given by 

(3.54) 


/ = -• 
i rp 


Now the area of a Kepler ellipse in terms of the mass of the electron m, 
its mechanical moment p, and the period T is 

A ^ 'J' i. h 

Area = ^ • /c • jr- 

2m 2m %r 


(3.55) 


^ It is not difficult to show from ciassicai electrodynamics that, when a field is 
applied normal to the plane of a circular electron orbit, the electron speeds up without 
a change in the radius of the orbit. This unexpected result is due to the balance 
between the increased centrifugal force and the radial force on the electron due to the 
magnetic field H. Since the radius remains imchanged, the moment of inertia 
/ —mr* remains constant 
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giving for the magnetic moment, just as stated above in Eq. (3.52), 

(3.56) 


_ , /i € _ 7 

^ 27r 2mc 47rmc 


According to this result the magnetic moment of a hydrogen atom 
should always be equal to an integral number of units: 


eh ergs 
47rmc gauss 


(3.57) 


This unit of magnetic moment is called the Bohr magneton and is equal 
to 0.918 X 10"^® erg gauss'^ Returning to Larmor’s theorem [Eq. 
(3.49)], we see that the angular velocity of the Larmor precession is equal 
to the field strength //, times the ratio between the magnetic and mechan- 
ical moments: 


p 2mc 


Similarly the precession frequency 

H p 


2 t p 47rmc 


(3.58) 


(3.59) 


It is interesting to note in passing that the frequency of precession is 
independent of the orientation angle between the orbit normal and the 
field direction (see Fig. 3.7). 


Problems 

1. Derive a general expression for the period of the electron in any of the Bohr- 
Sommerfeld orbits. Compare this formula with the one obtained in Chap. II, 
Prob. 6, for the Bohr circular orbits. 

2. From the definition of the eccentricity as given by Eq. (3.8), show that the 
perihelion, aphelion, and semiminor axis are given by the relations in Eq. (3.9). 



CHAPTER IV 


QUANTUM MECHANICS AND THE SCHRODINGER WAVE 

EQUATION 

While the quantum theory of Planek, as extended to atomic structure 
by Bohr, Sommerfeld, and others, has proved to be of inestimable value 
in the analysis of atomic spectra, other methods of representing atomic 
processes have been developed which are in still better agreement with 
the experimental facts. 

In the year 1923 de Broglie^ put forward a new theory of quantum 
dynamics which at. the outset met with little success. In the hands of 
Schrodinger, however, the theory was greatly improved and extended. At 
about the same time Heisenberg^ put forward an independent theory of 
quantum dynamicH or matrix mechanics wdiich was so su(‘cessful in its 
general applications that it attracted wide attention. While both of 
these theories are different in their matliematical formulation Schrodinger'^ 
was able to show that they lead to the same result and that the two 
theories are in reality the same. 

While quantum mechanics has proved to be so successful in its 
mathematical formulations of atomic processes that it replaces the 
older quantum theory, we can still, for want of an atomic model, make 
some use of the orbital picture of the atom. 

4.1. De Broglie’s Corpuscular Wave Equation. — De Broglie’s out- 
standing contribution to the new mechanics may be summed up in the 
very simple but fundamental equation 



In this equation h is Planck’s constant, of action, m is the mass of a 
particle moving with velocity v, and X is a wave-length to be associated 
with the moving particle. Just as light waves are known to have 
corpuscular properties, so moving particles are now^ known to have 
wave properties given by de Broglie’s equation. Electrons, protons, 
atoms, and molecules, for example, may under suitable conditions be 
diffracted in much the same manner as sound and light. With this 

^ DB Broglie, L., Phil. Mag.^ 47, 446, 1924; Ann. de yhys.y 3, 22, 1925. 

2 Heisenberg, W., ZeiU. f. Phys.y 33, 879, 1925. 

3 Schr6dinger, E., Ann. d . Phys., 79, 361, 489, and 734, 1926; Phys. Rev ., 28, 1049, 
1928. 
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brief introduction de Broglie's equation,^ which indicates that the wave* 
length associated with any moving particle is inversely proportional 
to the momentum mv^ will serve as a starting point in the quantum 
mechanics of hydrogen, the simplest of all atomic systems. 

4.2. The Schrodinger Wave Equation. — In order to show that, with 
the coming of the quantum mechanics, we need not lose entirely the 
Bohr-Sommerfeld orbital picture of the atom, we shall consider in some 
detail the Schrodinger wave equation as it applies to hydrogen. A very 
brief and simple derivation of the Schrodinger wave equation will be 
given here by starting with de Broglie's equation, (4.1), and the w^elb 
known equation for the propagation of elastic weaves. This latter 
equation in its very simplest form is written 




J ^ 

c’* 


(4.2) 


where V‘'4' stands for the Laplacian of 'Iq which in Cartesian coordinates 
and z is given by 




0-^' 

dj- ^ di/ ~dz'' 


(4.3) 


Here Af represents the displacement of the waves and c their velocity 
of propagation. In looking for a solution of Kip (4.2) we might expect 
the displacement d' to be some periodic function of the time 


In this trial solution, the amplitude, is some function of the coordinates 
j, y, and z but not of time; and o) is equal to 27r times the frequency p. 
Taking second derivatives of the displacement 


dr- ^ ’ dx'^ dx^ 

and substituting in the wave equation, (4.2), 


(4.5) 


VV + = 0. 


In terms of the wave-length 


C 2 'irC 


(4.6) 


(4.7) 


the equation may be written 


VV + 


4t2| 


n? 10. Ho 



^ For an elementary treatment of de Bropl??Tiinclla^^ [Eq. (4.1)], 

see Arthur Haas, “Wave Mechanics and the New Quantum Theory." 
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Introducing the de Broglie wave-length for a moving particle [Eq. (4.1)], 


v¥ + 




0 . 


(4.9) 


With this introduction of the de Broglie wave-length, ^ is interpreted as 
the amplitude of a wave associated with a particle moving with a velocity 
V. 

In terms of the kinetic energy T = the potential energy F, 

and the total energy 

W - + F, (4.10) 

the equation becomes 

VV + - F)./' = 0. (4.11) 


This is Schrodinger’s so-called wave equation. 

4.3. Schrodinger’s Wave Equation Applied to Hydrogen. — The Bohr- 
Sommerfeld orbital picture of the hydrogen atom is now to be replaced 
by one in which the probability of the presence of the electron in an 
element of volume dv is given by the function \pyp*dv. Here denotes 
the complex conjugate of i.e., the function obtained if all imaginary 
factors i == in if there be any, are replaced by -i. With 

suitable values of the total energy W, and the potential energy F, and 
with reasonable boundary conditions imposed upon the allowed 
solutions of the wave equation [Eq. (4.11)] belong to a discrete set 
of solutions, each one of which represents an energy state of the atom. 
In the older quantum theory the discreteness of the energy states was 
introduced quite artificially, whereas they will now be shown briefly to 
appear quite naturally as solutions of Schrodinger’g equation. Later in 
this chapter these solutions will be taken up in detail. 

The only successful attempts to find solutions of the wave equation 
have been those in which the electron position is given in polar or para- 
bolic coordinates. In polar coordinates Eq. (4.11) becomes 


dr\ dr / 


+ 


1 ^ 4 _ 

sin^ 6 


sin 


e de V 


sin 9 


) 


+ 

(fF 


8jrV 

~W 

- V)^|^ = 0, (4.12) 


where r, d, and f are the polar coordinates of the electron with respect 
to the nucleus as origin (see Fig. 4.1). For an electron of mass wi and 
charge e, moving in the central force field of a nucleus of mass M and 
charge E, the potential energy is given by 



r 



( 4 . 13 ) 
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and the reduced mass of the electron is given by u = . Xhe 

m + M 

boundary conditions imposed upon rp are that it and its first derivative 
are everywhere continuous, single-valued, and finite. Solutions which 
satisfy these conditions are called eigenfunctions. 

The wave equation in this form may be solved by separating it into 
three total differential equations. This is accomplished by replacing 



Fig. 4.1. — Position coordinates of the electron. 


^ by a product of a function of (p alone, one of 9 alone, and one of r alone, 
i.e., by 

^ - d> • 0 • (4.14) 

Taking first and second derivatives of 4/ and substituting in Eq. (4.12), 

1 1 1 4. J_ 4_ ^ 

dr \ dr JR sin^^ d(p^ 4> sin d dd\^ dd Jo 

(W - V)r^ = 0. (4.15) 


We first separate out the factors involving <p only and set them equal 
to a constant Ci, since they, as a whole, must be independent of ip, being 
by Eq. (4.15) equal to a function of 6 and r only: 


= 

dip^^ 


(4.16) 


Since the angle p goes from 0 to 27r, the solutions of this equation, in 
order to be single-valued, must have a period 27r. This limitation con- 
fines the admissible solutions to functions of the form 


= A • e^”^, 


(4.17) 
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where m is any whole number, positive, negative, or zero, and A is any 
constant. Taking first and second derivatives, Eq. (4.16) becomes 


^ JL 

dip^^ 


-m\ 


(4.18) 


This m is to be associated with the magnetic quantum number of the 
orbital model treated in Chap. III. Replacing of the original 


equation, (4.15), by — the second eciuation to be taken is one involving 
6 alone: 


1 1 d( . ^ ae\ 
Usin flaev*” ^ doj 


m- 

mi^d 


= (U. 


( 4 . 19 ) 


This equation involving 9 as the only variable will be shown in Sec. 4.6 
to have solutions when 

r2 ='-/(/+!) (4.20) 

where I takes positive whole number values ^ \ m\ only. I is here to b(‘ 
associated with the azimuthal quantum number k of the Bohr-Sommer- 
feld orbits. 

Substituting —1(1 + 1) for the left-hand side of E(i. (4.19) in Kq. 
(4.15), the third and last differential equation to be solved becomes 

? I-Ht) - - '■)* - »■ » 


This equation has solutions for all positive values of IV, and for negative 
values of R" given by the relation 


27rV’^“ 
' nrh'^ 


(4.22) 


where n takes whole integral values only. This n is to be associated with 
the total quantum number of the Bohr-Sommerfeld orbits. Thus out 
of Schrodinger^s equation the (quantum states, first calculated by Bohr 
and Sommerfeld, and the quantum numbers m, I, and n appear quite 
naturally as characteristic solutions of the wave eciuation, a distinct 
contrast with the quite artificially obtained quantum states and quantum 
numbers m, k, and n of the older quantum theory. 

In the new theory the three quantum numbers have values as follows: 

m = 0, ±1, ±2, ±3, ' • ±1. 

Z = 0, 1, 2, 3, 4, • • • a - 1. (4.23) 

n = 1, 2, 3, 4, 5, • • • 00 . 

The various electron states of the hydrogen atom in the new theory 
are designated as shown in Table 4.1. 
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Table 4.1. — Designation of the Electron States in Hydrogen 



1 = 0 

1 - 1 

/ = 2 

j / = 3 

/ = 4 

1 1 = 5 


if 

P 

d 

/ 

g 

h 

7i = 1 
w ~ 2 

Is* 

2.s‘ 

2j) 


1 



~ 3 

3.S- 

3p 

3/ 




n = 4 

4 s 

4p 

4/ 

4/ 



n = 5 

5.S 

bp 

1 bd 

5/ 

% 


JL = Q 

G.s 

Gp 

b'l 

<i/ 

<>? 

6h 


For each of these states I there are 2/ + 1 maji!;netic states m. 

4.4. Eigenfunctions. — For any given set of (iiiantuin numbers m, /, 
and ti, the eigenfunction i/', which satisfies the wave equation [Eq. (4. 12)], 
is of the form [see Eq. (4.14)]. 

yP - -0„u*^z.n. (4.24) 


As has been noted before, the theory was found to predict observed 
phenoni(‘na correctly, if the product of \p with its complex conjugate 
\f* and the volume element dv was interpreted as the probability that 
the electron would be found in a certain 
element of volume of extent dv. The product 
rpyp* may hern e be called the probability dcimty 
for the electron. As an example, sin 6 

flrdOdtp is the probability that the single elec- 
tron will be found in a small element of vol- 
ume of size V' sin ddrdOdip specified by given 
values of the coordinates r, 6, and <^. When 
this probability is summed up over all space, 

the result should be unity, i.e., we must find the proba- 

only one electron. This is accomplished by bmty-density distribution 
suitable adjustment of the constants occurr- as » function of the angle v?. 
ing in the solutions and the process of adjustment is called normalization. 

It is found that the behavior of the hydrogen atom can be accounted 
for in most respects if the electron is thought of as being spread out over 
all space in such a manner that ypyp* gives the charge density at any point. 
It is important, therefore, that we determine just how^ this charge density 
is distributed. In attempting to do this, one observes from Eq. (4.14) 
that 

. ee* . RR*, (4.25) 



Expressed in this way 4>4>* gives the probability density as a 
function of the angle tp alone (see Fig. 4.2), 00* gives the probability 
density as a function of the angle d alone, and finally RR* gives the 
probability density as a function of r alone. In the following sections 
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of this chapter each of these three factors will be treated separately in 
some detail and then compared with the Bohr-Sommerfeld orbits. The 
three will then be brought together to form the quantum-mechanical 
model of the atom. 

4.6. The ip Factor of the Eigenfunction — The first factor of 
the eigenfunction xj/ is obtained as a solution of Eq. (4.16) and is written 

= A' (4.26) 

By setting w = 0, ± 1, ±2, ±3, * • * , a complete set of solutions is 
obtained that are orthogonal and may be normalized. Since A is any 
constant whatever, this orthogonal set can be normalized to unity: 


This gives 



where ~ A ' e 







0 for m 9 ^ m' 
27r for = m' 


from which the constant 


Thus normalized 


A - 


\/27r’ 




1 

\/2t 


t *p 


(4.27) 

(4.28) 


(4.29) 


t4.30) 


4.6. The 6 Factor 0^,./ of the Eigenfunction — The second factor 
0^ / of the eigenfunction [Eq. (4.24)] is obtained from Eq. (4.19). The 
solutions of this differential equation obeying the conditions imposed 
on the eigenfunctions contain as factors the so-called associated Legendre 
polynomials^ and are of the form 


= B sin”^ (cos ^), (4.31) 


where m = \m\ and Pp (cos 6) is a polynomial in cos B. Since these 
functions vanish except for \m\ ^ I, m may take on integral values from 
to -L There are therefore 2/ + 1 angular factors to be associated 
with each given value of I The associated Legendre polynomials form a 
complete orthogonal set of solutions, for 



2t 

Om./Gm.r sin Odd 




( 

I 


0 , 

2 ■ (f + to) ! 

m +1) (I -m)\ 


for I yi r, 
for I = V. 


(4.32) 


They may therefore be normalized to unity by making the constant 



{21 + 1 ) • (1 - to )! 
2(Z + to)! 


(4.33) 
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«in”‘ <')• (4-34) 

Expressions for the associated Legendre polynomials are listed in 
Table 4.2 for values of m and Z, corresponding to the various electron 
types s, p, d, etc. 


Table 4.2. — Values of the Associated Legendre Polynomials 


Electron 

1 

m 

P’1 (cos 0) 

s 

0 

0 

1 

V 

1 

1 

1 


' 1 

0 

cos 0 


2 

2 

3 

d 

2 

1 

3 cos 0 


2 

0 

^ (cos^ 0 — 1) 


3 

3 

15 

f 

3 

2 

15 cos 0 

3 

1 

1 

o 

O 


3 

0 

l{5 cos^ ^ — 3 cos 0) 


4 

4 

105 


4 

3 

105 cos 0 

ff 

4 

2 

cos^ 0 — 1) 


4 

1 

S(7 cos^ 0 — 'S cos 0) 


4 

0 

L35 cos4 0 — 30 cos^ 0 -f- 3) 


4.7. Correlation of and with the Bohr-Sommerfeld 

Orbits. — In order to compare the angular factors and 0^,^ of the 
quantum mechanics with the classical orbits of the quantum theory, it 
will be necessary to express them in the somewhat classical form of a 
probability (see Sec. 4.4). This is accomplished by interpreting the 
product • d<p as the probability of finding the electron between the 
angle (p and ^ + d(py and Om,iO*j • sin ddO as the probability of finding 
the electron between d and 6 + dd. Using Eq. (4.34), and the values of 
the associated Legendre polynomials in Table 4.2, values of = 

(0m, z)^ are computed for Table 4.3. 

With a given value of m for any electron, = 1/2t, a constant, 

independent of the angle (p. This means that the probability of an 
electron being found in a small element of angle d(pi is the same as for 
any other equal angle d(p 2 . Equal probability in all directions ip, from 
0 to 2w, may be represented graphically by a circle as shown in Fig. 4.2. 
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For an s electron, Z = 0 and (0m.O^ = a constant independent of 
the angle 6. Equal probability in all directions between 0 and tt, 

would be represented graphically by a half circle. Taking (p and S 
together, this half circle rotated through 27r radians, the range of 
results in a sphere the cross section of which is show’n at the top and left 
in Fig. 4.3. Thus for an .s electron the charge density is spherically 
symmetrical about the nucleus. In terms of the classical orbital model 
this may be taken to mean that there is no motion in a direction of chang- 
ing (p or 6. 


Tablp: 4.3. — The Probability Density Factor 




1 

1 

m = -f 1 

Elec- 

tron 

1 

m 







m = — 1 

s 

0 

0 

1 

1 

"2 

P 

1 

-L 1 

4 Sin- 0 

3 


1 

0 

i COj>2 0 



2 

+2 

Ig sin" e 


d 

2 

-1-1 

Y* sin“ 6 cos^ (9 

K 


2 

1 ® 

IJ(9 cos" — G cos- ^ + 1) 



3 

+3 

tl sin« e 


f 

3 

+2 

W' sin" d cos^ 0 

7 


3 

+ l 

sin^ 0{25 cos" 0 — 10 cos- 0 -t I ) 



3 

0 

8(25 cos® 0 — 30 cos" 0 -f 9 cos® 0) 



4 

+4 

Jl® sin® 0 



4 

+3 

sin® 0 cos® 0 


9 

4 

+2 

sin" 0(49 cos" 0 — 14 cos® 0 -|- 1) 



4 

+ 1 

ll^ sin® 0(49 cos® 0 — 42 cos" 0 -f 9 cos® 0) 



4 

0 

^§8(1225 cos® 0 — 2100 cos® 0 -f IHO cos" 0 — 180 cos® 





0 4-9) 



For a p electron with Z = 1, m may take one of the three values 1, 0, 
and —1. For these three states, gives the charge distributions 

shown at the right and top in Fig. 4.3. Each curve is shown plotted 
symmetrically on each side of the vertical axis in order to represent a 
cross section of the three-dimensional plot. Three-dimensional curves 
are obtained by rotating each figure about its vertical axis. It should 
l)e pointed out that the electron is not confined to the shaded areas in 
each figure. The magnitude of a straight line joining the center and any 
point on a given curve is a measure of the electron’s probability of being 
found in the direction of that line. 

For d electrons with Z = 2, there are five possible states m = 2, 1, 0, 
— 1, and ~2. Figures for each of these five states are shown in the third 
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row of Fig. 4.3, followed by corresponding figures for/, and h electrons. 
These figures indicate that for all m = 0 states, with the exception of s 



Fig. 4 3. ~ The ability-density distribution factor (0m, plotted as a function of the 
angle 0 for s, v^ d, f, g, and h electrons. For states m = 0 the scale is approximately 
l/(/ -f 1) times that of the other states having the same value. The clas.sical oriented 
orbit for each state is given below each figure, tilted slightly out of the normal plane to 
show an orbit rather than a straight line. 

electrons, the charge density is greatest in the direction of the poles, 
t.e., in the direction 6 — 0 and tt. The exponent of being zero 
implies that there is no motion in the (p coordinate and that the motion 
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of the eleetron, i.e., the plane of the orbit, is in some one meridian plane 
through the (p axis, all meridian planes being equally probable. This 
corresponds remarkably well with the orientation of the classical orbits 
shown below each figure (see Fig. 4.3). The orbital angular momentum 
for these classical orbits is taken to be \/l{l + 1) • h/2Tr and its projection 
on the if axis is taken to be 7nh/2T, It will be shown in the succeeding 
chapters that bettor agreement between the Bohr-Sommerfeld orbital 
model and the quantum-mechanical model is obtained when the orbital 
angular momentum M/2 t is replaced by + \) • /i/ 27 r, where 

/ - A; - 1. 

With in = +/ or — Z, (Om.iy takes on its largest values in the direction 
of the equatorial plane. This corresponds to the two classical orbits 
nearest the equatorial plane, and the opposite signs in the exponents 
of the (f factors and correspond to the opposite directions of 
rotation in the orbit. ^ 

The interesting cases for d, /, and g, and h electrons occur when m 
is not equal to 0, +1, or ~Z. ‘ Here takes on its largest values in 

defiaiic oriented directions which correspond closely with the oriented 
classical orbits. The opposite signs in the exponents and 
correspond to the opposite directions of the electron’s rotation in the 
orbit, and the symmetry about the p axis corresponds t,o the orbit normal 
occupying some one meridian plaiu* with all meridian planes equally 
probable. 

4.8. The Radial Factor Rn,i of the Eigenfunction — The third fiictoi 
of the eigenfunction xf/ = ^mOmjRnj gives, when multiplied by 
the so-called probabilit y-dcnsity distribuh'ori xj/I/* as a function of the 
nuclear-electron distance r. The radial e(|uation to be solved is 


r- dr\ dr / r- /r 


y)H - 0, 


where the potential energy 



r 


(4.35) 

(4.36) 


The boundary conditions to be imposed are that R shall be everywhere 
continuous and finite. For any stationary states to be found R should 
certainly be small for large r and approach zero as r— . 

The radial equation may be simplified by making the substitution 


R - UV 
r 


giMng 


dm' 


/ SrV 


w + 


I {I 1 ) 


h'r 


)«■ 


' ►See Condon, E. U., and P. M. Morse, “Quantum Mechanics.” 


(4.37) 

(4.38) 
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This equation is still further simplified by introducing two new vari- 
ables n and x in place of the total energy W and the radius r. 

Let 


W = 




and 


7>h‘‘ 


(4.39J 


Making these substitutions, 


am' 


±;+- 

4 X 




= 0. 


(4,4(d 


In terms of O], the radius of the Bohr first circular orbit of hydrogen 
[see Eq. (2.33)], 

a, = = 0.53 X l(X*cm, (4.41) 

47rV’“ 

the new variable x may be abbreviated 

X = • (4.42) 

nai 

The solutions of the radial equation must satisfy the boundary con- 
ditions at x = Oandx = qo . As x— the terms a^/x and -/(/ -f 
become negligibly small compared with I and Eq. (4.40) becomes 

+ K = 0 (4.43) 


Taking the positive sign, the solutions of this ecj nation are 

A sin 2 ^ 2 ’ (4.44) 

both of which are finite as . These expressions correspond to the 

continuum of energy states above the series limit in hydrogen, this 
continuum corresponds to the (a)ntinuurn of the hyfx;rboli(; orbits of the 
classical theory, and the finite value of H' for large x signifies a finite 
probability for the electron leaving or returning to the atom with a 
definite velocity. 

Taking the negative sign, the solutions of Eq. (4.43) are 

Ac '^'2 and A(~ 2 . (4.45) 

Only the second of these is finite for large x. Rr^ i will therefore contain 
a factor to make it fit the boundary conditions at r = cc . 

In trying for a solution of Eq. (4.40) near the nucleus, i.e., for small x, 
a power-series development reveals two possible solutions of the form 

Ax+^ and Ax'^'h (4.46) 
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Only the first of these satisfies the boundary conditions and vanishes at 
a: — 0. Rn,i will therefore contain as a factor. 

If we then write the solution as a product of and a third 

factor in the form of a power series in r, whose coefficients we adjust so 
as to satisfy the differential equation, (4.40), it is found that this third 
factor degenerates to a polynomial for integral values of n and that in 
this case only the total solution satisfies the boundary conditions for 
r = CO as well as r == 0. These represent the negative energy states 
[Eq. (4.22)1 obtained first by Bohr from the orbital model [Eq. (2.23)]. 

A further investigation of the radial equation shows that the poly- 
nomials above referred to are derivatives of the Laguerre polynomials, an 
orthogonal system of functions, abbreviated L^[f^^(x); see Table 4.4. 
The solution now takes on the form 


Rn.i = * c-2 • Lf4V(^), (4.47) 

where the constant C is yet to be determined as a normalizing factor. 
This radial normalizing factor obtained in much the same way as the 
(p and 6 normalizing factors of Secs. 4.5 and 4.6 were obtained: 

/4(n - I - l)TZ^ 

^ \l [(n + /)!]’« 'af ■ 

Inserting the values of x from Eq. (4.42), the radial function finally 
becomes^ 


Rn,l 


V 


4( n - I - T)l Y^ 
[(n -f 




(4.49) 


4.9. Correlation of Rn,iR*j with the Bohr-Sommerfeld Orbits. — It 

is of some interest at this point to examine some of the eigenfunction 
values for the various types of electron states. To do this we shall make 
use of Table 4.4 of Laguerre polynomials, where x is written for 
27jrln(ii [see Eqs. (4.49) and (4.42)]. 

The dependence of Rn,i upon r is shown in Fig. 4.4 for several states 
of the hydrogen atom Z = 1. The electron-nuclear distance r is given 
in units of the radius of the first Bohr circular orbit Ui = O.fisA. The 
dotted curves represent the radial factor Rn.iRn.i = (^n,0^ of the prob- 
ability density 

If for each value of r the corresponding value of (Rn,i)^ is multiplied 
by 47rr“, the area of a sphere of radius r, curves of the type shown in Fig. 
4.56 are obtained. This new function D = 4Trr^(Rn,i)^ is called the proh- 
ahility-densiUy Junction and represents the probability of finding the 


^ For a fuller account of the solutions of the radial equation see E. U. Condon 
and P. M. Morse, “Quantum Mechanics.'^ Also A. Sommerfeld “Wave Mechanics." 
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Table 4.4. — Derivatives of the Laooerrb Polynomials' 


Electron 

7i 

1 


Ls 

1 

0 

-1! 

2p 

2 

1 

-3! 

3d 

3 

2 

-5! 

4/ 

4 

3 

-7! 

2,s 

2 

0 

2x - i 

Sp 

3 

1 

2ix - 96 

id 

4 

2 

720r - 5760 

3« 

3 

0 

-3a:" -f 18a- - 18 

ip 


1 

-60x" -f- 600x - 12(X) 

4.S 

4 

0 

4a-^ — 48a:" + 144x — 96 


' Recursion formulas for calculating other polynomials than those tabulated here 
are given by E. U. Condon and P. M. Morse, “Quant\im Mechanics/’ 


electron between two spheres of radius r and r -}- di\ It should be 
noted, in the particular case chosen, that the principal maximum of I) 
comes at about 5a i. This means that a 2s electron has a greater prob- 



Fig. 4.4. — The radial function Rn.i and (Rn,i)^ plotted as a function of the electron-nuclear 
distance r for six states in hydrogen, Z = 1. 

ability of being found at a distance of about 5ai than at any other dis- 
tance. Other points of particular interest are those at which D comes to 
zero, r = 0, r = 2ai, and r = «>. Although nothing better could be 
wished for than zero at the end points, it is difficult to imagine how a 2s 


52a, 




Fiq. 4.6. — The probability-density factor (jRn.i)^ plotted as a function of the electron- 
nuclear distance r (r is given in units ai — 0.53 A, the radius of the first Bohr circular orbit). 
The density distribution curves D =» 4-7rr2(i?n ,/)*♦ the shaded areas, are to be compared 
with the electron-nuclear distance of the classical electron orbits, where the orbital angulnr 
momentum is taken to be \/l(l *f 1) * h/2r. 
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electron can sometimes be found on one side of 2ai and sometimes on the 
other but never in between. In Chap. IX we shall see how, with the 
introduction of the spinning electron, this difficulty vanishes. 

In Fig. 4.6, the probability distribution function D is shown for 12 
of the lowest quantum states in hydrogen, Z = 1. Corresponding to 
each of these states an electron orbit is drawn to the same r scale. In 
each orbit the angular momentum is taken as VW'+l) * h/2T, where 
Z = 0, 1, 2, 3, • • • for s, p, d, /, • • • electrons. The major axis of 
each orbit is given by the total quantum number n and is the same as for 
the Bohr-Sommerfeld orbits. This model will be discussed, along with 
three others, at the end of this chapter (see Sec. 4.11). 

In each distribution curve it is observed that D differs greatly from 
zero only within the electron-nuclear distance of the corresponding 
orbits. It should be mentioned that while the Is, 2p, 3d, and 4/ states 
show single maxima at r = ai, 4ai, 9ai, and 16ai, which are exactly the 
radii of the corresf)onding Bohr circular orbits, a better general agreement 
is obtained with the orbits shown. 

A still more striking comparison of the older quantum theory with 
the quantum mechanics can be made by comparing the average value of 
r computed for each theory. The method of evaluating f from the 
quantum mechanics has been given by Waller.^ His formulas along with 
several others are given below. 


Quantum Mechanics;^ 
Probability-density Distribution 

Quantum Theory: 
Bohr-Sommerfield Orbits 




:-s)} 

f 


1 i(i + 1 ) - 

n- )] 



(4.50) 

r _ 


T _ 


(4.51) 

(4.52) 

H aWl(l + + 1)’ 




It should be noted that the time average value of r on the quantum theory 
becomes identical with the quantum-mechanics expression when is 
replaced by + 1). The vertical line on each of the curves in Fig. 4.6 
represents the time average distance f, for the density curves as well as 
the orbits shown. A further discussion of the above given formulas 
and the different atomic models will be continued in Sec. 4.11 of this 
chapter. 

4.10. A General Interpretation of the Eigenfunction — With given 
values of the quantum numbers m, I, and n, the three factors of the 

1 Waller, I., Zeits. f. Phys,, 88, 635, 1926. 
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eigenfunction yp may be brought together to form a general quantum- 
mechanical model of the atom : 


^m,l,n — * ^m.l ' Rn,l’ (4.53) 

In finding the solutions of Schrodinger’s wave equation, each of these 
three factors has been normalized to unity (see Secs. 4.5, 4.6, and 4.8), 
so that, if we now integrate \p\p* throughout the whole of the 6, r 
coordinate space, we must get 1. 




jl for rn — I — Z', n = n', 
\0 otherwise. 


(4.54) 


There being but one electron, ypm.i.n has been normalized to unity. The 
complex conjugate differs from \pm,i,n only in the sign of the expo- 
nents ± im^p of the <p factor. 

From Eqs. (4.30), (4.34), and (4.49) we may now write for the com- 
plete eigenfunction. 




^tm<p r 


gtm., /(2Z -f 1)(Z - m)l 


sin”^ dF^(cm 6) 


\/2t\ 2il+m)\ 

2Z.Y 

\ [(« + /)!]»«%•; V«ai/ "^'yuai/ 


( 4 . 55 ) 


Attempts to bring together the probability-density factors 
(Bm.^)^ and {Kn.i)‘^ into one single picture for yp\p*y if we may call it a 
picture, have been somewhat successful. Langer and Walker,^ using a 
method which is as yet unpublished, have produced probability-density 
photographs which represent the spherically symmetrical s states and 
the 2p states m = + 1 and 0. Using a rather simple mechanical device 
the author has made photographs of a spinning model which represent 
time exposures of the hydrogen atom in many other stationary states.^ 
A number of these photographs are reproduced in Fig. 4.7. Each figure 
in three-dimensional space is symmetrical about a vertical axis. Photo- 
graphs for the states with negative m are identical with those of positive 
m. The visual or photographic impression of any cloud distribution 
viewed from the equatorial plane is almost the same as a cross section. 
A smoke ring, for example, when looked at edge on appears more dense 
at the ends than in the middle. The circular patterns representing s 
states are to be pictured as concentric shells, whereas the 2p states 
m = -f-l and m = —I look more like smoke rings. The 3d, m = ±1 
states look like two cones with their apices touching each other at the 
nucleus. The 4cZ, m = ±2 states look like two concentric rings; etc. 


^ See Ruark, A. E., and H. C. Urey, Atoms, Molecules and Quanta,” p. 565, 
McGraw-Hill Book Company, Inc.; also Slater, J. C., Phys. Rev.^ 37, 482, 1931. 

* White, H. E., Phys. Rev., 37, 1416, 1931. 




M mftde from a Bpimung niadliaiuoal model. The probabiUty-deoBity distribution 
Is symmetrical about the s^ajdsr whioh is vertioal sad in the plSM ci tiie paper. Ihe iosie 
loar each figure may be obtained from Hg. 4.6* 
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4.11. Useful Atomic Models. — On the older quantum theory the total 
quantum number % and the azimuthal quantum number k determined 
the size and shape of the electron orbits, and the magnetic quantum 
number m determined their orientation in space (see Fig. 3.6). In 
Sommerfeld’s development of the three-dimensional problem, Chap. Ill, 
we have seen how the orientation of each orbit may be represented by a 
vector of magnitude k, or kh /2Tr, oriented at such an angle that its projec- 
tion on the Z axis is or inh/27r. With the introduction of the quantum 
mechanics the azimuthal quantum number k is replaced by I (see Table 
4.1). 



Pig. 4.8. —Four difTertmt orbit models proposed by various early investigators. 


In setting up an orbital model which will be in harmony with the 
quantum-mechanical model (Fig, 4.6), we are led by Eq. (4.50) to 
replace by l(l -f 1), and by Eq. (4,52) to replace by Z(/ + 1)(Z -f i). 
This leads, on the one hand, to a model in which k is replaced by a/Z(Z -|- 1) 
= I* and, on the other hand, to two models, one in which k is replaced 
hy Z + and the other in which k is replaced by Z. The answer to the 
question as to which of these models is to be preferred is to be found in 
WeyFs^ quantum-mechanical proof that values of any angular momentum 


vector 1*^ and its component along a given axis are \/^(^ ^ ^ ^ 


and mh/2Tr, respectively. Four vector models, which have been used 
by different investigators, are shown in Fig. 4.8. In each of these 


1 Weyl, ^‘Gruppentheorie und Quantenmechanik/’ Secs. 12 and 35; see also 
Condon, E. U., and P. M. Morse, “Quantum Mechanics, “ Sec. 64. 
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four models, drawn for n = 4 states, the total quantum number is the 
same. Values of the azimuthal quantum number are given in the follow- 
ing table for each of these models. 


Table 4.5. — Values of the Azimuthal Quantum Number According to Four 
Different Orbit Models 


Electron 

Quantum-mechanics 
model a 

Vi{i + 1) = i* 

Sommerfeld 
model 6 
k - 1 = l 

Land6 
model c 

1 1 

Bohr- 

Sommerfeld 
model d 
k 

8 

0 

0 


1 

V 


1 

•A 

2 

d \ 

\/ 0 

2 

f! 

2 

3 

f 

■y/V2 

3 

7 

4 

9 


4 

9 

5 


Before the coming of the quantum mechanics, model c was used quite 
extensively by Back and LandcJ^^ and model h was used by Sommerfeld. 

The commendable features of models a and h are that they give the 
correct number of magnetic levels. This will become apparent when 
we come to deal with the Zeeman effect in Chap. X. Space-quantization 
diagrams for p, d, and/ electrons are shown in Fig. 4.9. This is a vector 
representation of model a showing the various oriented positions of the 






Fiq. 4.9. — Vector diagrams of the space quantization of p, d, and / electrons according to 

model a. 


angular momentum vector with respect to a vanishing magnetic field, 
previously set up (see Sec. 3.5) and as such is called a vector modeL 

In describing certain atomic processes it is sometimes convenient 
to think in terms of the original Bohr-Sommerfeld orbits, model d, or in 

‘ See Back, E., and A. Land^, *‘Zeemaneffekt.’* 
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terms of Land^'s model c. Of these two the latter is perhaps to be pre- 
ferred in that the square of ? + + 1) + \j is more nearly the 

(juantum-mechanical value -f 1). 

The average values of the electron-nuclear distance r, calculated for 
models a, 6, c, and d, from Eq. (4.50), are given in the following table 
for comparison purposes. The same values of f are indicated on the 
r axis of each curve in Fig. 4.6 by #, O, A and -T, respectively. 

As orbital models, c and d are found to be very useful; but as vector 
models they are objectionable in that they require too many restrictions.’ 
Models a and h are useful as vector models but are objectionable as 
orbital models in that they give zero angular momentum for all s states, 
orbits originally forbidden by Sornmerfeld. Taking all things into con- 
sideration one finds that certain difficulties are encountered in attempting 
to represent the quantum-mechanical formulation of the hydrogen-like 
atom in terms of any one classical model. We are justified, therefore, in 


Table 4.6. — Average Values of the Electron-nuclear Distance r as Calcu- 
lated FROM Eq. (4.50), IN Units of ai/Z 


Electron 

n 

1 

Model 

a 

Model 

b 

Model 

c 

Model 

d 

Ls* 

1 

0 

n 

H 

ii 

1 

2s 

2 

0 

6 

6 

51 

51 

Ss 

3 

0 

13i 

13J 

\ 131 

1 

13 

2p 

2 

1 

5 

5} 

i 4^ ■ 

4 

Sp 

3 

1 

12i 

13 

12| 

14 

ip 

4 

1 

23 

23^ 

! 22| 

22 

3d 

3 

2 

10^ 

14 

1 loi 

9 

id 

4 

2 

21 

22 

1 201 

191 

bd 

6 

2 

34^ 

35^ 

34| 

33 


4 

3 

18 

m 

171 

16 

5/ 

5 1 

3 

34 

33 

31f 

291 

6/ i 

6 

3 

48 

m 

471 

46 


using any one orbital or vector model in so far as, when properly set up, 
it gives qualitatively or quantitatively the quantum-mechanical result. 
This does not in any way imply that the quantum mechanics always 
leads to the correct result but that in most cases it does agree with 
experimental observations. Because of the simplicity of the vector 
model and its general application to complex spectra, even to some of 
the finest details, model a will be used extensively in the following chap- 
ters. We shall try, however, to think, in so far as seems advisable in this 

’See Back, E., and A. Land^, *‘Zeemaneffekt.'' 



Sec. 4.12] 


QUANTUM MECHANICS 


75 


elementary treatment, in terms of the quantum-mechanics electron 
clouds, i.e., the probability-density distribution. 

4.12. Spherical Symmetry. — In Sec. 4.7 we have seen that all states 
are spherically symmetrical about the nucleus, i.e.y the probability- 
density or charge distribution is independent of the angles ip and 6. For 
any given value of Z, Unsold^ has shown that the charge distribution 
summed over the states w = +Uom = -Z presents spherical symmetry. 


S Electrons d Electrons 



Fiu. 4 . 10 .— The prol)ability-den8it.y factor (0,«./)2 plotted vertically, as a function of the 
angle B plotted horizontally, for «, 7?, and d electrons. The straight lines and the shaded 
areas represent spherical symmetry, the result of the summation of the curves m — —I 
to m — -\-l. 

Since the charge distribution is symmetrical around the ip axis for all 
electrons, one has only to show that 
rn= -f 1 

^ (0m./)^ = constant. (4.56) 

— l 

The con.stanoy of this sum may be seen from the values given in 
Table 4.3 and from the curves in Fig. 4.10. In these curves, 
is plotted as a function of the angle 9. The sum of the three curves for 
the three p states m = 1, 0, and -1 gives the straight line indicated by 
the shaded area in the figure. Similarly the five possible states for a 
d electron, m = 2, 1, 0, -1, and -2, give a straight line. This, it will 
be shown later, plays an important part in the building up of the elements 
in the periodic table and leads to the so-called Pauli exclusion principle. 

Problems 

1. For a 2p electron of hydrogen in the m - 0 state, show that Eq. (4.34) is a 
solution of Eq. (4.19). 

* Unsold, A., Ann. d. Phys., 82, 379, 1927. 
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2 . For a 2p electron of hydrogen, show that Eq. (4.47) is a solution of the radial 
Eq. (4.35). 

8 . Using the values of the associated Legendre polynomials in Table 4.2, calculate 
by means of Eq. (4.34) the probability-density curve (0^.?)* for an /electron. I = 3 
m = 1 (see Fig. 4.3). ’ 

4 . As in Prob. 3, plot the probability-density curve (Gm.O^ for a g electron, Z = 4, 
»n = 0 (see Fig. 4.3). Tabulate values of (0„,,)2 and the corresponding values of 9. ’ 

6. From the values of (G„,,)* in Table 4.3, show that the sum of the five d states 
m = 2, 1, 0, —1, and —2 gives f. 

6. Using Eq. (4.49) and the values of the Laguerre polynomials in Table 4.4, plot, 
as in Fig. 4.5, the radial curves (ft„,,)S and iwr\R„,,Y for a 3p electron. Tabu- 
\ite all values computed. 



CHAPTER V 


O THE ALKALI METALS AND THE PERIODIC TABLE 

With the coming of the quantum theory the energy level diagram 
of hydrogen and its extension to all other atomic systems, with certain 
modifications, is perhaps the most far-reaching and important discovery 



Fig. 5.1. — Energy level diagrams of neutial lithium and sodium atoms. 


that has been made in atomic structure. Whether any proposed atomic 
model is correct or not, it now appears that energy levels and energy 
level diagrams will always remain with us. 
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5.1. Energy Level Diagrams. — From a historical standpoint it is 
of interest to note how nearly the energy level diagram came to being 
discovered before the advent of the quantum theory. Returning to the 
frequency plot of the four chief series of spectrum lines of sodium (Fig. 
1.7), the Rydberg-Schuster law makes it possible to construct an energy 
level diagram by turning the figure sideways and raising each series until 
the limits fall together. Each spectrum line now becomes an energy 
level and the diagram takes the form showm at the right in Fig. 5.1. 
The lowest level is a sharp or S level, followed by a principal or F level, 
then another sharp level Sy a diffuse level D, etc. Thus the energy level 
diagram of sodium consists of a series of sharp, a series of principal, a 
series of diffuse and a series of fundamental energy levels approaching a 
common limit. 

The diagram at the left in Fig. 5.1 may be obtained in exactly the 
same way from the four chief series of spectrum lines observed in lithium. 
The superscript in the level notation indicates that the level m question 
belongs to a doublet system and that it has certain doublet charact eristics. ^ 

Just as in hydrogen these energy levels represent certain possible 
energy states of an electron, and transitions bet\veen them represent 
spectrum lines. The energy levels n = 1, 2, 3, * • * of hydrogen are 
given, for comparison, on the term-value scale in the center of the figure- 
The words tmn or term value y often used in place of energy level or state, 
have boon retained from the early use of the terms in the Rydberg and 
Rit,z formulas treated in Chap. T. The fixed term of these series formulas 
[see Kqs. (1.4) and (1.37)] corresponds to a final or lower energy level com- 
mon to a given series, and the running terms correspond to the different 
initial levels, from which the series gets its name, sharp y principal, dijfuse, 
or fundamental. The first member of the principal series of lithium, for 
example, is one in which the final state is the low^est level with a term 
value [see Eq. (1.10)] of 43487.7 cm"^, and the initial state, neglecting 
the fine structure, is the first excited level with a term value of 28582.5 
cm~^ 

Just as the energy level diagrams of Fig. 5.1, may be obtained directly 
from the observed series of spectrum lines as shown in Fig. 1.7, so may 
energy level diagrams for the alkaline earths be obtained from the 
obscr\’cd series of lines as given for calcium, for example, in Fig. 1.8. 
Turning this figure sideways and raising each series until the limits fall 
together, an energy level diagram is obtained with a singlet sharp level 
at the bottom. These more complicated diagrams will be taken up in a 
later chapter. With this brief introduction to*energy level diagrams we 
shall now' turn to Bohr’s Aufbauprinzip. 

^ The doublet fine structure of certain of the energy levels and spectrum lines is 
attributed to the spinning of the electron. This fine structure will be neglected in 
this chapter but will be taken up in detail in Chap. VIII. 



Sec. 6.2] THE ALKALI METALS AND THE PERIODIC TABLE 


79 


6.2. The Bohr-Stoner Scheme of the Building Up of the Elements. — 

Before taking up in detail the well-known spectra of the alkali metals it is 
important that we first consider the Bohr-Stoner scheme of the building 
up of the elements in the periodic table. The periodic table, as it is now 
frequently formulated, is given in Table 5.1. 

The number above each clement gives the atomic number Z, and the 
symbols below give the lowest energy level for that atom. Referring 
to Fig. 5.1, for example, the lowest level of lithium and sodium is a sharp 
level designated as ^S. The meaning of the superscripts and the sub- 
scripts will be given in detail later. 


Table 5.1 


First 

Period 

1 

H 

^S>vi 

PERIODIC TABLE 

2 

He 

'So 

Second 

Period 

3 

Li 

4 

Ba 

. 'So 

5 

B 

Tw 

6 

C 

. tPc 

7 

N 

8 

0 

T, 

9 

F 

Tv. 

10 

Ne 

'So 

Third 

Period 

11 

Ha 

12 

Mg 

'Sc 

13 

Ai 

14 

Si 

15 

P 

"S’A 

16 

S 

Ti 

17 

Cl 

IB 

A 

'So 








Ml 



ri9 

K 

20 

Cot 

'So 

21 

Sc 

TJv? 

22 

Ti 

% 

23 

V 

Tv, 

24 

Cr 

25 

Mn 

26 

Fc 

27 

Co 

28 

Ni 

29 

Cu 

'StA 

30 

Zn 

'S(, 

31 

Goi 

32 

Ge 

33 

As 

34 

Se 

T, 

35 

Br 

Tv. 

36 

Kr 

Fifth 

Period 

37 

Rb 

'S-A 

Sr 

's„ 

39 

y 

40 

Zr 

Tx 

41 

Cb 

T'A 

42 

Mo 

43 

Ma 

TsA 

44 

Ru 

T, 

45 

RK 

46 

Pol 

’q 

47 

Ag 

46 

Cd 

49 

In 

50 

Sn 

’Pe 

51 

Sb 

T>vr 

62 

T« 

53 

I 

54 

Xe 



Si^fh 

Period 

35 

Cs 

^S’/2 

56 

Bo 

'Sn 

57 

Loi- 

•Dv3 

72 

-Hf 

73 

T« 

Tv, 

74 

W 

75 

Re 

‘5 V. 

76 

Os 

-r 

77 

Ir 

"l>/i 

78 

Pt 

'Sr, 

79 

Au 

60 

81 

TI 

'Pv, 

82 

Pb 

Tt 

85 

Bi 

Sv, 

84 

Po 

T. 

85 

Tv. 

HI 

Sev'enth 

Period 

87 

Cm 

'SiL 

86 

Sfl., 

89 

Ac 

90 

Th 

91 

Pa 

92 

U 






. 





.. 



lA 

IIA 

IIIA 

IVA 

VA 

VIA 

vnA 


VIH 


IB 

IIB 

IIIB 

IVB 



VB 

VI B 

VIIB 



56 

Ce 

59 

Pr 


60 

Ncl 

run 

li 

62 

Sm 

^<4 

63 

Eu 

64 

Gci 

9D: 

65 

Tb 

66 

67 

Ho 

‘’Lf/. 

68 

Er 

69 

Tu 

^KtTA 

70 

Yb 

71 

Lu 

Tv2 


Making the assumption that the number of electrons around the 
nucleus of a neutral atom is equal to the atomic number Z, and that each 
of these electrons takes on a definite quantized state, Bohr put forward 
his Aufhauprinzip of building up the elements. With quantum numbers 
assigned to each electron each atom Z in the periodic table is, so far as 
the extranuclear electrons are concerned, formed by adding one more 
electron to the atom Z — 1. The quantum numbers to be assigned to 
this last bound electron are such that the electron in this state is in the 
most tightly bound state possible. With such a scheme the atom will 
have the least amount of energy possible. 

Rydberg was the first to show that the atomic numbers of the inert 
gases He, Ne, A, Kr, Xe, and Rn, which are given in the last column of 
Table 5.1, are given by the following formula: 
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He Ne A Kr Xe Rn 

Z = 2(P + 22 4* 22 + 32 + 3=^ + 42 ) (5.1) 

2 10 18 36 54 86 

With relations of this kind already known Bohr^s assignments of 
electrons to the different elements are readily made. The various 
electrons are classified under so-called shells of electrons. All electrons 
belonging to the same shell are characterized by the same total quantum num- 
ber n. The first shell = 1, the second shell n = 2, the third shell 
n = 3, etc., is filled, or completed, when it contains 2, 8, 18, 32, etc., 
electrons, respectively. These numbers are given by the formula 

N = 2n\ 

The shells n — 1, 2, 3, 4, * • • are sometimes called (from x-ray 
spectra) the A", L, Af, A, . . . shells, respectively. 

The electrons in any shell n are further divided into subshells so that 
electrons belonging to the same subshell have the same azimuthal quantum 
number 1. Electrons for which Z = 0, 1, 2, 3, • • * are called s, p, d, 
/, . . . electrons, respectively, where Z == A; — 1 (see Chap. IV). k 
is the azimuthal quantum number of the Bohr-Sommerfeld orbits (see 
Chap. III). 

Bohr divided the number of electrons in each shell equally among the 
subshells. Stoner,^ on the other hand, divided them in the manner 
shown in Table 6.2. 


Table 5.2 


Subshell 

K 

n — \ 

L 

n = 2 

M 

n = 3 

11 

System 

U 

2« 2p 

3s 3p Zd 

4s 4p 4kd 4/ 

Number of electrons 

Number of electrons 

2 

2 

4 4 

2 6 

0 6 6 

2 6 10 

8 8 8 8 

2 6 10 14 

Bohr 

Stoner 


Stoner’s division, as we shall see later, follows directly from Pauli’s 
exclusion principle and is in complete agreement with experimental 
observations. 

5.3. The First Period. — The one electron bound to hydrogen in its 
normal state is a Is electron with an energy of binding of 109677 cm”^. 
The energy level is designated Helium in its normal state contains 
two electrons both of which are bound to the atom in Is states. The 
energy level of the system is designated as The electron configurar 


» Stoner, E. C., Phil Mag., 48 , 719, 1924. 
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tions and the corresponding states for normal H and He atoms a*e there- 
fore written: 

H, U, 

He, 1^2, iSo 

6.4. The Second Period. — With the K shell completed in helium the 
third electron bound to the third element lithium, in its normal S state 
(see Fig. 5.1), is a 2s electron. The fourth electron bound to the fourth 
element beryllium, Z = 4, is also a 2s electron to complete the 2s sub- 
shell. The normal state of the fifth element boron, Z = 5, is known 
from spectroscopic data to be a P state. On the Bohr-Stoner scheme 
the first electron added should be one with quantum numbers n == 2 and 
1=1, Such an electron is called a 2p electron. This, as well as other 
examples to follow, indicates the origin of our present electron nomen- 
clature s, p, d, etc. The known spectra of the remaining elements 
in the second period, carbon, nitrogen, oxygen, fluorine, and neon, show 
that 2p electrons are added one after the other to complete not only the 
2p subshell but also the main L shell, n = 2. The electron configurations 
and the corresponding states for elements in the second period are 
designated as follows: 

Li , ls22s , N , Is22s22p?, 

Be, Is 22 s 2 ,1^0 O , \s^2s^2p\ ^F 2 

B , U^2s^2p , F , ls^2s‘^2p\ 

C , W2s^2p\ Ne, \s'^2s^2p\ ^So 

6.6. The Third Period. -The building up of t he eight elements in the 
third period of the periodic table is similar to that of the eight elements 
in the second period. Tho normal level of the well-known sodium 
diagram (see Fig. 5.1) is an S state, so that the eleventh electron to 
be bound to sodium must be a electron. Following sodium the 
elements magnesium, aluminum, silicon, phosphorus, sulphur, chlorine, 
and argon are built up by adding successively one more 3.s electron and 
then six 3p electrons. The normal states of the atoms and the corre- 
sponding configurations of the electrons are; 

Na, ls^2s^2p^Ss , P , ls^2s^2p^Ss^Sp\ 

Mg, ls^2s^2p^Ss^ , hSo S , I6‘22s22p«3s23p' 

A1 , ls^2s^2p^Ss^3p , Cl, I.s22s22p63s23p5 2p^ 

Si , W2s^2p^3s^3p\ A , Is22s22p63s23p8 VSo 

For brevity the first 10 electrons of these configurations are often 
omitted, e.g.y the configuration for A1 would be written Ss'^Sp. The chief 
reason for this is that only the last bound electrons are responsible for 
the so-called optical spectra. In dealing with x-rays, however, the inner 
elections are involved in the process of emission or absolution and should 
when necessary be given (see Chap. XVI). 
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6.6. The Fourth Period or First Long Period.— The first long period 
of elements, starting with potassium Z = 19, and ending with krypton 
Z = 36, contains 18 elements. Since the subshells 3s and 3p have 
been filled in argon Z = 18, and the 3d subshell is next in line, one might 
well expect the normal state of potassium, Z = 19, to be a I) state, i.e., 
one given by a 3d electron, n = 3, Z = 2. The well-known spectrum of 
potassium, on the other hand, is like that of sodium with an S state 
at the bottom of the energy level diagram. It is therefore evident that 
an s electron, and necessarily a 4s electron, must have been added in 
place of the expected 3d electron, and this in turn must be due to the 
fact that the 4^' electron is more tightly bound than the 3d electron. 


Table 5.3. — The Electron Configurations of the 92 Elements in Their Normal 

Atomic States 



K 

L 

M 

N 

Ntrmal 

Shell 

n = 1 

n - 2 

n * 3 

n = 4 

state 

Subehell 

1 - 0 

i * 0 1*1 

7*1 1=2 

1=1 1=2 1-3 


1 H 

Is 




*6’i 

2 He 





VSo 

3 Li 

Is* 

2x 



*5j 

4 Be 


2s* 



KSo 

6 B 

u* 

2s* 2p 




6 C 

“ 

2p* 



*Po 

7 N 

“ 

2p* 




8 0 


“ 2p* 



sp. 

9 F 

“ 

“ 2ps 




10 Ne 

“ 

2p« 



i.S'o 

11 Na 

is* 

2s* 2p« 

3s 



12 Mg 

“ 

“ 

3a* 



13 A1 


2s* 2p< 

3s* 3r 


*Pi 

14 Si 


“ 

3p* 


•<Po 

16 P 

“ 

“ 

3p> 



16 S 

“ 

“ 

“ 3p« 


3/4 

17 Cl 

“ 

“ 

“ 3ps 


*Ps' 

18 A 

“ 


3p- 


VSo 

19 K 


2s* 2p* 

3«2 3p® 

4s 


20 Ca 

1 “ 

“ “ 

f* II 

4s2 

»,So 

21 Sc 

Is* 

2s* 2p» 

3s* 3p* U 

4s2 


22 Ti 

“ 

.. 

3d* 

4s* 

3f2 

23 V 

“ 

“ “ 

“ “ 3d* 

4s* 

*F^ 

24 Cr 

“ 

“ 

3d* 

4s 


25 Mn 

“ 

“ 

“ “ 3d* 

4s* 

•55 

26 Fe 

“ 

“ 

“ “ 3d» 

4s* 


27 Co 

" 

“ “ 

3d* 

4s* 

n 

28 Ni 

“ 

“ “ 

“ “ 3d» 

4s* 

*F4 

29 Cu 


“ “ 

'* " 3dw 

4s 

*Si 

30 Zn 



“ “ 3dw 

4s* 

iSo 
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Table 5 3.- The Electron Configurations of the 92 Elements in Their Normal 
Atomic States. — {Continued) 


Shell 

K 

n = 1 

L 

n = 2 

/ = 0 /=1 

M 

71 = 3 

.V 

n = 4 

0 

7i = 5 

p 

71 = 6 

Q 

71 = 7 

Normal 

state 

Sii‘. shell 

1=0 

1=0 

1=1 

1=2 

1=0 

1=1 1=2 

1 = 3 

1=0 1=1 1 = 2 

1=0 1=1 1 = 2 

1=0 


31 (la 


2«-’ 2p« 

1 

38* 

37)* 

3d‘« 

4s* 

4p 





*PJ 

32 (le 


“ 

; “ 

“ 

“ 


4p* 





«Po 

33 As 


.. 


“ 

•• 


47>» 






34 Se 


«< ti 


“ 

*' 


ip* 






3 :. lir 


1 . 


•* 



l7)» 





>Pi| 

31) Kr 





“ 


ijfi 





hS'o 

37 Rb 


2s* 2p« 

3«* 

37)« 

3d“* 

4.. 

47 A 


58 



*.SJ 

3^ Sr 

“ 

“ 


■■ 





.5** 



‘.So 

31) \ 

1 S2 

2 .'t* 27 / 

:i8* 

3;)« 

3d»> 

4s^ 

47i« id 


58* 



Wi 

40 Zr 


“ 



“ 

“ 

" id- 


.58* 



>7* 

41 Cb 


“ " 

“ 

“ 

*• 

“ 

“ id* 


5s 



•DJ 

42 Mti 



“ 


“ 


“ 4d‘ 


5s 



\S’, 

43 Mu 


“ 

“ 

“ 

*• 


“ Ul^ 


5$* 



•A’5? 

44 Hu 


. 41 



*• 

4. 

“ id7 


5s 




45 Hh 


“ 


“ 

“ 


“ 4d» 


5s 



*h't 

46 Pd 


“ “ 


“ 

*• 


“ 4d“> 





hS’o 

47 Ak 

“ 

“ “ 

‘ 

’* 

“ 

" 

•• 4 ,/iu 


5s 



*A’J 

48 (\i 

“ 


44 



•• 

“ 4./'« 


5s* 



*4S0 

41) In 


2** 2p« 

3s* 

3/^ 

'}/l 0 

4s* 

4jp 4</io 


.5,t* 5p 



*Pi 

50 Sn 









5;»* 



»Po 

51 Sb 

“ 
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“ 



“ 5p''’ 




52 Te 



“ 

“ 
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" 57>« 



*P? 

53 1 

“ 

1 *' 

‘ 
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“ 



•' .57>» 



*P^ 

54 Xe 

■ 








ftp'' 



h8'o 

55 

1 «* 

2s" 2;/> 1 


V 

3(/»* i 

4** 

4p8 4Ji« 


.')** 57 * 

6 s 


*4Vi 

56 Ba 

“ 

4. , 

" 

•* 



44 


44 

6 s* 


'.So 

57 La 


1 


*■ 

1 



1 

“ ’■ .5«i 

iMt* 



58 0 [ 

“ 

i 

“ 





ir . 

“ .5(1 

6s* 


*/l4? 

59 Pr 

‘‘ 

'■ 1 ' i 

“ 

“ 

" 




“ hd 

6 ** 



(.0 Nd 1 

“ 1 




“ 



if' 1 

" 5(1 

6 s* 



61 11 1 

“ 1 


•• 


“ 

“ 

44 

if* 

“ •• .5(1 

68* 



62 Sm j 

“ j 



“ 

“ 



ifi 

“ •• .5(1 

(JS* 



63 Eu 

.. 1 

.4 j 


" 

•* 



4/» 

“ “ 5(1 

68* 


"Hr 

64 Gd 

“ 

4. 4. 1 


“ 




ip 

" hd 

6s* 


»1>27 

65 Tb 

*' 

1 

“ 

“ 

“ 


44 44 

ifH 

'• “ .5(1 

68 * 


«//Y? 

66 Dy 

“ 

4 4 4 . 1 

•* 

“ 

“ 


44 4 

iP 

“ •• .5(1 

6s* 


'Kidl 

67 Ho 


4 .4 j 

“ 

" 

*• 


44 .4 
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“ " Sd 

Gs* 



68 Er 

“ 

. 

“ 

“ 

*• 

'* 

44 

4/n 

5d 

6s* 


*Lio? 

69 Tm 

“ 

44 


“ 

" 


44 .4 

4(1? 

“ “ 5d 

6s* 


*Kif7 

70 Yb 

“ 

44 4 4 

“ 


" 

“ 


4/u 

“ " ad 

68* 


«//«? 

71 Lu 

“ 

4 4 4 4 


“ 



4 . 

if» 

" " 5d 
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*Z)j 

72 Hf 

1«* 

2s* 2p« 

38* 

37)* 


4s* 

4p* 4d»' ip* 1 

.5s* 5d» 
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>Fj 

73 Ta 


44 

“ 



“ 

44 4 

“ 

“ " 5d* 

6 s* 


*Fl7 

74 W 


44 4 4 





44 44 


" •* 5d* 

6 s* 


‘Do 

75 Re 

“ 

44 

“ 

“ 

" 


44 44 

“ 

** “ 5(1» 

68 * 


AS|? 

76 Ob 









“ “ 5<r 

6 s 
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Table 6 . 3 . — The Electron Configurations of the 92 Elements in Their Normal 
Atomic States. — (ConcliMied) 


Shell 

K 

n — 1 

n 

L 

= 2 

M 

a - 3 


n 

N 

= 4 


0 

n = 5 


p 

n ~ 

6 

Q 

n — 7 

Nornul 

Bt.ife 

Bubshell 

1 = 0 



l~0 


l»2 


/=! 

1^2 

/=3 

/-O 


/=2 

/-O 

f=l 

1 = 2 

1=0 


77 Ir 

1*^ 

2«* 

2p« 

3#< 

3p* 

3rf>o 

4«* 

4p« 

4dio 

4/14 



5(1* 





2/)j 

78 Pt 

“ 

“ 


“ 


“ 

*• 

“ 

“ 



“ 

5(I"> 





>6o 

79 Au 

“ 

“ 


“ 

" 

“ 

“ 

“ 

“ 

“ 

“ 

“ 

5rf>'' 

6« 




26i 

80 Hg 




“ 






“ 


“ 

5d>« 

6«2 




5So 

81 T1 


2«2 

2pt 

3«* 


^10 


4p^ 

4JI0 

4/14 


5p< 


6*2 

6p 




82 Pb 

“ 

“ 


“ 



“ 

“ 

“ 



“ 

“ 


6p2 



’Po 

83 Bi 






“ 

“ 

“ 

“ 



“ 



6p3 




84 Po 



“ 


“ 

“ 

“ 


“ 


“ 


“ 





»P2 

85 - 

“ 


“ 




“ 

“ 

•* 


“ 

“ 


“ 

fip5 



2P]? 

86 Rn 







“ 





** 



6// 



kS'o 

87 - 

1** 

2«2 

2p« 

3»2 

3pi 



4p« 


4/u 


5ji« 

5(/’o 

6*2 

Opt 


u 

261? 

88 lia 

“ 

“ 


“ 


** 

*' 

“ 


“ 


“ 

“ 


“ 


7«2' 

'6o 

89 Ac 

1«* 


2p^ 


3p* 



4p» 

iJW 

4/14 


5p> 


6«2 

Ojj® 

{id 

7*2 

2/;^? 

90 Th 

“ 


“ 

“ 

“ 


*• 

“ 

“ 

“ 


“ 

“ 

“ 

“ 

Gt/2 

7(|2 

»Pi7 

91 Pa 

“ 

“ 

“ 

“ 



*' 

“ 


“ 



“ 

“ 

" 

dd^ 


<Fi1 

92 U 
















dd* 

7f»2 

UJo? 


Not*. — E lectron configurations not confirmed by exjierimental observations are indicated by question marks after the 
predicted normal states of the atoms. 


This anomaly will be discussed in See. 5.10. In calcium another 46’ 
electron is added to complete the 46 subshell. Following calcium the 
next 10 elements^ scandium, titanium, vanadium, chromium, man-, 
ganese, iron, cobalt, nickel, copper, and zinc, are built up by the addition 
of 3d electrons. The normal state of zinc has the complete electron 
configuration 

Zn, 

The following six elements, Z' = 31 to Z = 36, gallium, germanium, 
arsenic, selenium, bromide, and krypton, are built up by the successive 
addition of six 4p electrons and mark the end of the first long period. 
The complete electron configuration for krypton in its normal state is 
written 

Kr, ls‘^2s^2p^3s^^3p^3<D^4:sHp\ hSo. 

The building up of the entire periodic table may be given at this 
point. 

6.7. The Fifth Period or Second Long Period. — The second long 
period, like the first, contains 18 elements starting with an alkali metal 
and ending with an inert gas. Although the id and 4/ subshells are yet to 
be filled, the thirty-seventh electron bound to rubidium, Z = 37, is a 
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5s electron. Another electron in a 5s state, added to form strontium, 
Z = 38, completes the 5s subshell. In the next 10 elements, yttrium, 
zirconium, columbium, molybdenum, masurium, ruthenium, rho- 
dium, palladium, silver, and cadmium, 10 4d electrons are added as 
shown in Table 5.3 to complete the id subshell. The irregular way in 
which these id electrons are added is indicative of an attempt to build 
up one of the inner N subshells more quickly at the expense of one of 
the already completed O subshells. Although these irregularities, which 
are derived from experimental observations, were not predicted, they 
are now well understood and will be treated in the following chapters. 

With the next six elements, indium, tin, antimony, tellurium, iodine, 
and xenon, six 5p electrons are added successively to complete the 5p 
subshell. The normal state of xenon Z — 54, an S state, is given by 
the complete electron configuration 

Xe, ls^2s^2p^3s^^:ipWHsHpHd^^5s^5p\ 'So 

6.8. The Sixth Period or Third Long Period. — The third long period, 
like the first and second, starts with an alkali metal and ends with 
an inert gas. This period is unique, however, in that it is interrupted 
at one point to allow the introduction of the 14 rare-earth elements. 
Including these the period contaiiis 32 elements. In the first two 
elements, caesium and barium, 6s electrons are added to complete the 
6« subshell. With the addition of one 5d electron in lanthanum, Z == 57, 
a break occurs to allow the successive addition of 14 if electrons char- 
acteristic of the 14 rare-earth elements. The last element, Lu 71, marks 
the completion of the N shell, n = 4. With the next element, Hf 72, the 
addition of 5d electrons is resumed until the subshell is completed. 
The building on of six 6p electrons in the next six elements, thallium 81 

Table 5.4 
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to radon 86, completes the third long period. The normal >8 state of 
radon is given by the complete electron configuration 

6.9. The Seventh and Last Period. — The seventh period, like all but 
the first period, starts with an alkali metal, Cornell iuin, followed by 
radium, actinium, thorium, uranium X, and uranium. Though Ihe 
spectroscopic analysis for these elements is very meager, this period 
very probably starts in just the same way as the first and second long 
periods. 

A very convenient and informing way of representing the addition 
of the various electrons to the elements of the periodic table is shoA\ n 
in Table 5.4. This arrangement not only retains most of tlie spectro- 
scopic and chemical relations between elements and groups of elements 
but also places corresponding electron configurations and subshells 
together in individual columns. 

6.10. Energy Levels of the Alkali Metals. — Many attempts have 
been made to calculate the energy levels arising from other than hydro- 
gen-like atoms. While calculations of the energy levels for the two and 
three body problems, hydrogen, and helium have been reasonably 
successful, many body problems still remain unsolved. In a few special 
cases, however, some headway has been made with the more complex 
atoms. 

Next to hydrogen the alkali metals Li, Na, K, Rb, and Cs have 
the simplest of the known spectra. Each alkali atom contains, in 
addition to the completed subshells of electrons, one single electron in 
an outer shell (see Table 5.3). The complete configurations are written 
out in Table 5.5. 


Table 5.5. — Normal Configurations for the Alkali Metals 


Shell 

A' 


L 

M 

N 

0 e 

Li 


2s 




1 

1 



Na 




3s 






K 


2.S-2 

27 / 




4s 

] 


Rl) 


2s^ 




Zd^^ 


4p® 

6s 

Cs 


2s^ 

2p« 

3s* 

Zp^ 

Zd^<> 

4s2 

4p6 4^10 

5 .s ‘2 57 >® 6 s 


It is the single unbalanced electron that is responsible for the positiv e 
valence of one of the alkali metals and also for the quite simple spectrum. 

Referring to the simple hydrogen spectrum, the Lyman, Balrner, 
Pascheh, Brackett, and Pfund series are given by Balmer’s formula 
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Rh is the Rydberg' constant for hydrogen, and ni and are integers. 
The success of Bohr's theory of the hydrogen atom lay in the fact that 
he was able for the first time to obtain from theoretical considerations 
the fundamental Rydberg constant and to show that rii and are the 
necessary quantum numbers to be associated with each quantized 
state of the atom. Neglecting small relativity and spin corrections, to 
be treated in Cdiaps. VIII and IX, there is no difference in energy between 
the Bohr circular orbits of hydrogen and the Sommerfeld elliptic orbits 
with the same total quantum number n 



Fi<j. f).2. — Enersy level diagrams of the alkali metals, lithium, sodium, potassium, rubi- 
dium, and caesium, and hydrogen. 


In complex atoms, on the ot her hand, there is a considerable energy 
difference betw een the levels arising from s, p, d, and / electrons of the 
same total quantum number. This difference in energy is attributed 
to the various amounts of penetration of the different electron orbits 
into the electron subshells. 

Returning to the energy level diagram of lithium in Fig. 5.1, the 
normal state 2-S arises from the electron configuration 18^25. If now 
the atom is to be excited, the last bound and most easily moved electron 
28 has the possibility of going to any of the higher virtual states, i.e., to 
2p, 3s, 3p, 3d, 48, 4p, etc. When in one of these stationary states, the. 
energy level is designated, as in the diagram, by 2T, 3^^, 3^P, 3^D, 4^5, 
42 p, etc. If the excited electron is in the 3d state, for example, the 
complete electron configuration of the atom is designated as Is^gd and 
the energy level as 3^/). 
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This same designation scheme leads to the level assignments shown 
for sodium in Fig, 5.1. The K and L shells already being filled, \ the 
various possible excited states for the last bound electron 3s are 3p, 3d, 
45, 4p, etc. If the excited electron is in a 4p state, the complete electron 
configuration is designated ls^2s^2pHp and the energy leveP as 4^P. To 
save time and space this configuration is abbreviated 4p. 

Energy-level diagrams of the five alkali metals are given in Fig. 5.2. 
In this type of diagram the levels are shown as dots in place of straight 
horizontal lines. The electron configuration of each level is given in 
each case by the excited electron only. The energy levels of hydrogen 
are given at the right in the figure for comparison. 

Term values^ for the first five or six energy levels in each of the four 
chief series of lithium and sodium are given in Tables 5.6 and 5.7. For 
comparison purposes the hydrogen values are also given. 


Table 5.6. — Term Valxie.s of Lithium 
{After Paschen and Goetze) 


Term 

Electron 

n = 2 

n = 3 

n = 4 

n = 5 

n = 6 

n = 7 

^S 

s, i = 0 

43484 4 

16280 5 

8474.1 

5186.9 

1 3499.6 

2535.3 

2p 

P, 1 ~ 1 

28581.4 

I 12559 9 

7017 0 

4472.8 

3094.4 

2268.9 

W 

d,l = 2 


j 12202.5 

6862.5 

4389 2 

3046.9 

2239.4 

2F 

!,l = Z 



6855 5 

4381.2 

I 3031.0 


riydrog(;n 


27419 4 

12186 4 

6854.8 

1 

4387.1 

3046 6 

2238.3 


Table 5.7.— Term Values of Sodium 
{After Paschen and Goetze) 


Term 

Electron 

1 

n = 3 

n = 4 

n — 5 

ri - 6 

n = 7 

n = 8 

^S 

- 0 i 

41444.9 

15706.5 

8245 8 

6073.7 

3434 9 

2481 9 

ip 

p, Z = 1 

24492 7 

11181.9 

6408 9 

4162 9 

2908.9 

2150 7 

W 

d, J = 2 

12274 4 1 

6897.5 

4411 6 

3059 8 

2245 0 

1720 1 

up 

f,i-s 


6858.6 

4388 6 

3039 7 

2231.0 

1708 2 

Hydrogen.. .. 


12186 4 

6854 8 

4387.1 

3046.6 

2238 3 

1713.7 


6.11. The Effective Quantum Number and the Quantum Defect. — It 

has already been pointed out in Chap. I that the principal series of sodium 
has been observed as far as the forty-seventh member (see Fig. 1.11). 
Although the different series belonging to the other alkali metals have 
not been observed to quite as many members, the series limits and term 

^ The figure 4 refers to the total quantum number of the electron and is only used 
in one-electron systems as an abbreviation of the more explicit notation where the 
electron configuration is given first, followed by the term type, i.e., 4p, ^P. 

* The terms, energy level, energy state, state, and term, are to be considered more 
or less synonymous and are often used indiscriminately. 
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values of the sharp, principal, diffuse, and fundamental series are known 
with very great precision. We have also seen in Chap. I that the 
frequency of a spectrum line is given by the difference between two 
terms, and that a series of lines is given by the difference between a fixed 
term and a series of running terms, 


R 

(ni + /ii)" 


R 

(^'2 + M2 )' 


where R is the Rydberg constant, ni and 712 are integers, and mi and M 2 
are small constants. 

With somewhat definite knowledge concerning the quantum number 
n of the valence electron in the alkali metals, the integers ni and rit 
in Rydberg^s formula may be replaced by the total quantum numbers 
of the electron energy states. Since the quantum number n is in general 
z:reater than Rydberg's denominator n -f m, the formula for a spectrum 
[ine or series may, changing the sign of jui and fi 2 , be wTitten 

n .5 4N 

^ (ni — Mi)“ (^^2 — M 2 )^ 
and a spectral term by 

T = = -4 (5.5) 

(n. — m) 


where n is now the total quantum number. The factor n — m is still 
called the Rydberg denominator, m is the quantum defecty and 7ieff is 
the so-called effective quantum number. 

The bracketing together in Fig. 5.1 of the energy levels having 
the same total quantum number reveals a number of interesting and 
important relations. One important result is that in each group of 
levels the S level lies deepest and is followed by P, and F levels in 
this order. A second relation indicates that in going from the more 
elliptic s orbits {S states) to the more nearly circular p, d, and f orbits 
(P, P, and F states) the term values approach those of hydrogen. Using 
the Eq. (5.5), the effective quantum numbers n.// for the term values of 
lithium and sodium (see Tables 5.6 and 5.7) are calculated and given in 
Tables 5.8 and 5.9. 


Table 5 . 8 . — Values of the Effective Quantum Number n^ff for laTiuuM 
(/?,.. - 109729 crii-«) 


Term 

Electron 


s, Z = 0 

2p 

p, Z = 1 


d, Z = 2 


fy 1 


n — 2 

n — S 

1.589 

2.596 

1.960 

2.966 


2.999 


j 

n — 4 

= 5 

3 598 

4 599 

3 954 

4 954 

3.999 

! 5 000 

4 000 

1 5.004 


I 


n = 6 

n 

5.599 

6 579 

5.955 

G.954 

6.001 

7.000 
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Table 5.9. — Values of the Effective Quantum Number rteff for Sodium 

= 109734 cm"0 


Term 

Electron 

« = 3 

n = 4 

n = 5 

n == 6 

n - 7 

n = S 


Z == 0 

1 . 627 

2.643 

3.648 1 

4 651 

5 652 

6.649 

2p 

i = 1 

2.117 

3.133 

4 138 

5 141 

6.142 

7.143 


d,l = 2 

2.990 

3.989 

4.987 

5.989 

6 991 

7 987 


/, / = 3 


4 000 

5.001 

6 008 

7.012 

1 

8 015 


A correlation of n and n,n shows that m is greatest for the S states, 
and that, as we shall see in Chap. VII, it is a measure of the penetration 
of the valence electron into the subsheils of electrons. The picture 
formed is that of a nucleus of charge Ze closely surrounded by a core 
of Z ~ 1 electrons outside of which at some distance a single electron is 
moving in a hydrogen-like state. The effect; of the net core-nucleus 
charge e is such as to make the system hydrogen-like, i.v., a singly 
charged nucleus and one electron. For the 6* states the electron pene- 
trates down into the core where the effective nuclear charge is greater 
and hence the binding is greater. 

6.12. The Selection Principle. — Under ordinary conditions spectrum 
lines corresponding to the transition of an electron from any one state 
to another are not observed. In emission or absorption spectra a 
selection rule is found to be in operation. In short, this selecdion rule, 
which may be derived from Bohr’s correspondence principle as well as 
the quantum mechanics, may be stated as follows: In any single electron 
transition the quantum number I must chanye by +1 or — 1, f.c., 

SI = ± i. (5.6) 

In terms of the orbital model the orbital angular momentum must 
change by one unit of h/2Tr only. With the law of the conservation of 
angular mcutientum in mind this can only be interpreted to mean that 
every photon hv has associated with it an angular momentum of h/2Tr, 

In any transition the total quantum number n is not restricted in 
any way and may change by any integral value, including zero. Let us 
consider several examples. 

If the sodium atom (see Fig. 5.1) is excited by some means or other 
so that the single-valence electron is raised to one of the excited states 
4“8, 3‘’i>, ^ the electron may return to the normal state 

3hS by making only certain selected jumps. According to the selection 
principle an electron in a 3^Z) state must return to the normal state 3^*^ 
in two separate jumps to 3^P with the emission of the first line of the 
diffuse series, written then 3'^P to 3'^S with the emission of the 

first line of the principal series, written 3VS~3‘^F. If the electron is 
in a 4‘“P state, on the other hand, it has three possible routes open along 
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which it may return to the normal state: first, by the direct transition 
42P to 3^S; second, by the three transitions to 3W to to 3\S; or 
third, by the three transitions A^P to to S^P to There are some 
exceptions to the selection rule for the quantum number Z, but the 
forbidden transitions occur so seldom that the resultant spectrum lines 
are exceedingly faint. These exceptions are found experimentally and 
should occur theoretically when high external fields are present (see 
Chaps. X and XIII). 

It should be pointed out in passing that the quantum numbers 
assigned to any electron really belong to the atomic system as a whf)le. 
It is only because we can approximate a complex atom by a set of inde- 
pendent one-electron systems with given values for the quantum numbers 
71 and If that we can associate the latter with the individual electrons. 

Problems 

1. If the valence electron in sodnim is excited to the ^^D state, what are the 
different routes open for the electron in returning to the normal state? 

2. Calculate the Rydberg denominators for the first five term valu(^s of the sharp, 
principal, diffuse, and fundamental series of potassium (see Fowler, “Series in Lino 
Spectra”). Where the fine structure is known, use the larger of the two values, 
R = 109736 cm-L 

3 . From the values of the effective quantum number calculated in Prob 2, compute 
the quantum defect /a. 

4. The first five members of a certain series have wave-huigths as follows: \a,r = 
7800.29, 4201.82, 3587.08, 3348.72, an<l 3228.05 .1. Using Eq. (5.4), (loniputo at 
least four values of and from their average* detc'rmine mi and the term value of the 
fixed term. With the fixed term known, determine the five running terms. Assume 
R = 109737 cm~‘, and wi = 5 and n-i = 5, 6, 7, 8, and 9. 

6. It will be found very useful to memorize the order of the elements in the 
periodic table and the corresponding electron configurations of the normal state. This 
task is greatly facilitated by taking one period at a time and writing them in the form 
shown in Table 5.4. 



CHAPTER VI 


EXCITATION POTENTIALS, IONIZATION POTENTIALS, AND THE 
SPECTRA OF IONIZED ATOMS 

One of the most direct proofs of the existence of discrete energy 
states within an atom was first found in the experiments of Lenard/ 
Franck and Hertz, ^ and others, on critical potentials. The collision 
of a neutral atom with a fast-moving atom, molecule, or electron will 
under suitable conditions result in the excitation or ionization of the 
atom. If in collision the energy exchange between, say, an electron 
and atom is all energy of translation, the atom is not excited and the 



Fia. 0.1. -Sc*hematic (luiKntm of Franck and Hertz’ critical potentials experiment. 

collision is said to be elastic. If, on the other hand, the velocity of 
the electron is sufficiently high, the collision may be inelastic. In this 
case the electron gives up all or part of its energy in giving potential 
energy to the atom, or, as we say, hi exciting the atom. Inelastic col- 
lisions between atoms, molecules, or electrons, which by virtue of trans- 
lational motion result in the excitation or ionization of one of the atoms 
or molecules, are called collisions of the first kind. An excited atom may 
in turn by collision with another atom, molecule, or electron, return to 
the normal state without the emission of a radiated frequency. The 
potential energy of the excited atom is in this case transformed into 
energy of translation and the collision is called a collision of the second 
kind. 

6.1* Critical Potentials. — In the Franck and Hertz experiments on 
critical potentials a vapor like sodium or mercury is bombarded with 

^ Lenard, Ann. d. Phys., 8, 149 , 1902 . 

» Franck, J., and G. Hertz, Verh. d. Deuisch. Phys. Ges., 16, 12 , 1914 ; Phys. 
Zeits., 17, 409 , 1916 . 
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electrons of known velocity. A diagram of the apparatus in its simplest 
schematic form is given in Fig. 6.1. Electrons from a filament F are 
accelerated toward a grid G by applying a potential Vi between them. 
An opposing potential V 2 , much smaller than V 1 , is applied between 
the grid G and the plate P. The vapor pressure in the tube and the 
distances between filament, grid, and plate are so adjusted that the mean 
free path is considerably smaller than the filament-grid distance FG and 
somewhat greater than the grid-plate distance GP. 

If an electron starts from rest at the filament and reaches the grid G 
without an encounter, its velocity v is given by the energy relation 

Ve = (6.1) 

where e is the charge on the electron, m is its mass, and V is the acceler- 
ating potential in electrostatic units. Expressing V in volts Vi the 
energy becomes^ 

(6-2) 

In order for an electron to collide inelasticaUy with an atom, it must 
give up sufficient energy to raise the valence electron from its 

normal state to the first excited state. In the case of a sodium atom (see 
Fig. 5.1) this amounts to raising the valence electron from the 3^S to the 
3^P state, an energy given by 

= Ap = hvc, (6.3) 

where h is Planck's constant, c the velocity of light, and p the frequency 
in wave numbers of the first member of the principal series 3^^ — 3^P. 
In this example the kinetic energy given up by the bombarding electron 
must be 

he • 16956 ergs. (6.4) 

It is customary to express the kinetic energy of an electron in terms 
of volts. The general relation between electron velocity expressed in 
volts and the excitation energy of the atom expressed in wave numbers 
is, from Eqs. (6.2) and (6.3), given by the expression 

= ^v = 1.2336 X 10-“ X V. (6.5) 

e 10 c 

An electron starting from rest must therefore fall through a differ- 
ence of potential Vi = 1.2336 X 10"^ X 16956 = 2.1 volts in order 
that upon collision with a sodium atom at rest the valence electron will be 
raised to the 3^P state. 

^ For a treatment of the early work on critical potentials see K. T. Compton and 
F. L. Mohler, “Critical Potentials,’' Nat. Research Council. Bull., Vol. 9, Pt. I, No. 48, 
1924. 
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Characteristic of the early work on critical potentials are the experi- 
ments of Tate and Foote ^ on sodium vapor in which an experimental 
set-up similar to that of Franck and Hertz (Fig. 6.1) was used. The 
curve reproduced in Fig. 6.2, showing the variation in plate current 
with accelerating potential Fi, is characteristic of their results and may 
be explained as follows. Initially, with Fi = 0, very few electrons 
leave the filament with sufficient velocity to reach the plate against the 
small retarding field F 2 , maintained in this case at about 0.8 volt. As 
Fi is gradually increased, the speed and number of electrons reaching 



Fig. 0.2. — Critical potential curve of sodium. (After Tate and Foote.) 

the grid increase and the plate current rises. When the velocity has 
increased sufficiently to excite sodium atoms, inelastic collisions occur. 
With a further increase in Fi more electrons reach the critical velocity, 
are stopped by inelastic collision, and not being able to reach the plate 
(‘ause a temporary drop in galvanometer current. This drop in current 
continues until the critical speed is attained far enough in front of the 
grid to collide inelastically and again reach the plate P, The current 
therefore rises again and continues to rise until the electrons after one 
inelasti(*, collision attain the critical speed and make a second inelastic 
collision. Except for the doubling of the third and fourth maxima, this 
process and explanation repeats itself with each major rise and fall of the 
curve. 

The double peaks in Fig. 6.2 show that not only have collisions 
occurred in which the valence electron has been excited but also collisions 
in which the valence electron has been completely removed from the 
atom, ix,y the atom has been ionized. Complete ejection of the electron 
Prom sodium would, from Eq. (6.5), require an equivalent electron 
velocity of 1.2336 X 41444.9 = 5.1 volts. In view of the initial electron 

^ Tate, J. T., and P. D. Foote, Jour. Wash. Acad. Set., 7, 517, 1917. 
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velocity at the filament the first ionization should occur at about V \ — 4.5 
volts. With ionization taking place at this potential, it is to be expected 
that the electrons starting from rest at this point will collide inolastically 
at 2.1 volts further on, as observed. 4..^ 

Improved experimental technique on critical potentials has made 
it possible to obtain not only one excitation potential for a given atom 


Table 6.1 .--Critical Potentials of the Alkali Metals 



First excitation potential 

loniza tioi 

potential 

Elcm(!nt 

Observed 

G)itii)iit{‘d 
from spectra 

Observed 

Ooinputi’d 
from sjx'etra 

Li 3 


1 84 


5 37 

Na 11 

2 12 

2 09 

5.13 

5 12 

K 19 

1.55 

1 i'yO 

4 1 

4 32 

Rb 37 

1.6 

1 55 

4 1 

4 16 

Cs 55 

1.48 

1 .38 

3.9 

3 88 


but many. The additional critical potentials correspond to the raising 
of the valence electron to excited states other than the first one dis- 
cussed above. Although in every element investigated the critical 
potentials are in excellent agreement with the values calculated from 
spectral terms, it should be mentioned that an occasional potential is 
found which is difficult to explain. 'ITe first excitation potential and the 
ionization potential of each of the alkali metals are given in Table 6.1. 



These experimental determinations of critical potentials confirm 
the values computed from spectroscopic data. With the physical con- 
stants e, h, and c known with considerable accuracy, spectroscopic 
data furnish the most accurate means of determining excitation as w^ell 
as ionization potentials. 

Known ionization potentials for the elements in the periodic table 
are given in Fig. 6.3. The various electron subshells being built up 
are indicated between the vertical lines. These symbols also indicate 
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the type of electron removed in ionization. It is to be noted that the 
inert gases show the largest ionization potentials and the alkali metals 
the smallest. 

6.2. The Spectra of Ionized Atoms. — ^The elements beryllium, magne- 
sium, calcium, strontium, and barium contain, in addition to the closed 
shells of electrons of the preceding inert gases, two rather loosely bound 
5 electrons (see Tables 5.3 and 5.4). The positive valence two, which is 
characteristic of the chemical behavior of the alkaline earths, is attributed 
to these two outermost, but deeply penetrating, electrons. The electron 
configurations of these elements, excluding the inert gas cores, are 

Bel Mg I Cal Sri Ba I 

2s2 3s2 4^.2 5^2 0^2 

If by some excitation process each of these atoms loses one of its 
valence electrons, i.e.j it becomes ionized, the electron configurations, so 
far as the remaining electrons are concerned, become identical with 
those of the preceding alkali metals: 

Li I Na 1 K 1 Kb I Cs I 

Be II Mg II Ca 11 Sr II Ba II 

26* Ss 4s 5s 66* 

While the process of excitation and emission of radiation from 
ionized atoms is similar to that for neutral atoms, the energies involved 
arc considerably greater. If the excitation is brought about by an 
encounter between a fast-inoviiig electron and a neutral calcium atom, 
then, at impact, the intercluinge of energy must be sufficient to remove 
completely one valence electron from the atom and to raise the other 
to an excited state. 

An energy level diagram of singly ionized calcium is given in Fig. 6.4. 
The normal state of the atom is given by 4-/S and corresponds to the 
valence electron in a 4s orbit. Unlike the alkali metals the first excited 
state is a diffuse level rather than a principal level, however. Owing 
to the fact that the electron in a level cannot return to the normal 
level 4^5, without violating the selection rule {Al == + 1 only), this 
3^1) level is called a metastahlr state. Once the electron is in this meta- 
stable state, it will remain there for some time and may returxi to the 
normal state only by collision with another particle and the liberation 
of its energy without radiation. Next following the metastable state 
comes the first member of the principal series the second member 
of the sharp series 5 ^aS, the second member of the diffuse series 4^Z), 
etc. States having the same total quantum number n are bracketed 
together. While the strong lines of the alkali metals (see Fig. 5.1) 
are to be found in the visible and near infra-red spectral region, the 
corresponding lines in the ionized alkaline earths are to be found in the 
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visible and near ultra-violet region. In potassium, for example, the first 
member of the principal series is in the far red between 7000 and 8000 A, 
whereas the first line of the principal series of ionized calcium is in the 
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Fio. (».4. Energy level diagram of singly ionized calcium. 


violet just below 4000 A. Photographs of these lines are given in 
Fig. 17.1. 

The atomic picture that may be formed of an alkaline-earth atom 
after it is ionized is that of a nucleus of charge Ze closely surrounded 
by a cloud, or core, of Z-2 electrons and, outside this, one valence electron. 
The net core-nucleus charge 2e is such as to make the system similar 





INTRODUCTION TO ATOMIC SPECTRA 


98 


I Chap. V[ 


to that of ionized helium where the term values, according to Bohr's 
theory, are given by 

T = n = 1,2, 3, • - ■ (sec (^hap. 11) (6.6) 

rr 


By analogy with the formulas of hydrogen and ionized helium it follows 
that for ionized atoms like those under discussion the expression for 
term values may be WTitten 



4K 


(6.7) 


wdiere n is the total quantum number of the electron and jul the (|uanluni 
defect. The well-known enhanced series of the alkaline-earth elements 
are represented therefore [see Sec. 1.16 and Eq. (1.41)] by the formula 


(ni — 



( 6 . 8 ) 


Energy level diagrams for each of the ionized alkaline-earth elements 
are given in Fig. 6.5. The term-value s(*ale is one-fourth that of the 



Fio. 6,5. — Energy level diagrams of singly ionized l>eryllium, magnesium, calcium, stron- 
tium, and barium, and hydrogen. 

hydrogen scale shown at the right. With the relatively large energy 
values for the different states, electron transitions between states will 
in general be large. The difference between each term value and the 
hydrogen term values of the same n, shown by horizontal lines, is a 
measure of the quantum defect /4. A comparison of these diagrams with 
those of Fig, 5.2 brings out a number of interesting relations. The 
relatively large quantum defect of 5 electrons in Li I and Be II, of s 
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and p electrons in Na I and Mg II, and of s, p, and d electrons in K I, 
Ca II, Rb I, Sr II, Cs I, and Ba II, which is a measure of the penetration 
of the valence electron into the subshells of electrons, is of particular 
interest and will be considered in detail in Chap. VII. 

One outstanding difference between the diagrams is the relative 
order of binding of s, p, and d electrons in the third, fourth, and fifth 
elements. In potassium, for example, the order is 4s, 4p, 5s, 3r/, 5p, etc., 
whereas in Ca II it is 4s, 3d, 4p, 5s, 4d, etc. Noting this shift of the 
3d electron from fourth place in K I to second place in Ca TI, Bohr 
predicted that in doubly ionized scandium, Sc III, the 3^D state should 
lie deepest. Later investigations, as will be shown in (Jhap. XVII, 
confirm this. 

Although spectra of many singly ionized atoms are well known, 
the examples of the alkaline earths as treated here wall serve as an 
introduction to the general subject of the spectra of ionized atoms. 
This subject will be resumed in Chap. XVII wdiere multiply-ionized 
atoms will also be treated. 



CHAPTER VII 


PENETRATING AND NONPENETRATING ORBITS IN THE ALKALI 

METALS 

We shall now turn our attention to the formulation of an atomic 
model which treats the interaction of a single valence electron with 
the nucleus when it is screened by an intervening core of electrons, 
i,€., by inner completed subshells of electrons. This must be done if 


K 




7 1^ — Probability-density-distribution curves for the rubidium-atom core of 3^ elec- 
trons. {After Hartree.) 

we are to calculate from theoretical considerations the energy levels 
of the alkali metals. On the classical picture of the atom the nucleus 
is surrounded by various shells and subshells of electrons in orbits 
resembling the various possible states of the Bohr-Sommerfeld hydrogen 
atom. The ciuantum-mechanical picture, on the other hand, appears 
in the form of a probability-density distribution for the same electrons. 

7.1. The Quantum-mechanical Model of the Alkali Metals. — By 
means of successive approximations to the so-called self-consistent fields 

100 
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Hartree^ has calculated the radial density distributions of each core 
electron for the different alkali metals. Although a treatment of the 
methods by which these calculations are made is out of place here, the 
calculations are not difficult but are long and tedious. It will suffice 
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Fig. 7.2. — Probability-density distribution curves for the neutral alkali atoms, lithium, 
sodium, potassium, and rubidium. In each case the core is shown by one curve and the 
valence electron by another. 

to say, however, that the resultant electric field obtained for any atom 
is such that the solutions of Schrodinger’s wave equation for all of the 
core electrons in this field give a distribution of electrons which reproduces 
the field. 

1 Hartree, D. R., Proc. Canib. Phil. Soc., 24 , 89, 111, 1928. 
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As an example of Hartree’s results, probability-density-distribution 
curves for the rubidium core are shown in Fig. 7.1. The radial curve 
for each subshell is shown in the lower half of the figure. The heavy 
curve represents the sum of all of the 36 core electrons. 1 he four 
loops, or humps, in the latter are taken to represent the A, L, M , and N 
shells, even though every electron contributes something to each shell. 
The dotted curves shown above for comparison purposes have been 
calculated from hydrogen wave functions by Pauling^ by using approxi- 
mation methods and by Thomas^ from statistical considerations. In 
comparing these curves with the corresponding hydrogen-like functions 
shown in Fig. 4.6, it is observed that each density curve, due to a very 
large nuclear charge, has been drawn in toward the nucleus by a con- 
siderable amount. 

Probability-density-distribution curves for lithium, sodium, potas- 
sium, and rubidium are given together in Fig. 7.2. In each case the 
core chai'ge is shown by a shaded curve and the valence electron in its 
normal state by another curve. Radially it should be noted that the 
major shells in each atom lie well inside the first Bohr circular orbit of 
hydrogen r — Ui, and that the v^alence electron lies well inside the 
corresponding hydrogen state. In hydrogen, for example, the density 
distribution D for a f).s electron is appreciably large as far out as 5()ai, 
whereas in rubidium the nodes and loops have been pulled in to about 
one-tenth of this. 

The dots on the r axis represent the extremities of the classical orbits 
based on model a (see Fig. 4.8). In these s states the kinetic energy 
of the electron at the end of the orbit is zero, and the total energy is 
all potential, 

= P. E. = (7.1) 

r 

where r is in centimeters. Expre-ssing V in volts and r in Angstroms, 

,, 300e 300 X 4.77 X 10-'“ _ 14.31 

' = = — T^io- 

Expressing r in units of a\ (ai = 0.528 A), 


27.1 ^ ^ T 

V ionization potential in volts 


(7.3) 


From the ionization potentials of the alkali metals given in Table 6.1 
the following values of the orbital extremities are obtained: 

Li Na K Rb Cs 

rxna. = 5.0ai 5.3ai 6.3ai 6.5ai 7.0ai 


1 pAtiLiNcs, L., Proc. Roy. Soc.y A, 114, 181, 1927. 

2 Thomas, L. H., Proc. Carnb. Phil. Soc., 23, 642, 1927; see also Gaunt, Proc. Camb. 
Phil. Soc., 24, 328, 1928; and Fermi, Zeits. f. Phys., 48, 73, 1928. 
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The above derivation is only a close approximation, for we have assumed 
a rigid core of unit charge. 

7.2. Penetrating and Nonpenetrating Orbits. — The quantum- 
mechanical model of the sodium atom is shown in Fig. 7.3. In addition 
to the shaded curve for the 10 core electrons the three low’est possible 
states for the one and only valence electron are also showui. The corre- 




Fio. 7.11 — Comparison of the quantum-mechanical with the classical model of Ihe 
neutral sodium atom. Three of the lowest possible states for the sinRle valence electron 
are also shown. 

spending 3s, 3p, and 3d classical orbits based on model b (see Fig. 4.8), 
are shown in the lower part of the figure. A comparison of these orbits 
with the corresponding hydrogen orbits shows that, due to penetration 
into the core, 3s and 3p are greatly reduced in size radially. The 3d 
orbit, on the other hand, remains w^ell outside the main part of the core 
and is hydrogen-like. Corresponding to the penetration of the 3s and 3p 
orbits the probability-density-distribution curves (above) have small 
loops close to the nucleus. 
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Consider now the classical picture of a valence electron describing 
any one of various types of orbits about the spherically symmetrical 
sodium-atom core. In Fig. 7.4 six different orbits are shown representing 
valence-electron states with the same total quantum number n (the 
same major axis) but slightly different azimuthal quantum number I 
(different minor axes). With a core-density distribution of charge 
always finite but approaching zero as r — > oo , all valence-electron orbits 
will be more or less penetrating. 

In Fig. 7.4a the electron moves in a path well outside the major 
part of the core. Since the field in this outside region does not deviate 

NON-PENETRATING 
ORBIT 




Fifj, 7.4. -Showing the change in electron orbits with increasing penetration. 

greatly from a Coulomb field, the orbit will be a Kepler ellipse precessing 
slowly (due to small deviations from a Coulomb field) about the atom 
center. In the remaining figures increased penetration is shown accom- 
panied by an increase in the precession at each turn of the orbit. As 
the electron goes from aphelion (r,„*x) to perihelion (rn,i„), it leaves 
behind it more and more of the core charge. With the steady increase 
in force field the electron is drawn from its original path into a more 
and more eccentric path, with the result that at its closest approach 
to the nucleus the electron has turned through somewhat more than 
180 deg. Upon reaching rm*x again, there has been an advance, f.e., a 
precession, of the aphelion. The increased force of attraction between 
nucleus and electron at penetration increases the binding energy, the 
kinetic energy, and the term values but decreases the total energy of the 
atomic system [see Eq. (2.15)]. 







Sec. 7.31 PENETRATING AND NONPENETRATING ORBITS 


106 


7.3. Nonpenetrating Orbits. — Nonpenetrating orbits are defined 
those orbits for which the observed energies are very nearly equal to 
those of the corresponding hydrogen-like orbits. Such orbits on either 
the classical or quantum-mechanical model do not appreciably penetrate 
the atom core and are those states for which the azimuthal quantum 
number I is more nearly equal to the total quantum number n. The / 
orbits in all of the alkali metals are good examples of nonpenetrating 
orbits. Term values for the if, 5/, and 6/ states given in Table 7.1 will 
illustrate this. 


Table 7.1. — Term Values of Non penetrating / Orbits in the Alkali Metals 
Compared with Those of Hydrogen 


Electron designation 

Term designation 

if 

42F 

5/ 

0/ 

Hydrogen 

6854 85 

4387 . 1 1 

3046 60 

Li 

6855.5 

4381.2 

3031 0 

Na 

6858.6 

4388.6 

3039 7 

K 

6879.2 

4404.8 

3057 6 

Rb 

6893 1 ; 

4413.7 

3003 9 

Cs 

6935 2 

4435 2 

3076 9 


With the exception of caesium the observed values are hydrogen-like 
to 1 per cent or better. 

Term values plotted as they are in Fig. 5.2 show, in general, that 
p, d, and / orbits in lithium, d and / orbits in sodium and potassium, 
and / orbits in rubidium and caesium 
are nearly hydrogen-like. In the 
enhanced spectra of the ionized alka- 
line earths the term values are to 
be compared with those of ionized 
helium, or they are to be divided by 4 
by 2^) and compared with hydro- 
gen as in Fig. 6.5. In these energy 
level diagrams it is observed that P, d, Fiq. 7.5. — Schematic representation 
and / orbits in Be II, d and/ orbits in o' 

Mg II, and/ orbits in Ca II, Sr II, and 

Ba II are hydrogen-like and therefore correspond to nonpenetrating orbits. 

Although nearly hydrogen-like, the term values of nonpenetrating 
orbits (see Table 7.1), in general, are greater than those of hydrogen. Born 
and Heisenberg^ attributed these small differences to a polarization 
of the core by the valence electron (see Fig. 7.5). In the field of the 

1 Born. M., and W. Heisenberg, ZeiU, /. Phys,, 28, 388, 1924. 
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valence electron the atom core is pushed away and the nucleus is pulled 
toward the electron by virtue of the repulsion and attraction of like and 
unlike charges, respectively. The effect of this polarization is to decrease 
the total energy of the system. On an energy diagram this means a 
lowering of the level, i.e.y an increase in the term value. Theoretical values 
of the polarization energy calculated for the alkali metals with the aid 
of the quantum mechanics are found to account for the major part of 
these very small deviations from hydrogen-like terms. ^ 

7.4. Penetrating Orbits on the Classical Model. — Although no sharp 
line of demarkation can be drawn between penetrating and nonpene- 
trating orbits, the former may be defined as those orbits for which the 
term values are appreciably different from those of hydrogen. Referring 
to Fig. 5.2, the .s orbits of Li, the s and p orbits of Na and K, and the 
6*, p, and d orbits of Rb and Cs come under this rough classification. Cer- 
tainly on the quantum-mechanical model all orbits are penetrating. 

To effect a (jalculation of the term values for penetrating orbits on the 
classical theory, one is led by necessity to simplify somewhat the atom-core 


model given in Fig. 7.4. A suitable idealized model was first put forward 

by Schrodinger^ in which the core elec- 
trons were thought of as being distrib- 
uted uniformly over the surface of one or 
more concentric spheres. This same 
model has been treated by Wentzel,^ 
Sommerfeld,'^ Van Urk,^ Pauling and 
Goudsmit,® and others. Since the 
classical treatment of penetrating orbits 
is so closely analogous to the quantum- 
mechanical treatment of the same 
orbits, to be taken up in the next 
section, Schrodinger’s simplified model 
will be considered here in some detail. 

Consider the very simplest model in which the core electrons are 
distributed uniformly over the surface of a sphere of radius p (see Fig. 7.6). 
Let Z^c represent the effective nuclear charge inside the charge shell and 
ZoC the effective nuclear charge outside the shell. Usually Zo is 1 for the 
alkali metals, 2 for the alkaline earths, etc. The potential energy 



Fi(i. 7.() -Valence electron penetrat- 
an ideal core where the core electrons 
aie distributed uniformly over the sur- 
face of a sphere. 


1 For the quantum-mechanics formula giving the polarization energy see L. 
Paulino and S. Goudsmit, “Structure of Line Spectra,*' p. 45, 1930; and also J. H. 
Van Vleck and N. G, Whitelaw, Phys. Rev., 44 , 551, 1933. 

2 ScHRODiNGER, E., Zeiis, f. Phys.^ 4 , 347, 1921. 

* Wentzel, G., Zeits. /. Phys., 19, 53, 1923. 

‘SoMMERFELD, A., “Atombau," 5th German ed., p. 422, 1931. 

6 Van Urk, A. T., Zeits. f. Phys., 13 , 268, 1923. 

* Pauling, L., and S. Goudsmit, “Structure of Line Spectra," p. 40, 1930. 
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of the valence electron when outside the thin spherical shell of charge 
(Zi — • Zo)e will be 


while inside it becomes 


F. = - 

r 

(7.4) 

1 

+ 


(7.5) 


The total energy for an cllij)tic orbit, in polar coordinates r and (pj is 
given by Eq. (3.26) as 


W = T + 


+ $) + V, 


Avhere pr and are the radial and angular momenta, respectively. 
From the results obtained in diap. Ill it is seen that outside the charged 
shell the motion wall be that of an electron m a (\)ul()mb field of charge 
ZoC, and inside the shell the motion will be that of an electron in a Cou- 
lomb field of charge Z,< . 

Applying the quantiiin conditions to the orbital angular momentuiv 
which must be constant at all times throughout the motion, 


p^dtp = khj (7.7) 

That part of the electron path which is outside the shell is a segment, 
of an ellipse determined by the azimuthal Cjuantum number k and the 
radial (juant.iiin number w'hereas the path inside the shell is a segment 
of an ellipse determined by the same azimuthal k — constant) but a 
different radial quantum number, Substituting successively the 
jK)tential energies of EcjS. (7.4) and (7.5) in the total energy |Eq. (7.6)] 
solving for pr, the radial (luantum conditions can be written dowm as 





= rX (7.8) 

^Rxdr == rX (7.9) 


The total quantum numbers to be associated with r<, and n will, as usual, 
be given by 

rio ^ k To and = A; -f (7.10) 


Since the electron does not complete either of the two ellipses in 
one cycle, the integrals of Eqs, (7.8) and (7.9) are not to be evaluated 
over a complete cycle as indicated but over only that part of the ellipse 
actually traversed. The radial quantum number r for the actual path 
traversed is therefore given by the sum of the two integrals 
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f Rodr + r Rxdr == rh. 

•/outnidn ^inside 


(7.11) 


The total energy in the outside region by Eqs. (2.14), (2.15), (2.30), (2.33), 
and (7.4) is 


W - 



2r 2ainl 


(7.12) 


where ai is the radius of the first Bohr circular orbit. 
The total energy inside is 


W = 



zy (Zi - Zo)e\ 
2a P 


Since the energy inside and outside must be the same, 

__ZJ^ ^ ^ { Z. - Z. )c^ 

2ainJ 2a inf P 


(7.13) 


(7.14) 


Consider now the special case 
partial Kepler ellipses are almost 

Penetrating Orbit 



shown in Fig. 7.7, in which the two 
complete.^ If the outside orbit were 
a complete Kepler ellipse the electron 
would never penetrate the shell, 
whereas if the inner orbit were com- 
plete the electron would always remain 
inside. As the outer ellipse is made 
less and less penetrating, the two 
ellipses become more and more com- 
plete and the integrals of Eq. (7.11) 
approach t hose of Eqs. (7.8) and (7.9). 
Expressing this in terms of the radial 
quantum numbers, 


Fi(i. 7.7.— Special case where inner T — To Tx. (7.15) 

and outer ellipHes are almost complete. 

Core charge distributed uniformly over In a similar fashion the perihelion 
the surface of a sphere. distance of the outcr Orbit a„(l - to) 

approaches the aphelion of the inner ellipse o,(l + e,), both approachinf; 
at the same time the radius of the spherical shell p. We write, therefore, 


Oo(] — e„) = a,(l + f.) = p, ^ ;f ~ (716) 

U-t 

In terms of the quantum numbers [Eqs. (3.23), (7.10), and (7.15)] 

71 — Up = Ui — k ^ p,. (7.17) 

This difference n — Uo is the so-called quantum defect and Uo is the Ryd- 
berg denominator The semimajor axis and eccentricity of the 

1 See Van Urk, A. T., Zeiis. /. Phjs., IS, 268, 1923. 
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inner ellipse are by Eqs. (3.32) and (3.22), respectively, 

ai = ai^ and 6^ = 1 — (7.18) 

/jt n\ 

Substituting ai in Eq. (7.16) and squaring, there results 



from which 

m = pZ.{2pa^Zi - a\k‘^)-K (7.20) 

Replacing and k by the corresponding (juantum-mechanical values 
+ 1) and I -\- respectively [see P]q. (4.52)], and substituting in 
Eq. (7.17), the quantum defect becomes 

M = pZ,\2pa,Zi - a\l{l + 1)]-^ - (Z + \). (7.21) 

This expresses the experimental result, well known before the quantum 
mechanics, that for a given atom the quantum defect /i is a function 
of the azimuthal quantum number and is independent of the total 
quantum number (see Table 7.2). 


Table 7.2. — Experimental Values of the Quantum Defect n — ~ fi for 

Penetrating Orhits in Lithium and Sodium 


Element 

Term 

Electron 

n — 2 

r<. = 3 

n = 4 

1 1 

n = 5 

1 ri = 6 

n — 7 

Li 


s, 1 = 0 

0 41 

1 

0 40 

0 35 

0 35 

0 35 

0 35 

Na 

ip 

fi, 1 0 

p, / =■ 1 

j 

1 37 

0 88 

1 3f) 

0 87 

1 35 

0 86 

1 35 

0 86 

1 35 
0.86 


In order to calculate quantum defects from Eq. (7.21), it is necessary 
to determine values for the electron-nuclear distance p. Successful 
attempts to calculate suitable values of p from quantum-mechanical 
density-distribution curves similar to those shown in Figs. 7.1 and 7.2 
have been made by Pauling.^ In the case of Na, Pauling obtains the 
average value of the electron-nuclear distance for the two K electrons 
as 0.132ai, and for the eight L electrons p^ = 0.77ai. Assuming that 
the valence electron penetrates only the outermost shell of eight electrons, 
the effective nuclear charge Z^e will be 9e. Substituting Z, and 
in Eq. (7.21), the values of p = 1.36 and p == 0.85 are obtained for the s 
and p orbits of sodium, in very good agreement with the observed values 
given in Table 7.2. For lithium with Z* = 3 and p^. = C.53ai the value 

^ Pauling, L., Proc, Roy. Soc., A, 114, 181, 1927. 
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fjL = 0.39 is computed for the s orbits, also in good agreement with 
experiment. 

7.6. Quantum-mechanical Model for Penetrating Orbits. — The solu- 
tions of the Schrodinger wave equation for hydrogen-like atoms and 
for the normal state of the helium-like and lithium-like atoms have been 
carried out to a high degree of accuracy. The calculations for lithium- 
like atoms are of particular interest in that they appear to give the 
quantum-mechanical analogue of the inner and outer orlnt segments, so 
well known on the classical theory and treateddn the last section. 

Numerous attempts have been made to calculate the energy of the 
lithium atom in its normal state "S. Perhaps the most recent and 
accurate cahailations are those made by Wilson.’ In previous deter- 
minations single-electron wave functions of the hydrogen type wcn'c 
used instead of a wave function for the atom as a whole. The rather 
brief treatment to be given here is that of Wilson based upon a prin('i})le 
previously introduced by Slater.'^ 

Slater has shown that a wave function representing an atom (‘on- 
taining many electrons may be properly constructed by expressing it 
in the form of a determinant the elements of whi(*h are built up out 
of the Schrodinger wave equation. In the case of lithium, for example, 
the wave function is written 


^ = 


1 

^/6 


A} A 2 A :i 
A\ A 2 Az ^ 
2^2 


(7.22) 


where the A^s and A’s are Is hydrogen-like wave functions for the 
two K electrons and the are 2s wave functions for the L electron. 

From Eq. (4.55) the solutions of the wave equation for Is and 2.s 
electrons are 


A = \l/ Is — Nic 

Zr 


B — \l/2g 




(7.23) 

(7.24) 


where Ni — — (ZV'n’)^ N 2 = (Z'VStt)!, Z is the atomic number, and ai, 
the radius of the first Bohr circular orbit, has been chosen as unit of 
length. Now the 2s function [Eq. (7.24)] for the valence electron is 
orthogonal to the Is functions |E(p (7.23)] for the K electrons. I'liis 
would no longer be so, if different values for Z should be substituled 
in Eqs. (7.23) and (7.24). For this case Slater’’ has shown that the 
two functions may be orthogonal! zed by adding a fraction of one of the 


^ Wilson, E. B., Jour. Chein. Phys., 1, 210, 1933. For other references see this 
paper. 

2 Slater, J. C., P%.s. Rev., 34, 1293, 1928. 

3 Slater, J. C., Phijs. Rev., 42, 33, 1932, 
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Is functions to the 2s function. Now a determinant possesses the prop- 
erty that when any row is multiplied by any factor and added to any 
other row the determinant remains unchanged in value. Wilson's 
normalized wave function for the lithium atom therefore takes the form 


^ I .4 1 A 2 A 3 

\p — “y- A I At -is 

H- Ml Bt + hAt B, + Mg 


(7.25) 


where the A^s and ^'s now represent the simple hydrogen-like wave 
functions with modified values for Z. 

When determinants involving hydrogen-like functions with Z put 
e(|ual to the atomic number arc used to calculate the energy, the result 



is not so good as might be expected. Much bet ter agreement is obt ained 
by considering the Z's as parameters and adjusting them, by variation 
methods, until a minimum energy is obtained. Wilson found the lowest 
energy value with the wave functions and their parameters as follows: 

A. - (7.26) 

B. + M, = Njy ~ ^ + be (7.27) 

where ai = 0.31, at = 1.67, trg = 0, and Ni and Nt are normalizing 
factors. The probability-density-distribution curve obtained by plotting 
against the electron-nuclear distance r is shown by the heavy 
curve in Fig. 7.8. The dotted curve for the hydrogen 2s state does 
not rightly belong here but is shown as a comparison with the 2.s state of 
lithium. The latter curve is obtained by plotting 47rrV2«- 

The pulling in of the inner loop of the Li 2s curve over the inner 
loop of the hydrogen 2s curve is due to the lack of screening by the Is 
electrons of the core and is to be compared with the deeper penetration 
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and speeding up of the electron in the inner part of the classical orbit. 
The 2s electron, since it is most of the time well outside the core, is 
screened from the nucleus by the two core electrons. This average 
screening is well represented by the screening constant 0-2 = 1.67. The 
screening of each Is electron from the nucleus by the other Is electron 
should lie between 0 and 1. The value cn = 0.31 is in good agreement 
with this. When the 2s electron is inside the core (z.e., the smaller 
loop), the screening by the outer Is electrons is practically negligible. 
The value (Ts = 0 is in good agreement with this. This same analogy 
between the quantum-mechanical model and the orbital model should 
extend to all elements. 

The accuracy with which Eq. (7.25) represents the normal states of 
lithium and singly ionized beryllium (see Figs. 5.2 and 6.5) is shown by 
the following values : 



Spectroscopic 

Calculated 

Li I, 2s 


43089 cm-i 

Be II, 2s 


145984 


Calculations of the quantum defect for the alkali metals from a 
purely theoretical standpoint have also been made by Hartree.^ Har- 
tree, employing his self-consistent field theory (see Sec. 7.1), has determined 
the quantum defects and energy levels for a number of states in several 
of the alkalis. After determining a probability-density-distribution 
curve for the core of the atom, as in Fig. 7.1, the energy of the valence 
electron moving in this field can be calculated. In rubidium, for example, 
he obtained the following values of /x- 


Table 7.3. — Observed and Calculated Values of the Quantum Defect 
n FOR Rubidium 
{After Hartrec) 


Electron term 

H (obs.) 

/i (calc.) 

Diff. 

5« 

5^S 

3.195 

3 008 

0.187 

6« 

6^S 

3 153 

2 987 

0 166 

7s 

7^S 

3 146 

2.983 

0.163 

5p 

5^P 

2 71 

2 54 

0.17 

6p 

6»P 

2 68 

2.51 

0.17 

4d 

i’D 

0 233 

0.028 

0 205 


Since the quantum defect is a measure of the penetration of the 
valence electron into the atom core, the orbital model as well as the 
quantum-mechanical model would be expected to show that the pene- 


1 Hartree, D. R., Proc. Camb. Phil. Soc., 24, 89, 111, 1928. 






Sec. 7.5] PENETRATING AND NONPENETRATING ORBITS 


113 


tration is not greatly different for all states of the same series. The 
first seven of a series of d states, Z = 2, for example, are shown in Fig. 
7.9. The orbits given above are drawn according to model a, and 
beneath them are drawn the hydrogen probability-density-distribution 
curves of the same quantum numbers. 

On the orbital model the perihelion distances are very nearly the 
same. On the quantum-mechanical model the lengths of the first 



Fig. 7.9.--- Series of d orlnis illustrating nearly ec^ual penetration for all orbits with the samo 
I on either the elussical or the (juantinn-met'hanical model. 

loop (indicated by the first nodal points), with the exception of 3d, are 
nearly the same. Figure 7.9 brings out better than any other, perhaps, 
the close analogies that may be drawn between the orbits of the early 
quantum theory and the probabiliiy-density-distribution curves of the 
newer quantum mechanics. This is one of the reasons why the terms 
orbit j penetrating orbit, nonpenetrating orbit j etc., are still used in discussing 
quantum-mechanical processes. 


Problems 

1. Assuming that the s and p orbits in potassium penetrate only the shell of eight 
M electrons, compute the value of pj^ from Eq. (7.21). Compare these values of p with 
the density-distribution curve in Fig. 7.2. If the values of the quantum defect are nou 
known from Prob. 2, Chap. V, they are readily calculated from the term values 
directly. 

2. Compute, on the classical theory, model a, the maximum electron-nuclear 
distances attained by the valence electron of sodium in the first 10 s orbits. Compare 
these values with the corresponding s orbits of hydrogen by plotting a graph. Plot 
rmax against n for hydrogen and for sodium. 



CHAPTER VIII 

DOUBLET FINE STRUCTURE AND THE SPINNING ELECTRON 

From the very earliest observations of spectral series it has been 
known that each member of certain f>eneral types of series shows fine 
structure while those of others do not. Each member of some of the 
series in the alkali metals, for example, is a close doublet (see Fig. 1.9), 
whereas in the alkaline earths it is a close triplet (see Fig. 1.10). So 
far as energy levels are concerned, term analyses of so-called doublet 
spectra show that P, D, F, G, . . . levels are probably double, whereas S 
lev'els are always single (see Figs. 5.1, 5.2, 6.4, and 6.5). It is with this 
fine strindure that we are concerned in this (‘hapter, for in its explanation 
we are led to a new concept, the spinning electron. 

8.1, Observed Doublet Fine Structure in the Alkali Metals and the 
Boron Group of Elements, — Before taking up the (luestioii of the origin 
of fine structure, it is important that we become more or less familiar 
with the doublet spectra of the alkalies and another group of elements 
not yet considered. These are the elements in the third group of the 
periodic table (Table 5.1), boron, aluminum, gallium, indium, and 
thallium. Like the alkali metals each of these atoms gives rise to four 
chief series of spectrum lines: sharp, principal, diffuse, and fundamental. 
From these observed series, energy level diagrams are finally constructed 
as shown in Fig. 8.1. The chief difference between the alkali metals and 
what we shall hereafter call the boron group of elements is best described 
in terms of the energy levels rather than in terms of the spectrum lines. 

In the alkali metals a term lies deepest, followed by a -P term 
as the first excited state (see Fig. 5.2) ; whereas, in the boron group a 
term lies deepest, followed by This obscirved experimental fact 

is the basis, in the Bohr-Stoner scheme of the building up of the elements, 
for the addition of p electrons in these elements (see Table 5.1). The 
complete electron configurations for the boron group are written as 
follows: 

B 5, ls2 2s2 2p 

A1 13, Is^ 2s^ 2p« 3s2 sp 

Ga 31, Is^ 2 s 2 2p« 3s" 3p« 4s" ^p 

In 49, Is" 2s" 2p* 3s" 3p« 4s" 4p'* 5s" 6p 

T1 81, Is" 2s" 2p« 3s" 3p« 4s" 4p« 4dJo 4/^'* 5s" 5p« Gs" Bp 

All other subshells being complete, it is the single unbalanced p electron 
which, when the atom is excited, takes on the various possible energy 
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slates shown in Fig. 8.1. In boron, for example, the first excited 
state finds the electron in a 3s orbit, the Is and 2s subshell being alr(*ady 
filled. I’here being no d electrons in boron and no virtual d orbits 
with a total (luantuin number n lower than 3, the excitation of the valen(‘e 
electron to the first '!) state places the electron into a 3f/ orbit. 

Neglecting for the moment the doublet nature of the diff(‘rent hovels, 
it should be noted that the 'F terms in all five elements, just as in the 
alkali metals, ar(‘ nearly hydrogen-like, indicating nonpenet rating 


E> Al Ga In TL H 



Fit. S.l. Fneipy level dianraruR f>l‘ the boron group of elerneniR 


orbits. It is to be noted too that for a given total quantum number n 
the order of binding, which is also the order of increasing penetration, is 
“F, “£), and 

The largest fine-structure separations in each element of the boron 
group are to be found in the normal states ^P. The very narrow 
interval in boron widens with ea(*h succeeding element until in thallium 
it has become almost as large as the gross-structure interval 
The first sharp series doublets given in Table 8.1 indicate the enormous 
spreading out of the first '^P terms in going to higher atomic numbers. One 
line of the thallium doublet is in the visible green region of the spectrum 
and the other ^nember is in the ultra-violet over 1500 A away. 

Exactly this same spreading out of the fine struct ure is observed in 
the alkali metals in going from lithium to caesium. This may be seen 
directly from the principal series as they are plotted in Fig. 8.2. The 
sodium doublets are relatively much narrower than shown. The fine- 
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Table 8 . 1 . — Doublet Separations for the First Members of the Sharp Series 


X 

^Pi-^Si 

X 

AX 

A 

Ay 

cm~* 

2497.82 

2496.87 

0 95 

5.20 

3961.08 

3944 16 

17 52 

112.07 

4172 22 

1 4033 18 

139 04 

826.10 

4511 44 

4101 87 

409 57 

2212.63 

5350 65 

3775.87 

1574 78 

7792.42 


structure intervals for the first member of the principal series in each of 
the alkalies and ionized alkaline earths are observed as follows: 


Li I 

Na I 

K I 

Rbl 

Cs I 

0.338 

17.2 

57.9 

237.7 

554.0 cm~* 

Be II 

Mg II 

Ca II 

Sr II 

Ba II 

6.61 

91.5 

223.0 

800.0 

1691.0 cm“ 


In lithium the 2‘^S~2^P interval (see Fig. 5.1) is over 4000 times the 
fine-structure interval 0.338 cm"^, whereas in caesium the corresponding 
interval is only 20 times larger. 


Principal Series 

i!M I I 



— Radiated Frequency 

Fia. 8.2. — Illustrating fine structure in the principal series of the alkali metale. (Sodium 
and potassium doublets are narrower than shown.) 

A general survey of the energy level diagrams (Figs. 5.1, 5.2, 6.4, and 
6.5) will enable certain general conclusions concerning fine-structure 
intervals to be drawn: First, corresponding doublet separations increase 
with atomic number. Second, doublet separations in the ionized 
alkaline earths are larger than the corresponding doublets in the alkali 
metals. Third, within each element doublet separations decrease in 
going to higher members of a series. Fourth, within each element 
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P doublets are wider than D doublets of the same n, and D doublets 
are wider than F doublets of the same n. The last two statements 
are illustrated schematically in Fig. 8.3 by giving the four lowest members 
of the three chief term series. It should be mentioned in passing that 
exceptions to these rules are well known. These exceptions, however, 
are fully accounted for and will be treated as special cases in Chap. XIX. 

^p.^ 


2p 












-D V ========== 

F-G. 8.3. — ScheinUic rt'prowntation f>f relative tt-nn rteparutious in the different series 

8.2. Serection Rules for Doublets. In Ihe doublet spectra of atomic 
systems containing but one valence electron the small letters d, 

for the different electron orbits are replaced by the (‘orresponding 
capitals S, P, D, F, . , . , for the terms. The small superscript 2 in 
front of each term indicates that the level in question, including S levels, 
has doublet properties and belongs to a doublet system. Although all 
S levels are single, their doublet nature will later be seen to reveal itself 
when the atom is placed in a magnetic field. In order to distinguish 
between two fine-structure levels having the same Ji and I values, the 
cumbrous but theoretically important half-integral subscripts are u.sed. 
This subscript to each term, first, called the inner quantmn number by 
Sommerfeld, is of importance in atomic structure, for it gives the total 
angular momentum of all the extranuclear electrons (see Seih 8.4). 
The inner quantum number is freiiuently referred to as the electron 
quantum number j or the term quantum number J. 

Observation shows that, for the transition of an electron from one 
energy state to another, definite selection rules arc in operation, This 
is illustrated schematically in Fig. 8.4 by six different sets of com- 
binations. From these diagrams, whicdi are based upon experimental 
observations, selection rules for doublets may be summarized as follows: 
In any electron transition* 

I changes by -f 1, or —1 only, 

and 

j changes by 0, +1, or —1 only. 

^ Violations of either of these selection rules are attributed to the presence of an 
external electric or magnetic field (see Chaps. X and XX) or to quadripole radiation. 
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The total quantum number n has no restrictions and may change by any 
integral amount. The relative intensities of the radiated spectrum 
lines are illustrated by the heights of the lines directly below each transi- 
tion arrow at the bottom of the figure. Combinations between “P 
and always give rise to a fine-structure doublet, whereas all other 
combinations give rise to a doublet and one satellite. In some doublet 
spectra, and ’// terms are known. In designating any spectrum 
line like X5890 of sodium (see Fig. 5,1), the lower state is written first 
followed by the higher state thus, 3^Sj 'FP-. The reason for this order 
goes back to the very earliest work in atomic spectra (see Chap. I). Spec- 
trum lines in absorption are written in the same way, the lowest level first . 


AP 


\ AP 




AD 




AD V 


V 2 


AP 


Zp^/C 

P5/0 






AF 


AD 


1 4=j- 4=L- J-l- Jl_ 


AP 


AP 


AP 


AD V — >-AD 


AP 


^^AF 


^AD 


Fia. 8.4, — Illustrating selection and intensity rules for doublet combinations 


8.3. Intensity Rules for Fine -structure Doublets. (Icnoral observa- 
tions of line intensities in doublet spectra show that certain intensity 
rules may be formulated. These intensity rules are b(^st stated in terms 
of the quantum numbers of the electron in the initial and final energy 
states involved. The strongest lines in any doublet arise from transitions 
in which j and I change in t he same way. When there is more than one 
such line in the same doublet, the line involving the largest j values is 
strongest . F or example, in t he first principal-series doublet of Fig. 8.4. the 
line is stronger than since in the former I changes by 

— 1 (/ = 1 to Z = 0) and cdianges by —1 {j == | to j = 2 )- second 

example, consider a member of the diffuse series in whi(;h there are two 
strong lines and one satellite. For the two strong lines and 

j and I both change by —1. The stronger of the two lines 
involves the larger j values. For the faint satellite 
AZ = — 1 and Aj = 0. 

Quantitative rules for the relative intensities of spectrum lines 
were discovered by Burger, Dorgelo, and Ornstein.* While these rules 

* Burger, H. C., and H. B. Dorgelo, Zeits. f. Phys., 23 , 258, 1924; Ornstein, 
L. S., and H. C. Burger, Zcihs. f. Phys., 24 , 41, 1924; 22 , 170, 1924. 
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apply to all spectra in general, they will be stated here for doublets 
only, (a) The sum of the intensities of those lines of a doublet which 
come from a common initial level is proporl ional to the quantum weight 


Table 8.2. — Intensity Measurements in the Principal Series of the Alkali 

Metals 

{After Sowhurski/) 



Conihinution 

Wavc-longihs 

Ratio 


‘S'S 

5890 : 5896 

2 : 1 

N:i 


3.302 : 3303 

2 : 1 


3-S-5-^F 

2852 

2853 

2 : 1 


rs-4-^p 

7665 

7()99 

2 : 1 


4^S- 5T 

4044 

4047 

2 2:1 

K 

rs iv~r 

344(i : 3147 

2 3:1 


■rs-T^r 

3217 

3218 

2 5:1 


5-.S-5P 

7800 : 7947 

2 : 1 



4201 

4215 

2 7:1 



3587 

3591 

3 5:1 

lib 


3348 

3351 

4 3:1 



3228 : 3229 

5 : 1 



3157 

3158 

3 : 1 


{rS-V,V‘ j 

8521 

8943 

2 : 1 


(52, S' - 72 /’ 1 

4.555 : 4.593 

5 : 1 


(i'2.S 82/' ' 

3876 

3888 

! 10 . 1 


(i2.S i)2P 

3611 

3617 

15 5:1 

Cp 

(r.s'-u)*/' 

3476 : 3480 

i 25 0 : 1 


TAS-ir/' 

3398 : 34(K) 

15 8:1 


62,S-122/' 

3347 

3348 

5 7 1 


(i2,S'.]32P : 

3313 

331 4 

4 5:1 


of that level, (b) The sum of the intensities of those lines of a doublet 
whi(*h end on a common level is proportional to the quantum weight 
of tliat level. The quantum weight of a level is given by 2j + 1. This, 
it will be seen in Chap, X, is the number of Zeeman levels into which a 
level j is split when the atom is placed in a magnetic field. 

In applying these intensity rules, consider again the simple case 
of a principal-series doublet. Here there are tw^o lines starting from 
the upper levels and ^Pj and ending on the common lower level 
The quantum weights of the ^P levels are 2{\) + 1 and 2{\) + 1. 
giving as the intensity ratio 2:1. The same ratio results when the 
level is above and the ^P level below. 
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Quantitative measurements of line intensities in some of the alkali 
spectra are given in Table 8.2.^ 

The particular investigations of Sambursky on the principal series 
of Na, K, Rb, and Cs show that, while the first members have, in agree- 
ment with observations made by others, the theoretical ratio 2:1, higher 
members do not. This is expecially true in caesium where the observa- 
tions have been extended i o the eighth member. In caesium the intensity 
ratio starts with 2 and rises to a maximum of 25 in the fifth member, then 
drops quite abruptly to 4| in the eighth member.- Consider next the 
diffuse-series doublets which involve three spectrum lines. The following 
combination scheme is found to be particularly useful in representing 
all of the transitions between initial and final states. A diffuse-series 
doublet is written 






4 

2 


A 

0 


7 

7 


The numbers directly below and to the right of the term symbols are 
the quantum w^eights 2j + 1. Let A", Y, and Z represent the unknowm 
intensities of the three allowed transitions and zero the forbidden transi- 
tion. From the summation rules (a) and (5) the following relations 
are set up: The sum of the lines starting from is to the sum starting 

from Wi as 6 to 4, tx., similarly, the sum of the lines 

1 -f- /i 4 

X + Y 4 

ending on is to the sum ending on -Pj as 4 is to 2, ix.y — ^ 

The smallest whole numbers which satisfy these equations are A = 9, 
7 = 1, and 7 = 5. If the terms are very close together so that the 
observed lines do not resolve the satellite from the main line, as is usually 
the case, the two lines observed will have the intensity ratio O-j-L 5 
or 2 :1, the same as the principal-series or sharp-series doublets. Intensity 
measurements of the diffuse series of the alkali metals by Dorgelo^ confirm 
this. 

A favorable spectrum in w^hich the satellite of a diffuse-series doublet 
can be easily resolved, with ordinary instruments, is that of caesium. 
The first three members of this series are in the infra-red and are not 
readily accessible to photography. The fourth member of the series, 
composed of the three lines XX 6213, 6011, and 6218 has been observed 

I Sambursky, S., Zeits. f. Phys., 49 , 731, 1928. 

^ The anomalous intensities observed in caesium have been given a satisfactory 
explanation by E. Fermi, Zeits. f. Phys., 69, 680, 1930. 

’ Dorqelo, H. B., Zeits. f. Phys., 22 , 170, 1924. 
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Table 8.3. — Intensity Measurements in the Diffuse Series of the Alkali 

Metals 
{After Dorgclo) 


Element 

Combination 

Wave-lengths 

Ratio 

Na 

32p_42jr) 

5688 

: 5682 

100 : 50 


4982 

: 4978 

100 : 50 

K 

42P-522) 

5832 : 

: 5812 

100 : 51 

42p 

5359 : 

: 5342 

100 : 50 


52P~62/) 

6298 

6206 

100 : 51 

Rb 

52/> 72/) 

5724 

5648 

100 : 52 


52P 82/) 

5431 

5362 

100 : 52«' 


to haye the intensity ratios 9:5.05 :1.17. Theoretical intensities for the 
combination are given by the following formulations: 




1 6 

^0, 

4 

X 8 



6 

4 

% 

8 

X 

0 

Y + Z 6 


8 

20 

0 

V, 

6 

Y 

Z 

.A -j- 6 

~ Z “4 


6 

1 

14 


The smallest whole numbers satisfying the equations in the center are 
X = 20, and Z — 14. The results given in Table 8.2 show that one 
cannot always expect the intensity rules to hold. The theoretical 
intensities are extremely useful, however, in making identifications in 
spectra not yet analyzed. 

8.4. The Spinning Electron and the Vector Model. — With the 
co-development of complex spectrum analysis and the Land6 vector 
model, it became necessary to ascribe t-o each atom an angular momentum 
in addition to the orbital angular momentum of tbe valence electrons. 
At first this new angular momentum was ascribed to the atom core 
and assigned various values suitable for the proper explanation of the 
various types of spectral lines: singlets, doublets, triplets, quartets, 
quintets, etc. Due to the insight of two Dutch physicists, Uhlenbeck 
and Goudsmit,^ and independently Bichowsky and Urey,^ this new 
angular momentum was assigned to the valence electrons. In order 
to account for doublet fine structure in the alkali metals, it is sufficient 
to ascribe' to the single valence electron a spin s of only one-half a quantum 


unit of angular momentum, = o ’ Fr“* 

LIT L ZTT 

not to be taken as a quantum number that 


This half-integral spin is 
takes different values like n 


^ Uhlenbeck, G. E., and S. Goudsmit, NaturwissenschaftcM^ 13, 953, 1925; Naturcy 
117, 264, 1926. 

* Bichowsky, F. R., and H. C. Urey, Proc. Nat. Acad. Sci., 12, 80, 1926. 
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and I but as an inherent and fixed property of the electron. Tbo total 
angular momentum contributed to any atom by a single valence electron 
is therefore made up of two parts; one due to the motion of the cieiiler 



Fui. 8.5 - - Spin iirifl orhital motion of tho oloctron on tho cIjismcjiI thoorv 

of mass of the electron around the nucleus in an orbit, and the other 
due to the spin motion of the electron about an axis through it s center of 
mass (see Fig, 8.5). Disregarding nuclear spin the atom (‘ore, as we shall 
sec later, contributes notliing to the total angular monienttiin of the atom. 

By analogy with the (juantum-mechanical developments in Cdiap. IV, 
wc return now to the orbital models a, 6, r, and d (Fig. 4.8) to find a 
suitable method for combining these two angular momenta. For this 


Vector Vector 



!FiO. 8.6. — Vector models a and h for the composition of the electron spin and orbit 

purpose models a and h are both frequently used Of these models, a 
is generally preferred since it gives in many cases, but not always, the 
more accurate quantum-mechanical results. Models c and d have betui 
rejected because of the many fortuitous rules necessarily introduced 
to fit the experimental data, and they are of historical interest only. 
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Vector diagrams for the composition of orbit and spin, on models a and 6, 
are given in Fig. 8.6 for the two possible states of the d electron. 

On model h the spin angular momentum s • h 2w is added vectorially to 
the orbital angular momentum I • h/ 2?r to form t he result ant j • h/ 27r, where 
j = I ± s. On model a the si)in angular momentum .s* • h/2w is added 
vectorially to the orbital angular moment uni /*•//, 27r to form the resultant 

• /i/27r, where .s* = \/s(s + 1), I* — \/l(l -f 1), j* == + fT, J*^od 

j s=: I s. It should be noted that two is the maximum number of j 
values, differing from each other by unity, that are possible on either 
model and that for « electrons there is but one possibility.^ For s, p, (h 
. orbits Z = 0, 1, 2, 3, • * • . The quantum conditions are that 
j shall take all possible half-integral values only, ^ I, h h ' ' ' • 

For a d electron 1 = 2, 5 = 2 > I* ~ and s = The only 

possible orientations for / and s, or for and are su(*h that j = 
and 5, and j* — and For a /> (‘lect.ron 1 = I, s = I, 

I* = \/2, and s* = \/3. The only possible orientations for I and .s, (/v 

for I* and are such that j = :] and andy’" = lind J\/3. For 

an « electi-oii I = 0, ,s' =- 4, I* = 0, and The only possible 

value for j is ?>, and j* == 1 V^*3. 

8.6. The Normal Order of Fine -structure Doublets. — In the doublet 
energy levels of atomic systems eontaimng but one valence electron 
it is generally, but not always, observcnl that the fine-structure level 
j = I — i liiiS deeper than the c()n-(‘spon(ling level j I -h h For 
example, in tlie case of p and d electrons, lies deeper than -Pi and 
“Dj lies deeper than This result is to be expected on the classical 

theory of a spinning electron and on the (luaiiluin meithanics. Classically 
we may think of the electron as having an orbital angular momentum 
and a spin angular momentum. Due to the charge on the electron 
each of these two motions produces magnetic fields. 

Due to th(* orbital motion of tlu‘ (‘lectrori, of charge e, in the radial 
electric field of the nucleus E, there will be a magnetic field H at the 
electron normal to the plane of the orbit That this field is in the direc- 
tion of the orbital mechanical moment I may readily be seen by imagining 
the electron at rest and the positively charged nucleus moving in an 
orbit around it. In this field the more stable state of a given doublet 
will then be the one in which the spinning electron, thought of as a 
small magnet of moment fXs, lines up in the direction of IL In Fig. 
8.7 the electron spin moment is seen to be parallel to H in the state 
j = I — and antiparallel to // in the state j = ^ + Of the two 

* The small letter s used for electron spin niu.st not bo confused with the small 
letter for s electrons. 

* This field is not apparent to an observer at rest with the nucleus but would be 
experienced by an observer on the electron. 
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possible orientations the one j — I — i is classically then the more 
stable and therefore lies deeper on an energy level diagram. On the 
vector model a (see Fig. 8.6) the same conclusion is reached and we can 
say that of the two states the one for which the spin moment ju, is more 
nearly parallel to H lies deeper. 

Although most of the doublet spectra of one-electron systems are 
in agreement with this, there are a few exceptions to the rule. In 
caesium, for example, the and terms are normal, and the first W 
term is inverted. By inverted is meant that the term j = Z + ^ lies 
deepest on an energy level diagram. In rubidium the ^P terms are 
normal, and the '^D and W terms are inverted. In sodium and potassium 




A j-l + s B j=l-s 

Fid. 8.7. — Illustrating tho mechanical and magnetic moments of the spinning electron 
for the two fine-structure .states j = Z -f- i and j = I — h The vectors are drawn accord- 
ing to the classical model (b). 

the ^P terms are normal, and the and very probably the ^P, terms 
are inverted. For a possible explanation of the inversions see Sec. 19.6. 
It can be shown quantum mechanically that, neglecting disturbing 
influences, doublet levels arising from a single valence electron will be 
normal. Where resolved, all of the observed doublets of the boron 
group of elements, the ionized alkaline earths, and the more highly 
ionized atoms of the same type are in agreement with this. 

Electron Spin-orbit Interaction. — The problem which next 
presents itself is that of calculating the magnitude of the doublet separa- 
tions. Experimentally we have seen that doublet-term separations, in 
general, vary from element to element, from series to series, and from 
member to member. Any expression for these separations will there- 
fore involve the atomic number Z, the quantum number Z, and the 
quantum number n. 

A calculation of the interaction energy due to the addition of an 
electron spin to the atom model has been made on the quantum mechanics 
by Pauli, ^ Darwin, ^ Dirac, ^ Gordon,'* and others. By use of the vector 

1 Pauli, W., ZeiU. /. Phys,, 43, 601, 1927. 

2 Darwin, C. G., Proc. Roy. Soc., A, 116, 227, 1927; A, 118, 654, 1928. 

^ Dirac, P. A. M., Proc. Roy. Soc., A, 117, 610, 1927; A, 118, 351, 1928. 

♦Gordon, W., Zeits.f. Phys., 48, 11, 1929. 
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model a semiclassical calculation of the interaction energy may also be 
made which leads to the same result. Because of its simplicity this 
treatment will be given here. Dirac\s quant um-rnecihanical treatment 
of the electron will be given in the next chapter. 

On the classical model of hydrogen-like atoms the single electron 
moves in a central force field with an orbital angular momentum 



mr X V 


( 8 . 1 ) 


w^here I* = \/Z(Z + 1), m is the mass of the electron, v its velocity, and 
r the radius vector. According to classical electromagnetic theory, a 
charge Ze on the nucleus gives rise to an electric field E at the electron 
given by 

E = ^r. (8.2) 

y.3 


Mm^'ng in this field the electron experiences a magnetic field given by 


From these two equations, 


// 


E X V 


7/ = :^r X V. 


(8.3) 

(8.4) 


Applying Bohr^s quantum assumption [Kq. (2.20)] 

2TrmT X V = Z* /i, 

the field becomes 



Ze 

me 


1 

r^' 


(8.5) 

( 8 . 6 ) 


In this field the spinning electron, like a small magnetic top, under- 
goes a Larmor precession around the field direction. From Larmor’s 
theorem [Eq. (3.58)] the angular velocity of this precession should be 
given by the product of the field strength II and the ratio between the 
magnetic and mechanical moment of the spinning electron:^ 


03l 


= H 2, 


2mc 




h I 

27r me 


2mc 


(8.7) 


This is just turice the ordinary Larmor precession^ given in Eq. (3.58) 


^ The ratio between the magnetic and mechanical moment of a spinning electron 
is just twice the corresponding ratio for the electron’s orbital motion. This is in 
agreement with results obtained on the quantum mechanics and accounts for the 
anomalous Zeeman effect to be treated in Chap. X. 
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A relativistic treatment of this problem by Thomas^ has revealed, in 
addition to the Larmor precession wr, a relativity precession co^, one-half 
as great and in the opposite direction. The resultant precession of the 
spinning electron is therefore one-half oji,, t.c., just equal to the ordinary 
Larmor precession : 


/ I ^7* ^ , 


1 


( 8 . 8 ) 


Now, the interaction energy^ is just the product of the processional 
angular velocity w' and the projection of the spin angular momentum 
on P: 

ATT/., = w' • s* ^ cos (Z*s*). (8.9) 


With the value of co' from Eq. (8.8), 




A' 

2m‘^c^ 47r^ 




- cos (Z*s*). 


( 8 . 10 ) 


In this equation for the interaction energy the last two factors are 
still to be evaluated. In general the electron-nuclear distance r is a 
function of Z, n, and I and changes continually in any given state. 
Because the interaction energy is small (“ompared with the total energy 
of the electron’s motion the average energy AWi,, may be calculated by 
means of perturbation theory. In doing this, only the average value 


\ ) need be calculated. 


mechanics (see Sec. 4.9), 


From perturbation theory and the quantum 


VrV a\nH{l + |)(^ + 1)' 
where ai is the radius of 'the first Bohr circular orbit. 


^ Jr 

^ ^ 47r‘^mc“ 


( 8 . 11 ) 


( 8 . 12 ) 


For the last factor of Eq. (8.10) we turn to the vector model of the 
atom. In calculating the precessional frequency of s* around the field 
produced by the orbital motion the vector I* was assumed fixed in space. 


1 Thomas, L. H., Nature, 117, 614, 1926. 

2 The interaction energy here is just the kinetic energy of the electron’s precession 

around the field H. If W - represents the kinetic energy of the spin of the 

electron in the absence of the field IT and W = lI{co + the kinetic eiu'rgy in the 
presen(‘e of the field, then the change in energy is just AW == M — U — --f- 

Iu)it)'. Since I remains constant and co > > co', the first term is negligibly small and 
the energy is given by the product of u' and theinechanieal moment Ico — s*h/2Tr == pa. 
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One might equally well have calculated the precession of the orbit in the 
field of the spinning electron. It is easily shown that this frequency is 
just equal to the ordinary Larmor precession and to the precession of the 
electron around I*, In field-free space both orbit and spin are free to 
move so that I* and s* will precess around their 
mechanical resultant j*. By the law of conserva- 
tion of angular momentum this resultant j* and 
hence the angle between Z* and s* must remain 
invariant. The vector model therefore takes the 
form shown in Fig. 8.8. With the angle fixed the 
cosine does not need to be averaged and cos 
(Z*s*) is calculated by the use of the cosine law 

1*2 ^ 5*2 ^ 2Z*6‘* COS (Z*.S‘*) (8.13) 


from which 

l*s* cos 


Z*“ 


(8.14) 


Substituting Eqs. (8.11) and (8.14) in Eq. (8.10), 




2m'k} 


Ir 


7? 



47r‘^ apZ(Z + i)(Z4-l) 

j *2 _ 1*2 _ 5 ^ 


Flo. 8.8. — Classical pre- 
cession of electron spin 8* 
and orbit I’* around their 
(8.15) mechanical resultant j*. 


Upon substituting the Rydberg constant K = 2iT^me*lch^ and the 
square of the fine-structure constant the energy becomes 


AM j,. 


Ea^chZ* 


1*2 _ 


nH(l + m -hi) 2 

and, dividing by he, the term shift in wave numbers becomes 


A3',,. = 


I* 


= -r. 


(8.16) 


(8.17) 


'nH{l -I- |)(f 1) 2 

This spin-orbit interaction energy, often referred to as the T factor, 
is written in short as 


(J* 

= a • — 


- s" 


= a ■ l*s* cos 


where 


a = 


Ra'^Z* 


cm" 


(8.18) 


^8.19) 


nHH + i){l + 1) 

Measured from the series limit down, the term value of any fine- 
structure level will be given by 

T = To - T, 


( 8 . 20 ) 
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where Tq is a hypothetical term value for the center of gravity of the 
doublet in question and F gives the shift of each fine-structure level from 
r values for and W terms are shown in Fig. 8.9. For an s 

orbit I = Oy j = Sy and AT" = 0. This is in agreement with observation 
that all S states are single. The two states of a doublet are seen by the 
figure to be given by the diffei-ence between their F values. It is to be 
noted that Z occurs in the numerator of Eq. (8.19), and n and I occur in 
the denominator. This is in agreement with experimental observations 


; 

To ( 


/ a 


\ 





Fig. 8.9.— Illustrating fine-structuro .separations due to 8i>in-orbit interaction. 


that doublet-term separations ( Ij increase with increasing atomic number, 
e.g.y in going from Na 1 to K I, or from Na 1 to Mg II ; (2) decrease with 
increasing 'i.e.y in going to higher members of a given series; (3) decrease 
with increasing 1, i.c.^ in going to different series p, dyf, etc. As the inter- 
action energy gets smaller and smaller in a given series, F will approatii 
zero and the levels will gradually come together at their center of gravity 
To. 

8,7. Spin -orbit Interaction for Nonpenetrating Orbits. — In applying 
the spin-orbit-interaction energy formula [Kq. (8.17)], as jusc derived, to 
the observed data, it is ne(‘essary that we first simplify the expression 
and substitute the known physical constants. For any given doublet, 
I and s have the same values whereas j ~ I -P ^ for the upper level and 
Z — 2 lower level. The successive substitution of these values 

for j in the last factor of Eq. (8.17) gives, by subtraction, 




Ra^ZP 

nH{l -f 1) 



nH{l + 1) 


cm^F 


( 8 . 21 ) 


Inserting the value of the Rydberg constant R — 109737 cm ^ and the 
fine-structure constant — 5.3 X 10~^, 


Ay = 5.82 

nH{l + 1) 

For hydrogen-like systems the effective nuclear charge is given 
simply by the atomic number Z. 
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In the previous chapters we have seen how for other atomic systems 
the deviations of the term values from those of hydrog;en-like atoms are 
attributed to a polarization of the atomic core or generally to a quantum 
defect [see Eq. (5.4)], 


(n ~ niff ' 


(8.23) 


where Z = 1 for neutral atoms, 2 for singly ionized atoms, etc. Instead 
of attributing the increased binding of the electron to a defect in the 
quantum number n, one may argue that it should be attributed to a 
screening of the valence electron from the nucleus by the intervening 
core of electrons, and that Z should be replaced by Z^ff where Z^u = Z cr, 
Z is the atomic number, and cr is a screening constant : 


RZlff ^ -ay 


(8.24) 


By exactly the same reasoning one may write the fine-structure 
doublet formula [Eq. (8.22)] as 


nH{l -f“ 1) 


5.82 


nHil -h~l)' 


(8.25) 


Most of the doublets to which this formula applies are known only for 
singly and multiply ionized atoms. Although its general application 
will be left to Chap. XVII on Isoelect ronic Sequences, it should be 
remarked here that this formula gives doublet intervals in remarkably 
good agreement with experimental observations. 

8.8. Spin-orbit Interaction for Penetrating Orbits. — In the preceding 
chapter on penetrating and nonpenetrating orbits we have secai how 
penetrating orbits may be considered as made up of two parts, an inside 
segment of an ellipse and an outside segment. In attempting to apply 
Eq. (8.25) to the doublets of penetrating orbits, much better agreement 
with the observed values is obtained, especially for the heavier elements, 
by again considering separately the inner and the outer part of the orbit 
(see Fig. 7.6). Whatever atomic model is formulated, the electron in a 
deeply penetrating orbit is by far the greater part of the time in an outer 
region where the field is nearly hydrogen-like. If the electron remained 
in an outer orbit like the outer segment, the doublet formula [I :q. (8.21)1 
would be 


Ua^Z* 


(8.26) 


whereas, if it remained in an inner orbit like the inner segment, the 
formula would be 


Ra'‘Z* 
n%l + 1 )‘ 


(8.27) 
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To bring these two formulas together for the actual orbit, the motion 
in each of these segments is weighted according to the time spent in eivch. 
Now the time i required to traverse the whole path is so nearly equal to 
the time to required to traverse a complete outer ellipse that we may 
write, to a first apjjroximation, 


t = to 




(8.28) 


This equation for the period of an electron in a Kepler ellipse was left 
as an exercise at the end of Chap. 111. The time required to Iraxerse a 
completed inner ellipse is 




Now the resultant frequency separation Ar for the actual orbit will 
be \vo times the fractional time /,.// .spent in the outer segment, plus 
A/', times the fractional time spent in the inner segment : 


Ar 


\Vo '^ -I Ar 


7' 


(8 30 ) 


Making the approximation that /„ - t and sui)stJt ut mg the values 
Ar., Ar„ /, and from Kqs. (8.20), (S.27), (8.28), and (8.29), we get 




( 8 . 31 ) 


Kor heavy elements the efTeetive charge Z,r at deepest penetration is so 
nmch greater than the effective (diarge Zoc outside, that the formula may 
be simplified to 

^ lia'^ZlZ; , 

This equation was derived fnmi the quantum llu‘ory and used byLandc’ 
before the advent of the spinning electron and the ne^^er (luantmn 
mcH’hanics. In calculating Z^ for a number of atoms Laiidc showed that 
the penetration in many cases is almost complete, Z^ being almost c<iual 
to the atomic number Z (see Table 17.4ii). It is to be noted that n„ is 
the effective quantum number. 

Inserting screening constants for each of the Z^s, in Kq. (8.32), 


^v 


- -- cm’ 


(8.33) 


RaKZ - SoYiZ^ 

1) 

The application of this formula to observed doublets, in general, will be 
set aside, to be taken up again in treating isoeleetronic sequences of atoms 
in Chap. XVII. 

» I.ANpf, A., Zviis f Phifi , 26, 46, 1924. 
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Problems 

1. Compute* doublet-term separations tor the nonpenetrating 2p states of lithium 
and singly jouized beryllium. Assume complete screening by the core electrons. 
Compare* the e*alculated values with the observed values given in Sec. 8.1. 

2. Determine thewetical intensity ratios for the doublet transitions 

3. Construct vector-moelel diagrams for ‘/'’j, Hti and states based on model 
fi, Fig. 8 (>. 

4. Dete*rmin(* the electron spin-orbit precession frequency o}/2t for a if state in 
potassium. Assume complete screening by the 18 core electrons. 

6. Comi)ut(' a t heoretical doublet .separation for the state in caesium. Assume 
complete* jienet.ration when the electron is inside the core, t.e., s* = 0, and perfect 
.screening when it is outside, t.c., s„ = Z — 1. The effective quantum number rio 
can be (l(‘t(*rmined from the ob.served term values (use the center of gravity of tlu* 
doublet ). All other factors remaining the same, what value of will give the observed 
doublet separation ? 



CHAPTER IX 


HYDROGEN FINE STRUCTURE AND THE DIRAC ELECTRON 

Even the hydrogen spectrum, the simplest of all systems, is observed 
to have a fine structure. At an early date Michelson studied the Balmer 
lines with an interferometer and found that both Ha and H^ were close 
doublets with separations of only 0.14 and 0.08 A, or 0.32 and 0.33 cm~S 
respectively. Many subsequent investigations by others have confirmed 
these results (see Fig. 9.1). 



h: 


Fig. 9.1.- 


-Photographs of the Ha line of both of the hydrogen isotopes and H*. {After 
Lewie and Spedding.) 


The most informing observations that have been made on hydrogen- 
like atoms are those of Paschen^ on the singly ionized helium line X4686. 
This line (see Fig. 2.8) corresponds to the first member of the so-called 
Paschen series of hydrogen. Historically Paschen^s observations were 
made and published at a most opportune time, for in the next issue of 
the Annalen der Physik Sommerfeld independently predicted just such a 
fine structure by an extension of the Bohr atom to include elliptic orbits 
and the special theory of relativity. ^ While the quantum mechanics 
gives a more perfect account of the observed fine structure, the develop- 
ment of the orbital model is interesting in that it leads to the sam.e energy 
levels. 

9.1. Sommerfeld Relativity Correction. — The extension of Bohr^s 
atomic model by Sommerfeld to include elliptic orbits adds no new 
energy levels to the hydrogen atom (see Sec. 3.3). For a given total 
quantum number n, all elliptic orbits s, p, d, . . . have just the same 

^ Paschbn, F., Ann. d. Phy8., 50, 901, 1916. 

» SOMMBRFELO, A., Ann. d. Phys., 51, 1, 1916. 
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energy as the Bohr circular orbit with the same n. This energy in wave 
numbers is 

W ^ 

he nr 

where R is the Rydberg constant 


-T, 


(9.1) 


2T^me^ 


+ b) 


(9.2) 


h is Planck’s constant, c the velocity of light, m and e the mass and charge 
of the electron, and M the mass of the nucleus with charge Ze. 

Bohr pointed out in his earliest papers that the relativistic change in 
mass of the orbital electron should be taken into account in computing 
the energy levels. Introducing elliptic orbits, Sommerfeld applied the 
special theory of relativity to the 
electron mass. Due to the different 
velocity of the electron in orbits of 
the same n but differing azimuthal 
quantum number, the mass of the 
electron and hence the resultant 
energy level-s are all different. Jf the 
rest mass of the electron is m^y its 
mass when moving with velocity v is 
given by the special theory of rela- 
tivity as 


m 




(9.3) 



Fia. 9.2. — Schematic representation of 
the precession of an electron orbit due to 
the relativity change in mass of the elec- 
tron with velocity. {After Sommerfeld.) 


As a result of this change in mass, 
which is greatest at perihelion and 
greatest for the most elliptic orbits, there is an advance of the perihelion, 
or a precession of the electron orbit, similar to that of a penetrating orbit 
in the alkali metals (see Fig. 7.4), or to that of the planet Mercury moving 
about the sun. This precession is shown schematically in Fig. 9.2. 
While the derivation of Sommerfeld’s equation for the change in energy 
due to this precession is out of place here, we shall find use for it in making 
comparisons with the quantum-mechanical results.^ According to the 
Sommerfeld theory the term values of hydrogen-like atoms are given by 


T = - 


W 

he 


h\ 


1 + 




(n - fc + y/k^ -~a‘^Z^Y 


+ 




(9.4) 


^ For a derivation of Sommerfeld’s relativistic fine-structure formula see “Atomic 
Structure and Spectral Lines,” p. 467, 1923; also A. E. Ruark and H. C. Urey, “Atoms, 
Molecules and Quanta,” p. 132. 
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The first term of this expansion is the same as that derived by Bohr 
for circular orbits, neglecting relativity, and gives the major part of the 
energy. With n = 1, 2, 3, • • • , and with Z = 1 for hydrogen, Z = 2 
for ionized helium, and Z = 3 for doubly ionized lithium, this term gives 
the following values : 


Table 9,1. — Term Values, Neglecting Fine-structure Corrections 



Hydrogen 
(isotope mass 1 ) 

R = 109677.76 1 

Hydrogen 
(isotope mass 2) 

R = 109707.66 

Ionized 

iieliiiin 

1 R - 109722.4 

Doubly 

loiuzed lithium 

R - 109728.9 

For n == 1 

i 109677 76 ' 

109707.50 

i 

438889.0 

987560.1 

2 

1 27419.4 

27426.9 

109722 4 

246890 0 

3 

12186.4 

J2189 7 

48765 5 ' 

109728.9 

4 

I 6854.8 

6856.7 

27430 0 

61722.5 

5 

4387.1 

4388 3 

17655 5 

39502.4 

6 

3046 6 1 

3047 4 

12191 3 

27432.2 

7 

2238 3 

2238 9 

8956 9 

20154 4 


To each of these values corrections from Eq. (9.6) must be added. 
For small values of Z the first term involving and is the only one 
of importance and the third and succeeding terms may be neglected. 
In x-ray spectra, however, Z becomes large for the heavier elements 
and terms in and a® must be taken into account (see Chap. XVI). 
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The corrections to be added to each of the above given terms are there- 
fore given by 

where k is Sommerfeld’s azimuthal quantum number 1, 2, 3, . . . for 
Sy py df . , , , For all allowed values of n and k the correction is positive 
and is to be added to the terms in Table 9.1. For either of the two 
hydrogen isotopes, 

LT - - i). (9.8) 

These corrections are shown graphically in Fig. 9.3. The straight 
lines at the top of each of the four diagrams represent the first four terms 



FUJ. 9.3.-^ Fine struc ture of the hycirogen energy levels AT^r and ATi,, represent 
the relativity and the spin-orbit corrections respectively. The dashed lines represent 
•Sommerfeld’s relativity corrections. 


of hydrogen given by Table 9.1. The shifted levels for each value of 
n and k are shown by the dotted lines with the term value increasing 
downward. The left-hand side of each diagram has to do with the 
spinning-electron picture of the atom and will be taken up in the following 
section. For ionized helium and doubly ionized lithium the intervals 
given in Fig. 9.3 must be multiplied by 16 and 81, respectively. 

9.2. Fine Structure and the Spinning Electron. — With the introduc- 
tion of the spinning electron and the quantum mechanics another account 
of the hydrogen fine structure has been given. Heisenberg and Jordan 

^ Heisenberg, W.. and P. Jordan, Zeits. /. Phys., 87, 263, 1926. 
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have shown from a quantum-mechanical treatment that Sommerf eld’s 
relativity correction for hydrogen-like atoms should be 


NTr 


I 3 \ 

[l + i in/ 


(9.9) 


where ^ = 0, 1, 2, • • * for Sj Pj r/, • • * electrons. A general compari- 
son of all classical with quantum-mechanical results for the same phe- 
nomenon shows that the classical values A:, and may usually, but not 
alw’ays, be replaced by + ^, l{l + 1), and l{l + l){l + 1), respectively, 
to obtain the quantum-mechanical results. Sommerf eld’s relativity 
equation is a good example of this; k in Eq. (9.7) replaced by Z + -I gives 
Eq. (9.9). 

To tiie quantum-mechanical relativity correction [Eq. (9.9)] a second 
term due to the spin-orbit interaction must be added. This interaction 
etHU'gy has already been calculated in Sec. 8.6 and shown to be given by 
Eq. (8.17):^ 


ATi,s 


yi- 2 _ ^2 __ 

ni{l + \){l + i) 2 


(9.10) 


Applying the first correction NTr to the hydrogen terms of Table 9.1, 
each level n is split into n components as shown at the left of each of the 
four diagrams in Fig. 9.3. Applying now the spin-orbit interaction 
ATi,8f each of these terms, with the exception of s terms, is split inio two 
parts just as in the alkali metals. In each case the level with j = I + i 
has been shifted up, and the one with j — I — I has been shifted down, 
to the nearest Sommerfeld level. In other words, levels with the same 
j values come together at the older relativity levels k, where k = j A- 
The remarkable fact that Sommerfeld’s formula derived from the relativity 
theory alone should give the same result as the newer theory, where both 
relativity and spin are taken into account, is a good example of how 
two incorrect assumptions can lead to the correct result. While the 
number of numerically different energy levels is the same on both theories, 
there is an experimental method for showing that the first theory is not 
correct and that the latter very probably is correct. This will become 
apparent in Sec. 9.4. 

Since the newer theory leads to Sommerfeld’s equation, the sum of 
Eqs. (9.9) and (9,10) should reduce to Eq. (9.7). Since ^ takes on values 
Z T I or Z — ^ only, Eq. (9.10) is split into two equations: 


ATi,8 

ATi,8 


hWZ* 


rU2(l + i-)(Z + 1) 


lia^Z 

nm(l + \) 


for 


for j = Z + i, 

j -I- h 


(9.11) 

(9.12) 


1 Equation (9.10) was first derived on the quantum mechanics by W. Heisenberg 
and P. Jordan, loc. cit. 
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The sign in front of the right-hand side of each of these equations has been 
changed to conform with Eq. (9.9), where a positive sign means an 
increase in the term value, or a decrease in the energy. Adding Eq. 
(9.9) to each of Eqs. (9.11) and (9.12), 


AT = ATi,. + ATr 


Ra^Z 


‘(rh-i) 


for 


j = I 


1 

2 


(9.13) 


If k in Sommerfeld^s equation is replaced by I and Z + 1, respectively, 
these equations will result. If again k is replaced by i + J, which is just 



A 6563 A 4861 

Fig. 9.4. — Schematic diagrams of the lines !!« and in the Balmer series of hydrogen. 


the same as replacing I + 1 and I of Kcp (9.13) by j + ly we obtain the 
single equation 


AT 


Ra^Z 





(9.14) 


9.3. Observed Hydrogen Fine Structure. —Schematic diagrams of 
the theoretical fine structure of the first two lines of the Balmer series 
of hydrogen are shown in Fig. 9.4. Applying selection and intensity 
rules, both and should be composed of two strong components and 
three weaker ones. Neither one of these patterns has ever been resolved 
into more than two components. The best results to date are those of 
Lewis, Spedding, Shane, and Grace, ^ obtained from the behavior of 

^ Lewis, G. N., and F. H. Spedding, Phys. Rev.y 43, 964, 1933; also Spedding, 
F. H., C. D. Shane, and N. S. Grace, Phys. Rev., 44, 58, 1933. 
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the two known hydrogen isotopes. Using Fabry and Perot ^talons, 
photographs similar to the one shown in the center of Fig. 9.5 have been 
obtained. For this photograph the first order of a 30-ft. grating mount- 
ing (of the Littrow type) was used as the auxiliary dispersion instrument. 
Microphotometer curves of both and are reproduced above and 
below each pattern. It is to be noted that the components of are 
considerably sharper than and that a third component is beginning .to 
show up. The broadening is due to the Doppler effect and should be 
greater for the lighter isotope. 



Fio. 9,5. — Fine structure of and from the Balmer series of the two hydrogen 
isotopes. Microphotometer curves above and below were made from the interference 
patterns in the center. {After Spedding, Shane, and Grace.) 


Theoretical intensities for the fine structure of hydrogen were first 
calculated by Sommerfeld and Unsold^ in 1926. Experimentally it is 
found that the relative intensities of the two main components, the only 
ones resolved, depend largely upon the conditions of excitation. In 
some instances the supposedly weaker of the two lines will be the stronger, 
as it is in Fig. 9.5. 

In going to higher members of the Balmer series the separation of the 
two strong components of each member approaches theoretically and 
experimentally the separation of the common lower state, 0.364 cm'^ 
This interval occurs in each doublet between the fainter of the two strong 
lines and the next to the weakest satellite. •»/ 

9.4. Fine Structtire of the Ionized Helium Line ^4686. — A better 
detailed agreement between observation and theory has been found in the 
hydrogen-like spectrum of ionized helium. A microphotometer curve 
of the line X4686 is given at the bottom of Fig. 9.6. This line corresponds 
with the first line of the Paschen series in hydrogen (see Fig. 2.8). With 


^ SomiB&FZLD, A., and A. Un85ld, Zeits. /. PhyB,^ 36, 259, 1926; 38, 237, 1926; 
9m alio SemtOPUiova, £., Ann, d, Pky$,t 80, 437, 1926. 
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Z — 2 the fine-structure separations should be 16 times as g;real as in 

hydrogen [see Kqs. (9.13) and (9.14)]. The predicted fine structure 

s.liown above in Fig. 9.6 was first given by Soininerfeld and ITnsold. At 

least, four and possibly five of the predicted 42 p ^ 

components may be said to have been resolved 4 ? ^ p 

by Paschen. ^ The a])pearance of (‘ert ain com- 4^ 6^ r[ y - 0 24 

ponent lines in this pattern, which are not 42 p^^j - 4 ---— ^ 

allowed on Sommerfcdd’s original theory of ii 1 

hydrogen fine? structure, are* strong points in ^ !j i cm’ 

favor of the ncnv(T theory of the coincadence , il ' ! 

- 1 , I . , 3 ^ 05 ^ 'MLi ; 

ot levcMs having the same / values. | ' 057 

9.5. The Dirac Electron and the Hydrogen ^^4^1 

Atom. On Dirac’s- theory a single electron in j * 

a central force field is sjiecified by a set of ^ ^ — 

four wav(' functions i//j, and 1 /^ 1 , in placi^ ^ 

of just one as in the case of t lie Schroclinger 1 cuic 

theory. Each of these functions is a solution ' “Il,/-r"oTs “fisem ‘ — 

of a wave e(|uation. Altlioiigh t’nc settingup 

of the etptations is out of plact^ here we shall i| A A 

accept the solutions arrived at liv Darwin 

and (lordoir' a.nd show in what way they ’ 0 9 8 7 0 5 4 5-V 

(‘orrespond to the earlier th(‘orles and, at. th(‘ •**^**' of th«* 

lino structure of the ionized 

same time, get. some picture of tlie new atom helium line xtasfi. {Afi^r Som- 

model mvrfeld, Utiaold, and Paschvn ) 

With (Mich wave fumdion i/^i, and xpi properly normalized, the 

probability density, just as in the case of Schrodinger’s tlmory fs(‘e 
Dhap. lY), is given by 

P == xPxP*, (9.15) 

where 

(9.16) 

For given values of the azimuthal quantum number I and the mag- 
netic quantum number m (rn = u -f- J), there arc two sets of solutions 


4686 1 0 9 8 7 0 5 4 5-V 


corresponding to j — I + ^ and J = I — respectively (j equals inner 
quantum number). 

j = 1 + ^ 

‘ MrFi 

^2= ■ MrFi _ 

1^3 = a + M + 1) -Mfii ^ 

1 ^ 4 = -{I - u)-MaPV-^- MjGi 

* Paschen, F., Ann. <1. Phys., 82 , 692, 1926. 

" Dirac, P. A. M., Proc. Roy. Soc.. A, 117, 610, 1928; A, 118, 351, 1928; see also 
Darwin, C. G., Pr.ic. Roy. Soc., A, 118, 054, 1928. 

“Gordon, W., Zeih. f. Phys., 48, 11, 1928. 
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j = 1 - i 

ypx = — + u) • MePi-i • MrF-i^i- 

^2 = 'iil - U - 1 ) • . 

^3 = MePr • 

In this form each wave function in polar coordinates is written as the 
product of two functions, one of which gives ^ as a function of the angles 
4> and S alone and the other as a function of r alone. Me and Mr are the 
angular and radial normalizing factors, respectively. The spherical 
harmonics P^(<PiO) are defined by 


1 

>V - 
1 ~ 

\d cos 6 J 

(ros^e - 1)'. 
2‘-ll 

(9.19) 

The 

radial functions F and G are functions of the electron- 

■nuclear 

(1 ist ance 

alone and are given by 




Ff 

N - p — Hr, . , 

= AT + p 

G] = (o-i + ai) 

(9.20) 

where 






<Tl 

= (AT + Z + 1) .,.,.-1 ...-A-. ,F,(_ 

n„ 2p + 1, 2kr), 

(9.21) 


<T2 

= —nr - r" ' • — «r + 

1, 2p + 1, 2kr), 

(9.22) 

and 





Ur 


Ti — |Z — 1| = radial f plant uni number, 

(9.23) 

V 


W + 1)“ - 


(9.24) 

N 

= 

[«? + {1 + 1)“ + 2pnr]K 


(9.25) 

k 

= 

— Uj — 0.528 Ang.stroms, 

= 5.30 X 10-\ 

(9.26) 


where Oi is the radius of the Bohr first circular orbit and a is the fine- 
structure constant. The functions iFi are of the form of series 


iFx{aM 


1 + 


b-v: 


C + 


l)_ 

b{b + T) ■ 2! 


^ 2 -p 


a {a 4- l){a + 2) 

b{b '+ l)(b + 2) -sr ^ 


(9.27) 


which terminate for negati\'e integer values of a. 

9.6. The Angular Distribution of the Probability Density P©.— With 
two sets of four wave functions, the solutions and hence the probability 
density must be divid(‘d into two parts, one for j — I + and one 
for j — I — i. Corresponding to given w, Ij and j, there are 2j 4- 1 
magnetic states for which the magnetic quantum number m takes values 
from m = -fj to m = —j. Hartree^ has shown that for given n, ly and 
j the magnetic states with equal but opposite m have the same probability- 
density distribution. He has also shown that the angular distribution 


^ Hartree, D. R., Proc. Camh. Phil. Soc.^ 26, 225, 1929. 
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for two electrons with the same n, and m, and I = j ^ ^ is the same. 
As an example of these two theorems, the angular charge distributions ^ 
as they are called by Hartree, for the magnetic states m — ± f of a 
term are not only the same but are also identical with the two magnetic 
states m — ±| of the term. It should be pointed out, however, that 
the radial charge dislTibutions of the -P and ‘^D terms are different. 
With this simplification of the problem the charged distributions need 
be determined for j = I + \ and positive m only. 



Fig. 9.7. — The angular factor Pe ‘>f the probability density i/'iA*, plotted as a function 
of the angle 0. The .shaded areas indicate spherical symmetry presented by two or four p 
electrons, or four or six d electrons. 


For j = I \ the probability density on the Dirac theory is 
written 

= Pe • Pr == + pnipnv^ • + cAi ( 9 . 28 ) 

The first part of the solution is a function of the angles ip and 9 alone. 

Po = MllPUiPlU + PrtlPUn (9.29) 

where the angular normalizing factor in the form given by Roess^ is 
Ml = [iw{l + w -f- 1)K/ - (9.30) 

From Eqs. (9.19) and (9.29) it may be seen that the angle (p occurs 
in each polynomial in the form of an exponential e'”"^ and is always 


' Roess, L. C., Phys. Rev.y 37, 532, 1931. 
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to be multiplied by its complex conjugate This gives a constant 

for all m values. Exactly the same result is obtained on the Schrodinger 
theory, which indicates that the probability density is symmetrical 
about the (p (magnetic) axis for all states. Leaving out the factor 
l/ 47 r in the normalizing factor MJ, the probability density Pe for a 
number of states is given in Table 9.2 and is shown graphically in Fig. 
9 . 7.1 

Hartree has shown that for electrons with the same n, Z, and y, the 
probability density summed over the states w — +|tom = -fy presents 
spherical symmetry. In this case spherical symmetry is shown by 

m == -f; 

Pe = constant, (9.31) 

m = + i 

given in the last column of Table 9.2 and graphically by the shaded 


Table 9.2. — The Probability Density as a Function of the Angle 0 



areas under the straight lines in P'ig. 9.7. Since the probability density 
for the negative m states is the same as that for the corresponding 
positive m states, the sum of the probability densities for all negative m 
states is also a constant. This means that four electrons in "^Pi states 
or two electrons in states will form a spherically symmetrical charge 
distribution.^ Another and similar consequence of the Dirac theory 
is that a single electron in a stat.e is two electrons in a ^P^ state 
present spherical symmetry. Not only are all S states, formed from a 

1 White, H. E., Phys. Rev., 38, 513, 1931. 

2 These correspond to the j^-coupling states | ^ |)e and (| i)o in Fig. 14.21. 
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single s electron or from a completed subshell of any type of electrons, 
spherically symmetrical, as on the Schrodinger theory, but, also, all 



Fio. 9.8. — The angular factor Pq of the probability density ij/xp* plotted in angular 
coordinates. Above and below the quantum-mechanical electron distributions the corre- 
sponding classical electron orbits are shown oriented in each case according to the model 
U, s*, j*, and m. 

one-electron systems with but one valence electron and that in a 
state. The normal states of B, Al, Ga, In, and T1 are examples of 
this. 



144 


INTRODUCTION TO ATOMIC SPECTRA 


[Chap. IX 


If angular coordinates are used in plotting Pe a number of interesting 
correlations with the classical orbits may be made. Bueh angular 
distributions are shown in Fig. 9.8 for s, 7 ?, d, and / electrons. Above 
and below each density figure the corresponding classic^il orbits are shown 
oriented in each case according to model a (see Fig. 4.8}. On this model 
the angular momentum vectors Z* = a/ZIZ + 1) and .s* = \/,s*(,s* d- 1 ) 
are combined to form the resultant /* - V/(j + j"" in t\irn being so 

oriented that its projection rn on the if axis takes half-integral values 
m = ± 2 , ±Ij ± 2 , ' ■ * It may be seen from the figures that in 

the prccessicui of I* about/* and the simultaneous precession of /* about 
the if (magnetic) axis the electron orbit fills out a figure in space not 
greatly unlike that of the (plant um mechanics. The density curves 
are symmetrical about <p. The orbit normal Z* is shown for the four 
positions it takes when in the same meridian jilane (the plane of the 
paper). In order to illustrate an orbit rather than its straight-line 
projection, the orbit plane is tipped slightly out of the normal to Z*. 
While the classical models h, c, and d may also be compared with the 
probability curves of Fig. 9.8, model a seems to be in the best general 
agreement. It should be pointed out (hat the electron is not confined 
to the shaded areas in each probability curve, but that the magnitude 
of a line joining the center to any point on the (‘urve is a measure of th(i 
probability of the electron lieing found in the direction of that line. 
From the physical standpoint it is interesting that Pe becomes z(to 
for 0 == 0 and tt only. The electron can pass thendore from any region 
to another without going through a node of zero ])robability. This is 
also true for the radial factor as will be shown. 

9.7. The Radial Distribution of the Probability Density P, - For 
j = I I the probability-density factor is [sec Fq. (9.28)], 

P, - -f f/p. (9.82) 

The radial normalizing factors AP, have hvvn given by lioess as 

(N +_n,)( 2 A-)'^^*^ T(2/; m 88 ^ 

“ n.!2Aqr(2p + l)r“1(A^> I + i)‘“' + fh{nr + 2p)\' 

which from tables of the gamma function are readily evaluated. The 
radial function F\y as compared with G 7 , is extremely small and for 
hydrogen is of the order of magnitude of the square of the fine-struct-ure 
constant. If a is set ccjual to zero throughout the radial equations 
the gamma functions become simple factorials, F? vanishes, and Pr 
reduces to the radial factor of the Schrodinger theory {Rn,iV (see Chap. 

Since the radial densities on the Schrodinger and Dirac theories 
are so nearly identical, it is difficult to show their differences graphically 
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However, by splitting; up Ml{F\ + Of) into two parts MfFf and MfOf, 
curves may be given for each on different scales. In Fig. 9.9, for example, 
curves for the 4p, state are drawn. The factors MfGj and Mff 'j 
are shown by the dotted lines in the top and middle figures, respectively. 
Multiplying by the density-distribution curves (shaded areas) arc 
obtained. The main reason for representing the density distribution 
in this way is to show that the zero points of each of the two upper 



Fig. 9.9. — Tho radijil factor of tlje i>rohal)ility dpiiwity t’or the sfsite 4p,*P|. 
The spin correction (inid<lle fiRuro) added to the SehrtxiuiKer distribution (upper figure) 
gives the Dirac distribution (lower figure). 


curves, other than those points at r = 0 and r = <», occur at different 
values of r. While the resultant curve + Gf) in the lower 

figure is almost identical with the top figure for 47rr^MfGff it does not 
come to zero at the two points near r = 6 and ?' = 14. The difference 
at these two points only has been exaggerated in the bottom figure. The 
slight shift in the probability density, due chiefly to the addition of the 
F function, produces the fine-structure shift of the hydrogen energy 
levels. This will be given in Sec. 9.9. The classical 4p orbit shown in 
the last figure is drawn according to model a. As in the case of the 
Schrodinger theory, the density distribution differs greatly from zero 
only within the electron-nuclear distance of the corresponding classical 
orbits. 
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9.8. The Probability-density Distribution — Attempts to bring 

together the probability factors Pe and Pr into one single picture for 
have been somewhat successful. With a spinning mechanical 
model,' photographs have been made which represent the Dirac electron 
cloud for a number of the simpler hydrogen states. The photographs 
given in Fig. 9.10 were taken from the equatorial plane of the model. 








Fio. 9.10. — Photographs representing the Dirac electron cloud for a number of the 
simpler hydrogen-like states made by means of photographing a mechanical model. The ^ 
(magnetic) axis is vertical and in the plane of the paper. The scale for each state is given 
below each symbol in AngstrSm units, 

SO that the <p (magnetic) axis is vertical and in the plane of the paper. 
While these photographs were made to represent the electron cloud 
and not simply cross sections, the latitude lost in photograph copying 
and printing makes them appear as cross sections. The states repre- 
sented are given beneath each figure. Since states with negative m 
values are identical with the corresponding positive m states, only 
one picture is given for both +?» and — m. The electron cloud for each 
state, given in brackets, is so nearly like the figure given for the unbrack- 
eted state that the difference is not distinguishable in such a photograph. 
The scale in Angstrom units for each state is given beneath each symbol. 

Graphical comparisons of the classical electron orbits, without 
spin, have shown (see Chap. IV) that the electron path closely follows 

^ Wbits, H. Phy. 88, 613, 1931. 
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the probability density on Schrodinger’s theory. Introducing the 
ele(*tron spin into the classical model, the orbit in a weak field no longer 
prec^esses about the magnetic axis but about the spin-orbit resultant j*, 
and j* in turn precesses about (p (or H), Corresponding to this change in 
space quantization is the change in the d factor of the probability density 
brought about by introducing the spin through Dirac^s theory. 
Radially, however, little change has occurred in either the orbital or 
the quantum-mechanical model This might have been expected, 

since the main part of the energy in hydrogen is given by the radial 
factor in \p and the introduction of the spin has added only the fine- 
structure corrections to this energy. 

9.9. The Sommerfeld Formula from Dirac’s Theory. — Gordon^ has 
shown that Bommerfeld^s fine-structure formula [Eq. (9.4)] may be 
derived from Dirac’s theory of the hydrogen atom. Gordon obtains 
for the term values of E(|. (9.4), 


r = 




- -f 

■Jt 


f9.34) 


where j' is a new quantum number given for the various terms by the 
values given in Table 9.3. 
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Since f occurs as the sxiuare only, the minus sign can be neglected. 
13ue to this fact can be replaced by (j -f and Kq. (9.34) becomes 


T — 4- _ - \ 

h\ {n~j-\ + Vj + if- 


+ 


PLC 


(9.35) 


Expanding, following Sommerfeld’s treatment,- and dropping all but 
the first two terms, 


-1 

V + i 4n/ 


(9.36) 


The first term gives the Balmer terms and the second the corrections 
given by Eq. (9.14). 


^ Gordon, W., Zeiis. f. Phys., 48 , 11, 1928. 

2 See Sommerfeld, A., “Atomic Structure and Line Spectra,** p. 477, 1923. 
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Problems 

1. Calculate the fine-structure pattern for the electron transition n 3 to n 2 
for ionized helium. Determine the wave-length at which this line is to be found, and 
compare the fine-structure intervals in Angstroms with those of in hydrogen. 

2 . Construct radial-density-distribution curves for a and stjiles 

fsc(; Fig. 9.9). 



CHAPTER X 

ZEEMAN EFFECT AND THE PASCHEN-BACK EFFECT 


10.1. Early Discoveries and Developments. — In the year 189€ 
Zeeman^ discovered that when a sodium flame is placed between the 
poles of a powerful electromagnet the two lines of the first principal 
doublet are considerably broadened. y/Lorentz pointed out that this 
phenomenon is in harmony with the electron theory of matter and 
radiation proposed by himself. He predicted from theoretical con- 
siderations that the light from these lines should be polarized by the 
magnetic field, circularly polarized if viewed in a direction parallel to 
the lines of force, and plane polarized if viewed at right a^les to the field. 
These predictions were later verified by Zeeman by liieans of Nicol 
prisms as analyzers. , 

It has been shown from the simple classical theory of Lorentz that, 
if a light source be plac^ed in a magnetic field, the motions of the electrons 
should be modified in such a way as to change their periods of motion. 
In the simple case of an electron moving in a circular orbit, the plane 
of which is normal to the field direction //, the electron will be speeded 
up or slowed down by an amount which depends upon the magnetic 
field strength //, the masg and charge on the electron, and the velocity 
of light. A classical treatment of this problem shows that if uq represents 
the orbital frequency of the electron without field, the fn^fjuency in 
the presence of a field will be given by vo ± Ac, where [see Eqs. (3.50) 
and (3.59)] ^ ’ 


A - I 


( 10 . 1 ) 


If the field is normal to and up from this page of the book, then 
electrons moving in a counterclockwise direction in the plane of the 
paper are speeded up by an amount Ar and those moving in a cl ockw ise 
direction are slowed dowm by the same amount. It wall now be shown 
how these modifed motions have been employed in giving a classical 
explanation of the normal Zeeman eff(^ct. 

In the following explanation we are concerned with an assembly 
of electrons moving in orbits oriented at random in space. We start 
by selecting one of these orbits and resolve the motion into three com- 
ponents along three mutually perpendicular axes (see Fig. 10.1a). The 

1 Zeeman, P., Phil Mag., 6, 43, 226, 1897. 
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motion of the electron is here pictured as consisting of three simple- 
harmonic motions, one along the x axis, one along the y axis, and one 
along the z axis. When this resolution is repeated for all of the elect rons, 
the average amplitude of all the motions along each axis will be the 
same. If now, in the absence of a field, the electrons are emitting 
light and w'e observe the radiation in the x direction, only the light 
from the // and z motions will be observed. Since those motions are pro- 
jections from all orientations, this light will be unpolaHzcd. Thus, in t he 
absence of a field, the light observed in any direction is unpolarized. 



If now we return to Fig. 10.1a, wduch represents the three harmonic 
components of a single orbital electron, and apply a magnetic field 
in the direction of the z axis, the x and y moUons will be modified and 
the z motion will remain unchanged. Moving transversely to the fi<dd, 
the X and y motions will lake the form of rosettes as shown in Fig. 10.1/;.^ 
riiis is the same type of motion as om^ encounters in the Faraday efiect. 

These apparently complex motions can be described to better advan- 
tage in terms of circular motions somewhat as follows. The simple- 
harmonic motion given by the y component of Fig. 10.1a, for example, is 
e(juivalent to the resultant of two equal but opposite circular motions 
and y~ as shown in Fig. 10. Ir. Similarly the x component can be 
represented by tw^o opposite circular motions :r+ and x“. When the field 
is applied, the x"^ and rotations will be speeded up by an amount 
Av [see Eq. (10.1)] and the x' and y~ rotations wdll be slowed down by 
the same amount. (The faster a*’’" motion combined wdth the slower 
motion results in Fig. 10.16.) The and motions and the xr and y~ 

1 The electrons are here moving at right angles to the field, and they therefore 
experience a force at right angh^s to their motion the direction of which depends upon 
the direction of the field and the direction of the motion. 
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motions are now combined, as shown in Fig. lO.ld, to form plus and 
minus resultants. Thus the motion of a single electron in a magnetic 
field is represented by a linear motion along the field direction with 
unchanged frequency vq and two circular motions at right angles to 
this, one with the frequency + A?' and the other with frequency 

— Av, On summing up such motions for all of the electrons, the 
result will be the same as if one-third of the electrons are moving with 
unchanged fre(|uen(^y along the z axis, one-third moving with a counter- 
clockwise circular motion normal to z of frequency vo -f Aj', and the other 
third moving with clockwise circular motion normal to z of frequency 

— \v (see Fig. 10.1c). 

We are now' interested in the nature of the light that should classically 
be radiated from these motions. When viewed in the direction of the 
field, only the circular motions arc observed and these as right- and 
left-handed circularly i)olarized light (Fig. 10.1/^). Since light is a 
transverse wave motion, the z motions wall not emit light in the field 
direction. When viewed perpendicular to the field, the z motions are 
observed as plane-]:)()lanzed light with the electric vector vibrating 
I)arallel to the field, and the circular motions, se(ui edge on, are observed 
as plane-polarized light with the electric vector at right angles to the 
field. A spectrum line viewed normal to H should therefore reveal 
three plane-polmized components (see Fi^lO.lzt), a center unshifted 
line and two other lines equally displaced one on either side. This is 
called a vormal^t^ld. The abbreviation p stands for a vibration 
parallel to the field and s {Hvnkrecht) stands for a vibration nqrffial to 
the field. The experimental agreement with the direction of rotation 
of the circularly polarized components is proof that the radiation is due 
to moving negative electric charges. 

In Zeeman's early investigations he w^as not able to split any lines into 
doublets or triplets, but he did find that they w^ere widened and that 
their outside edges were polarized as predicted. He w'as later able to 
photograph the tw^o outer components of lines in a number of the ele- 
ments, Zn, Cu, Cd, and Sn, by cutting out the p components with a 
Nicol prism. Preston^ using greater dispersion and resolving power 
was able to show not only that certain lines were split up into triplets 
when view^ed perpendicular to the field, but that others were ^lit into 
as many as four and even six components (see Fig. 10.2a). He also 
pointed out that the pattern of all lines (usually called Zeeman patterns) 
belonging to the same series of spectrum lines was the same and was 
characteristic of that series. This is now known as Prestor^^jJkiW, With 
Preston's law firmly established, the Zeeman effect haa^ been, and still 
is, a powerful tool in spectrum analysis. 

1 Preston, T., Phil. Mao.. 45 , 325, 1898. 
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From Lorentz's classical treatment of the Zeeman effect (Fig. 10.1) 
the shift Av of the s components from the unshifted p component (see 
Eq. 10.1) is given by 


Uk.^ J n /s VJ.U JUT VMA f 

where Av is in wave numbers, H is the field in gauss, c is the velocity 
of light, and e is the charge on the electron in electrostatic units. Zee- 


^ o VVo'/e-L€n9ths 


Zeenfian Effect tn the Chromium Spect«"um 

'Anomalous Zeeman effect as observed in the neutral spectrum of chromium 
(After Babcock,) 


Sodium Principal Doublet 


Norm^af Triplet 


Anomoibus Patterns 


Zinc Sharp Triplet 


Weak field 


Anomalous Patterns 


Fio. 10.26. — Normal and anomalous 2Seeman effect. Viewed perpendicular to the magnetic 

field. 


man patterns lowing just three lines with exactly these separations 
are called rmfi MJn plets, All other line groups, as, for example, the 
complex patteruBobserved in the chromium spectrum (see Fig. l(1.2a), 
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are said to exhibit the anomalous Zeeman effect. One of the most impor- 
tant of the early investigations of the anomalous Zeeman effect was 
carried out by Paschen and Runge.^ Each member of the principal 
series of sodium, copper, and silver was observed to have 10 components 
as shown in Fig. 10.26. The sharp-series triplets in mercury are still 
more complicated, the strongest line in each triplet having nine com- 
ponents, the middle line six, and the weakest line only three. This 
last line does not form a normal triplet since it has twice the norma/ 
separation. 



Fig. 10.3. — Schematic represent ation of anomalous Zeeman patterns viewed per- 
pendicular to the field and showing polarization (ji-compononts above and s-components 
below), relative intensities (heights of lines), and intervals (dotted lines). 

In 1907 Runge made an important contribution to a theoretical 
explanation of the anomalous Zeeman effect by announcing that all 
known patterns could be expressed as rational multiplofc^jf the normal- 
triplet separations. If, for example, L represents the shift of the 5 
components from the unshifted line, as given by Lorentz^s formula, 
then the principal- or sharp-series doublets (see Fig. 10.3) may be 
expressed as 

±IU ±^L, ±'^L 

and the principal- or sharp-series triplets are expressed as 

' ^Sl — ^P2y Oj ±2^ ± IL ± IL ± |L 

^Si - ±iL ± fL ± |L 

- 3Po, 0, 

this is now known as Runge^s law. v 

10.2. The Vector Model of a One -electron System in a Weak Mag- 
netic Field. — Soon after the discovery of the anomalous Zeeman effect 

^ Paschen, F., and C. Runge, Astrophys. Jour., 15, 235, 333, 1902; Phys. Zeits., 
3. 441. 1902. 
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came the development of the Lande vector model of the atom and the 
calculation of the famous Lande g Jactor. The accuracy with which 
this model, with its empirical rules, accounted for all observed Zeeman 
patterns, and predicted others which were later verified, is one of the 



FicJ. 10,4. — Splilting up of an energy level in a w(‘ak inagnelit; fielil. 

drawn for the ease where j ]. 


This figure is 


marvels of scientific history. With the advent of the spinning; electron, 
and later the quantum mechanics, Landc’s vector model g^ave \say to a 
more satisfactory and, at the same time, a simpler semiclassical model. 
It is with this simplified model and its adecfuate account of the Zeeman 

effect that we are concerned in this 
chapter. 

Experimentally it is observed timt 
in a weak field each spectrum line 
is split up into a number of compon- 
ents forming: a symmetrical Zeeman 
pattern, and that, in "eneral, the widt h 
of any given pattern is not greatly 
different from that of a norngTlriplet . 
Theoretically this effect is attributed 
to a splitting up of the energy levels 
into a number of predetermiraal 
equally spaced levels (see Fig. IG.l). 
Transitions between two sets of the^e 
levels, subject to certain selection and intensity rules, give rise to the 
observed spectral frequencies. 

Before attempting a calculation of these Zeeman levels it is well 
that we formulate some picture of the atom in terms of the semiclassical 
model. In Fig. 8.8, we have seen that the orbital angular-momentum 
vector I* and the spin angular-momentum vector 5* precess with uniform 
speed around their resultant j*. When the atom is placed in a weak 
magnetic field, the magnetic moment /i, associated wdth the total mechan- 
ical moment pj — j*h/2Tr causes the atom to precess like a top around 


H 



Fi<i. 10. fi. (’la.ssiciil procession of a 
single vak'iu't* eloctroa around the fieki 
direct loM fl. 
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the field direction H (see Fig. 10.5). The quantum conditions imposed 
upon this motion (see Sec. 9.6) are that the projection of the angular 
momentum j*hl2w on the field direction H will take only those values 
given by r?i/i/27r, where w ± + 1, ± | , ±j. In other words the 

projection of j* on II takes half -integral values from to —j only. 
I'he discrete orientations of the atom in space, and the small (‘hange 
in energy due to the precession, give rise to the various disgrgte Zeeman 
levels. While the number of these levels is determined by the mechanical 


moment i*/i/27r, 4he magnitude of 
the separations is determined by the 
field strength II and the magnetic 
mon lenl /x.> In field-free spa(‘e an energy 
level is defined by the three (pinntum 
numbers ii, I, and j. In a weak magne- 
tic field an additional orfourthquantum 
nuinl)(‘r m is necessary to define the 
state. 

10.3. The Magnetic Moment of a 
Bound Electron. — To determine the 
magnitude of the sepai:iitions between 
Zeeman levels, it is essential that we 
first determine the total magnetic 
moment of the atom. In the simplest 
cavse to be considered here the atom 
core and nucleus will be assumed to 
have zero magnetic and mechanical 
moments so tluit any moments attri- 
buted to the atom must be assigned 
to a single valence electron. Later it 
will be shown where these assumptions 
are justified. 

According to the classical theory, 
the ratio between the magnetic and 



Fiti. 10 f>.— Vector model showinj; 
the mag:netir and mechanical momenta 
of a aingle valence electron. 


mechanical moments of an electron in an orbit [see Eq. (3.52)] is given by 


Pi 2 me 


( 10 . 2 ) 


Just as observations of the fine structure of spectrum lines show 
that the mechanical moment of the spinning electron is given by s*h / 27 r, 
where s* ~ -f 1) and s = I, so the anomalous Zeeman effect 
shows that the ratio between the magnetic and mechanical moments 
for the spinning electron is just twice that for the orbital motion, i,e., 



(10.3) 
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This result has also been derived theoretically on the quantum mechanics 
(see Chap. IX). 

A schematic vector diagram of the magnetic and mechanical moments 
is shown in Fig. 10.6. Here it is seen that the resultant magnetic 
moment mc* is not in line with the resultant mechanical moment j*kf2Tr. 
Since the resultant mechanical moment is invariant, Z*, jjn^ /Zs, and 
juz.s process around j*. As a result of this precession, only the component 
of jjLi,8 parallel to j* contributes to the magnetic moment of the atom. 
This may be seen by resolving /x/.s into two components, one parallel to 
j* and the other perpendicular. I'he perpendicular component, owing 
to the continual change in direction, will average out to zero. The 
parallel component jj,, may be evaluated as follows: 

By Eqs. (10.2) and (10.3) m/ ‘‘^nd are given as 




2t 


c ergs 
2mc gauss* 


rind jjLs 


2 . • 
27r 2mc gauss ’ 


( 10 . 4 ) 


and their components along ./* are given as 


Component mi = ■ 2 ^ ws . 


Component = 2 • .s* 


27r 2mc 


cos y 


Adding those, we obtain 


( 10 . 5 ) 


M; = [I* COH + 2s* cos 


2me 


( 10 . 6 ) 


Since the last two factors in this ecjuation are equivalent _to one Bohr 
magneton [see Eq. (3.57)], the quantity determined by the bracket 
gives the total magnetic moment of th(^ atom in Bohr magnetons. This 
bracket term is readily evaluated by setting it equal to^* times a constant 



j* ■ g = l* CO.S + 2.S-* co.s 

(10.7) 

Making use 

of the vector model and the cosine law that 



5*2 1*2 y j*2 _ 2l*j* COS J 

(10.8) 

we obtain 

9*2 4_ 7*2 _ 5j*2 

1* cos {l*j*) = ■ ‘ 

(10.9) 

Similarly, 

9*2 _ 7*2 1 q*2 / 

5* COS = -- 

(10.10) 

Substituting these two cosines in Eq. (10.7), we get 



J*2 + ^,*2 _ 1*2 J 

(/ = ! + ■■ 2i*2 ’ * 

(10.11) 
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in terms of the quantum numbers I and j and the spin s, 

„ _ 1 . Kj+i)+ s(s +1) - ^ / 

^ ' 2jU+l) 


( 10 . 12 ) 


The importance of this g factor cannot be overemphasized; for it 
gives directly the relative separations of the Zeeman levels for the 
different terms. ^ We shall now see how this comes about. 

10.4. Magnetic Interaction Energy. — By Eqs^ (10.6) and (10.7) the 
ratio between the total magnetic and mechanical moments of the atom, 
jdj and Ply is just 


ttl n - 

Pj ^ 2mc^ 


(10.13) 


where p^ = jVi/2Tr The precession of j* around H is the result of a 
torque acting on both P and s*. Due to the electron's anomalous spin 
magnetic moment, s* tends to prec'css twice as fast around II as does Z*. 
If the field is not too strong, the coupling between Z* and s* is sufficiently 
strong to maintain a constant j*, so that this resultant processes with a 
compromise angular velocity, by Larmor's theorem [Eq. (3.58)], given 
by g times the orbital pre(‘ession angular velocity 


CO 


L 



(10.14) 


The total energy of the precession is given by the precessional angular 
velocity col times the component of the resultant mechanical moment 
y*/i/27r on the axis of rotation II 

r~ 

AW = cos iril) = II ■ cos {j*H). (10.15) 


^ The values of g given by Ecj. (10.12) are exactly the same as those given by 
Lande's model. 

2 In any experiment like the Stern-Gerlach experiment {Zeits. f. Phys,, 8 , 110, 
1922), iierfornied for the purpose of determining the magnetic and mechanical moment 
of the atom, the moments ju, and pj are oriented at some angle with the field just as 
in the Zeeman effect (see Fig. 10.7). What one measures in this experiment is the 
component /x of the resultant magnetic moment along H. By theory we say the 
component of m will be m = M; cos and the component of j*h/2r: along H will 

be mh!2ir, where m takes values differing from each other by unity from m — -\~j 
to m = — j. 

^ The magnetic energy can be considered as the energy of a permanent magnet of 
moment at an angle 6, in the field H, or as the added kinetic energy of the electron’s 
orbital motion. If, in the case of a circular orbit normal to the field, E represents 
the kinetic energy before the field is applied, and E' = ^/(w + col)* the kinetic energy 
after, then the change in energy is just aE = E' — E - ilwl -j- /wcol. Since the 
added field does not change the size of the orbit, I remains constant. With co > > col? 
the first term is negligibly small and the energy change is given by the product of the 
mechanical moment, /co = j*h /2Tr, and col . 
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In terms of the magnetic quantum number m, j*hl2Tr • cos (J*H) is just 
equal to so that^ 


A1^ = // • g.-- • m 
'^2mc 


4 ■ <‘'>•’0' 


Dividing by /ic, the interaction energy in wave numbers becomes 

= (10.17) 

With g — 1 this equation reduces to Lorentz^s classical formula [Eq. 

( 10 . 1 )]. 

Since the field // is the same for all levels of a given atom, it is con- 
v'enient to express the Zeeman splitting in terms of what may be called 
the Loren/z unit^ L = He! Airmen and write simply 

—AT = m • g la cm~^ (10.18) 

It should be emphasized that AT is the change in energy for each in 
level fnan the original level, and that the shift is proportional to the field 
strenjjth II, With m = ± 2 , ±'\> ±], ' ’ ‘ y ±./, the g factor is seen 
to be (>f primary importance in the splitting of each level. Values of 
the g factor for doublets are given in Table 10.1 and, along with them, 
values of the corresponding splitting factors mg. 

Table 10. 1.— The liANUE g Sai tohs and the Splittinc; Faotous mg fok Doublet 

Terms 


1 

T<*rrn 


mg 

0 


1 

f i 



__ 

i 1 

1 


4 

•» 

U, ±l 


■‘Di 

t 

-t*, ±8 

'1 


E 

+J, tl, ±V 



? 

±l ±l ±V 



i ’ 

±i, .-tv, +V, ±V 


1 '^3 

8 

& 

±i, ±V, ±¥. +V 

4 



±8, ±V, +¥, +¥- 


Consider, for example, the splitting of a level in a weak magnetic 
field. Withy = I, there are four magnetic levels m = |, i, —i, and 
shifted from the field-free level by tng = 4 , — J, and — J. A graphical 

* Here m, the magnetic quantum number in the numerator, must not be confused 
with m, the mass of the electron in the denominator. 
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representation of this splitting is shown in Fig. 10.7, where the vector 
j* is shown in the four allowed positions. Multiplying j* by g and pio- 
jecting the product on the H axis, the displacements rng shown at the 
left are obtained. 

Referring now to the spin-orbit interaction energy [Eqs. (8.17) ano 
(8.20)], which gives rise to the doublet fine structure, and to the equation 


H 



Pk;. 10.7.- onoiitatum cliafj^rum an .atom in a Htat-c .showing Iho resultant 

Ze«’inan level* \n a weak maRnetie fieUl. 

just derived from (he Zeeman splitting, the complete term value T of 
any magnetic lev(‘l may be written 

T --- - r - mg - L. (10.19) 

To is the term value of the hypothetical center of gravity t)f the field-free 
(loublet, r is ihe fine-structure shift, and mg • L is (he magnetic shift . 

10.6. Selection Rules. As an example of the calculation of Zeeman 
patterns, consider the simple case of a j)rincipal-series doublet like the 
sodium y^*!iovv /> lines XX5890 and 5896. The g factors for the initial 
and states and ffir the final state (see Table 10.1) are J, tmd 
2, respectively. The splitting of each of these levels is shown schemati- 
cally in Fig. 10.8, starting with the field-free levels at the left. I'he 
dotted lines in each (uise rc'present the centers of gravity of the associated 
levels. 

The theoretical selection rules for transitions between levels, in 
agreement with observations, may be stated as follows: In any tratmtion 
the magnetic quantum number rn changes by -fl, 0, or —1, i.c., 

Am = 0, ±1. (10.20) 

For the stronger of the two field-free lines there arc six allowed transi- 
tions and two forbidden transitions. For the other line there are four 
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allowed transitions. The observed and calculated patterns are shown 
at the bottom of the figure. 

Polarization rules derived from the classical theory as well as the 
quantum mechanics are found to hold experimentally. These rules 
may be stated in the following way : 


Viewed JL to field 
Viewed H to field 


tAm = ±1; plane polarized ± to //; s components 

= 0; plane polarized H to 11) p components 

jAm ~ ±1; circularly polarized; .s components 

|A7u = 0; forbidden; p components 


10.6. Intensity Rules. — The intensity rules for field-free energy 


levels, first derived from experimental observations by Burger, Dorgeie, 



Ca'c 


Obs 

Fn;, 10.8.-- Zeornan effect of a priiicip.il -series dowblet. 

and Ornstein (see Sec. 8.3) are readily slmwn to follow directly from 
the intensity rules for the sam(‘ levels in a weak magnetic, field. In 
short these rules may be stated as follows: 

The sum of all the transitions starting from any initial Zeeman level 
is equal to the sum- of all transitions leaving any other level having the same 
n and I values. The sum of all transitions arriving at any Zeeman level 
is equal to the sum of all transitions arriving at any other level having the 
same n and I values. 

For any given field-free spectrum line these rules are better expressed 
in terms of formulas which have been derived from the classical as well 

^ For a t;lassical derivation of th^ intensity rules, based on Bohr’s correspondence 
principle, see J. H. Van Vleck, “Quantum Principles and Line Spectra,” Nat. Research 
Council, Bull., Vol. 10, 1926. 
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as the quantum-mechanical theories. These formulas may be abbrevi- 
ated as follows: 


Transition j 
Transition j —> j + 1 


\rn ' 

(m - 
\m - 


m ± 1, / = ^ (i ± w + l){j + w). 21) 

m y ^ — ^A7n^. 

?n ± 1, 7 = B(j ± 7n l){j ± m 2). 
m , 7 - ABU + w + 1) (i - rti + 1). 

(10 22 ) 


A and B are constants that need not be determined for relative intensities 
within each Zeeman pattern. These formulas take into account the 
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Fig. 10. e. — Zocman pattcniB for all of tlu> (‘oinnionly observed doublet transitions. 'I'he 
dots represent normal triplet separations. 


fact that, when the radiation is observed perpendicular to the field 
direction, only half of the light making up the s components of a pattern 
is obser\ ed. Observations parallel to the field give the other half of the 
s components^ intensity. The above given rules and formulas applied 
to the principal doublet in Fig. 10.8 give the relative intensities shown 
at the top of the arrow^s. The same values are indicated by the heights 
of the lines shown at the bottom of the figure. The sum of all transitions 
starting from any level in the figure is 12, and the sum arriving at either 
of the lower levels is 36. (In obtaining these values the s components 
must be multiplied by 2.) Experimentally, the p or s components may 
be photographed separately by inserting a Nicol prism in the path of 
the light coming from the source between the poles of an electromagnet. 
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Zeeman patterns for a number of doublet transitions are given in 
Fig. 10.9. These calculated patterns are in excellent agreement with 
all experimental observations. It is particularly interesting to see how 
closely the ditTerent lines group themselves around the normahtriplet 
separations, which are indicated in the figure by dots. Normal Zeeman 
triplets, as will be seen later, arise in special cases and in particular for all 
lines belonging to a singlet series, where the g factor for both the initial 
and final states is unity. 

A method frequently employed for a rapid calculation of Zeeman 
patterns will be given briefly as follmvs. The separation factors mg, 
for both the initial and final states, are first written down in two rows 
with equal values of m directly below^ or above each other. For a 
transition they are: 


m 

tug initial state 


7ng final state 


1 1 

■2 *2 

? — ? 


2 

u 


” i 


- l/i 



In this array, the vertical arrows indicate the p (*onipon(‘nts. Am = 0, 
and the diagonal arrow\s the components. Am =4 1. The differences 
expressed with a least common denominator are as follows: 


\'ertical Differences 
p Components 

-i- « -LI — 1 _ n 

I 1 T) > I 1 T) > T T) J 1 o 

111 short these may be abbreviated, 


Diagonal Differences 
Components 

-LI"* _( 1 7 4 1 '> 4 1 


^ (±1), (±3), ±15, ±17, ±19, ±2D 

15 


the four p components being set in parentheses, followed by the eight 
s components (see Fig. 10.9). 

A simple qualitative rule for the intensities has been given by Kiess 
and Meggers as follows: If the j values of the two combining terms 
are ecpial, the vertical differences at the end of the scheme, and t,he 
diagonal differences at the center, give the strongest p and s components, 
respectively. If the j values are not equal, as in the case showm above, 
the vertical differences in the middle of the scheme and the diagonal 
differences at the ends give the strongest p and s components, respectively. 

10.7. The Paschen-Back Effect. — In deriving the interaction energy 
betw'een an atom containing one single valence electron and an external 
magnetic field, it w^as assumed that the field was weak as compared 
with the internal fields due to the spin and orbital motion of the elec- 
tron. When the external field becomes greater than these internal 
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fields the internal motions are greatly perturbed and the atom gives 
rise to the so-called Paschen-Back effect. 

Just as the doublet fine-structure separations are a measure of the 
classical frequency with wdiich I* and s* precess around their resultant 
j* (see Bee. 10.4), so the Zeeman separations of the same energy states 
in a weak magnetic field are a measure of the frequency with which 
processes around //, Jn calculating ^ 

the Zeeman separations in Sec. 10.4, it 
w as tacitly assumed that the precession 
of I* and s* around ;/* w as much faster 
than that of j* around //. This w as 
ne(‘essary in order that the components 
of I* and s* normal to j* average to 
zero and do not appreciably perturb 
the other precession. If now^ the field 
7/ is increased until the tw o precessions 
are of the same order of magnitude, 
then the Zeeman levels of the doublet 
will begin to overlap, there will be no 
averaging to zero, and Eqs. (10.17) 
and (10.19) will not hc^ld. Under these (conditions the coupli ng between 
Z* and .s* will be partially broken down, the classical motions of Z* and 
s* will become complicated, and j* will no longer be fixcni in magnit udc. 
As the field // is stilP further increased, I* and s* will soon become 



Fkj. lU.lO. Vector model for the 
Paseh(‘n-Baek effort whore the field is 
HO Btronji that Z* and tt* proeosH independ- 
ently around the field direction //. 



Fig. 10.11. — Space-<iuantization diagrams for p and d electrons in a strong magnetic field, 

Paschen-Back effect. 


quantized separately and precess more or less independently aro^d // 
(see Fig. 10.10). This isThe Paschen-Back e^ect.^ 

The quantum conditions in a strong Pa*schen-Back field are: (1) 
The projection of I* on 77 takes integral values from mi = -fZ to = — Z. 
(2) The projection of s* on 77 takes one of the two values m, == -f|, or 
^ Paschen, F., and E. Back, Ann. d. Phys., 39 , 897, 1912; 40 , 960, 1913. 
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— For a p electron with ^ = 1, 5 == ^, there are six possible states 
mi = 1, 0, and —1, when | or —J. Space-quantization diagrams 
of these cases are given in Fig. 10.11. Since for every electron there 
are two values of and 2Z + 1 values of mi, there are 2(2/ + 1) com- 
binations of the quantum numbers corresponding to 2(2/ + 1) different 
states of the atom. As might be expected, this is exactly the number of 
weak-field levels. 

The total energy of the atom in a field strong enough to give the 
Paschen-Back effect is made up of the three parts: (1) the energy due 
to the precession of I* around H; (2) the energy due to the precession of s* 
around II; (3) the interaction energy between I* and s*. By Larmor’s 
theorem [Eq. (3.58)], the precessional angular velocities are given by // 
times the ratio between the magnetic and mechanical moments : 


= and ws* = 

2mc 2mc 


(10.23) 


Since the ratio between the magnetic and mechanical moment for the 
spin of the electron is twice the orbital ratio, s* should, on the classical 
picture, precess twice as fast as I*. Multiplying each of these angular 
velocities by the projection of the angular momentum on H [see Eq. 
(10.15)], one gets the first two terms of the energy: 


AW i.H 
AW,ji 


= cos (/*//) = 

2mc 2t 2mc 27r 

= 2H~ cos {s*n) = 

2mc 27r 2mc 2x 


(10.24) 

(10.25) 


The sum of these two energies accounts for the main energy shift 
from the unperturbed energy level and is 

eh 

AW li = {mi + (10.26) 

Dividing by he, the term shift in wave numbers becomes 

He 

— ATh = (m/ -h 27ns) ^ (10.27) 

or in Lorentz units of lief Awme^, 

~ATh - {mi -b 2m,)L cm~b (10.28) 

To this magnetic energy the small correction term due to the inter- 
action between I* and s* must be added. Although these two vectors 
precess independently around H, each motion still produces a magnetic 
field at the electron which perturbs the motion of the other. This 
interaction energy, though small as compared with that due to the 
external field, is of the same order of magnitude as the fine-structure 
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doublet separations in field-free space, which by Eqs. (8.14), (8.18), and 
(8.19) are given by the Y factor. 


where 


r = —ATi,t = cos (Z*s*), 


Ra^Z^ 

“ nHH + i) {I + 1) 


(10.29) 


(10.30) 


In field-free space, the angle between I* and s* is constant and the 
cosine term cos is easily evaluated. In the present case, however, 

the angle is continually changing, so that an average value of the cosine 
must be calculated. From a well-known theorem in trigonometry it 
may be shown that with s* and I* processing independently with fixed 
angles around a third direction //, 


cos == cos (l*H) • cos (10.31) 

Making this substitution in (10.29), 

r = -ATi,, = al* cos cos (10.32) 

These are just the projections of Z* and s* on 11, so that 

~ATi,s = aminis = F. (10.33) 

Adding this term to Eq. (10.28), the total energ}^ shift becomes 

— ATcm-> = (rrii + 2m«)L + amirris. (10.34) 

We may now write down a general relation for the term \'alue of any 
strong field level, 

Tcm-i = To — (mi + 2mJL — amm^, (10.35) 

where To is the term value of the hypothetical center of gravity of the 
fine-stru(;ture doublet. 

10.8. Paschen-Back Effect of a Principal -series Doublet.- As an 

example of the Paschen-Back effect, consider first the calculation of terms 
and term separations involved in a principal-series doublet 
The fine-structure separations due to the interaction of I* and s* in 
field-free space are given in Col. 2, Table 10.2 (see Fig. 8.9). In the 
next three columns the weak-field energies are calculated (see Fig. 10.8). 
In the last five columns the strong-field energies are calculated, using 
Eq. (10.34). 

The values tabulated are shown schematically in Fig. 10.12. At the 
left the undisturbed fine-structure levels and the observed transitions 
are shown. The weak-field Zeeman levels are next shown with the 
observed Zeeman patterns below. In the strong field the Paschen-Back 
levels are shown with, and without, the small Z*s* coupling correction 
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am, TO,. The allowed transitions and the calculated pattern are shown 
below. 

In deriving the above equations for the Zeeman and Paschen-Back 
effects, the atomic system was assumed to be in one of two ideal situations. 
In the first case the field was assumed so weak that j*, the resultant 
of I* and s*, was invariant as regards magnitude and inclination to the 
field axis. In the second case the field was assumed so strong that 
I* and s* process independently around H. The question of intermediate 


Tahle 10 2 Weak- and Strong-field Energies for a Principal-series Doublet 


No field 

Weak field 



Strong field 


(Zeeman effect) 


(I’a 

.schen-Back eff(H*t) 









rn = 

nil T 2^^* 


Term 

r 

m 

ff 

rug 

mi 

rtis 

nil T 

an\i7tis 



-fi 



d-1 

4- 2 

4-2 

4 2 

fa '2 





-r j 

0 

lA 

+ 2 

4-1 

0 


+a/2 

_ 1 

2 

4 

3 

~ .) 

- 1 


1 

i 

0 

- a '2 



_ 3 



! -ri 

I - 

-hi 

0 

- a/2 

1 



+ 1 


d 3 

0 

1 , 

1 2 

2 

- 1 

1 

! n 

’Pi 

— a 

1 

■“ 2 

2 

3 

1 

1 

3 

- 1 

... 

3 

— 2 

4 a/2 



4-i 


ft 

0 

i ~ • 

1 1, 

! 4 1 

: 0 

’Si 

0 

1 

~ 2 

t 

2 

- 1 

0 

i 

1 

2 


-1 

' 0 


fields, therefore, arises, and one asks, how does each weak-field k'vel 
go over to a (corresponding strong-field level? l)arwin\s treatment 
of this problem, which will not be given here, answers this (question in a. 
very simple mann(T.^ Ac'cordmg to the (lassical law of the conservation 
of angular momentum, the sum of the projections on H of the various 
angular-momentum vei'tors must remain the same for all field strengths. 
Since m weak field this sum is given by m a,nd in strong field by r/o 
we may write, as ])art of the corndation rule, m = + rn^. This 

aioiie is not sufficient to correlate all weak- and strong-field levels, sim'e 
in most instances there will be more than one level with the same ni 
^ alue. The more specific rule, in keeping with the (juantum mechanics, 
may be staled as follows: Levels with the same m never cross. 

An ingcmioiis method for obtaining the same correlation has been 
gi/en by Breit.“ An array of weak- and strong-field quantum numbers 

> Darwin, C. (i., Fmc. Hoy. Soc., A, 116, I, 1927. 

2 buEiT. Ct , Hhys. Her., 28, 334, 1926. 
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is written down as follows (see Fig. 10.13). Values of vii are written 
down in their regular order in a horizontal row and values of rtig in a 
vertical column. The array is next filled in with all possible sums of 


Strong Field 

21715+ m\+ arrismi rns = m 



S|_S ,p s, s 


Fi(i. 10.12 — F]iiorj 2 :y levels lor a pnin doublet Htarting with no field at the 

left and ending with a strong tiel i ( PiiS(‘ln“?>-Ha('k (dft^et ) at the right. Allowed transitKjna 
are sh(»w'n }>elo\v. 

jri/ njid nig. Thest' sums are the weak-fielcl tpiantum numbers, di\ided 
into two parts by the dotted lines, hach weak-field level ni is to be 
correlated with the st rong-fi(‘ld le\el given by the value of nii directly 
above, and the value of m., directly lo the right of the m xalue. The 
rn — \\ state, for example, goes to the state irii ~ 1, and 
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Fic. 10.18. Correlation of w'eak- and strong-fiold fiuantum numbers and energy levels. 

(After lirril ) 

It is obvious that there are two ways of drawing the L-shaped dotted 
line. Of the two ways only the one shown will give the (airrect correla- 
tion for doublets from a single electron. 
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10.9. Selection Rules for the Paschen-Back Effect. — Selection rules 
for the Paschen-Back effect, derived from the classical theory may be 
stated as follows: In any transition 

Ami = 0, ± 1 and Am, = 0. (10.36) 

When these rules are applied to a given doublet they are found to lead, 
in a very strong field, to a pattern closely resembling a normal Zeeman 
triplet. The radiated frequencies of the principal-series doublet con 
sidered above are assembled again in Fig. 10.14. The restriction Am, = 0 
implies the necessary condition that the polarization of any given 
line be retained throughout all field strengths. The p and s components 



Normal Triplet 

Fi(i. 10.14. — Principal-series (iou})let in various magnetic field strengths. Paschen-Back 

effect. 

in weak field become p and s components, respectively, in the strong 
field or else disappear as forbidden lines. For the s components, the 
fine-structure separation is just two-thirds that of the field-free doublet. 

It should be made clear lhat as the field strength increases and the 
quantum number ^ disappears, and, as j and its projection m are replaced 
by mj and m,, the selection rules for j can no longer be expected to 
hold. This is in agreement with observations made by Paschen and 
Ba(*k^ who were the first to observe experimentally the so-called normal 
triplet of a principal-series doublet in a very strong field. Since the 
strong-field levels must be widely separated as compared with the fine 
structure, only the very narrow fine-structure doublets may be expected 
to be carried over to the Paschen-Back normal triplet with the ordinarily 
obtained field strengths. Using the principal-series doublet of lithium, 
with only a separation of 0.34 wave numbers, Paschen and Back required 
the very strong field of 43000 gauss to observe it as a magnetic triplet. 

10.10. The Zeeman Effect, and Paschen-Back Effect, in Hydrogen. — 
Although the hydrogen atom is the simplest of all atomic systems, the 
1 Paschen, F., and E. Back, Physicay 1 , 261, 1921. 
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Zeeman effect in hydrogen is not very simple. In Sec. 9.3 we have 
seen how each of the B aimer terms contains a fine structure which 
is made up of doublets etc. When placed in a weak magnetic 

field each of these doublet levels, as in sodium, should undergo an anoma- 
lous splitting (see Fig. 10.8). As a result of this splitting each fine- 
structure component of a line like H«, X6563, should reveal an anomalous 
but symmetrical Zeeman pattern (see Fig. 10.9). With Ha made up 

of seven different transitions, there would be, in this 

caoe, seven patterns of the type shown in Fig. 10.9, 
all lying within an interval of about half a wave 
number (see Fig, 9.4) . It is now easy to see why the 
Zeeman effect of hydrogen has not been observed. 

In a strong magnetic field, the magnetic levels 
of each doublet begin to overlap each other, until 
in a field strength of several thousand gauss the 
Paschen-Back effect sets in. Under these condi- 
tions each doublet level, combining with another 
doublet level, gives rise to approximately a normal 
triplet like the one shown in Fig. 10.12. The Ha 
line, for example, will be made up of three normal 
triplets 28-2P, and ^P-'^Dy superimposed 

almost on top of each other. In a field of 32000 

gauss, Paschen and Back^ observed just that; a Fig. 10 . 15 .— Paschen- 
well-resolved triplet with practically the classical Back effect of hydrogen 
separation. In such a field the pattern is some 

six times as wide as the field-free line. A photo- published paper of Pas- 
graphic reproduction of this triplet is given in J*rtuh“thotograZc 
Fig. 10.15. Normal triplets have also been observed paper moved parallel to 
by Paschen and Back for H<, and H,. enlargement. 

10.11. A Quantum-mechanical Model of the Atom in a Strong Mag- 
netic Field. — In this chapter the Zeeman effect, as well as the Paschen- 
Back effect, has been treated chiefly from the standpoint of the semi- 
classical vector model. Quantum-mechanical treatments of the same 
problems have been made by different investigators and found to lead 
to exactly the same formula. Chronologically, the more accurate 
quantum mechanics led the way to a simpler formulation of Landd's 
vector model. We have seen in Chaps. IV and IX how, in field-free 
space, this model is surprisingly similar to the quantum-mechanical 
model of probability-density distributions for the electron. As would be 
expected from energy relations, the weak- and strong-field distributions 
for the electron on any model should be little different from each other 

1 Paschen, F., and E. Back, Ann, d. Phys., 8fl, 897, 1912. The photograph in 
Fig. 10.16 is a copy of the photograph given in Plate VIII of Ann. d. Phya,, Vol. 39, 
1912. 
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radially. Angularly, as shown by the vector model, they should change 
considerably. 

Space-quantized to a vanishing magnetic field the field-free states, 
oriented as shown in Fig. 9.8, may be taken to represent the weak-field 
states, the Zeeman effect, of the atom. Assuming separate angular 
distribution curves for the spin of the electron, similar to the orbital 
curves in Fig. 4.3, pictures analogous to the independent precession of 
Z* and s* around the field direction H may be formulated for strong 
fields, Z.C., the Paschen-Back effect. 

In passing, it should be mentioned that a given state of the atom 
in a weak field is specified by the quantum numbers n, Z, and m, and in 
a strong field by ?/., /, m^, and m,. For intermediate fields either set 
may be used, although, to use an expression introduced by Mullikeii, 
j, mi, and m, are 7iot good quaiitum number si. 

Problems 

1 . Compute the Zeeman pattern (.separations aiul intcn.sitiesj for tlje tloiihlet 
transition 

2. Find the total width in wave niimliers of the Zeeman pattiTii of Ihoh 1 in a 
weak field of 5000 gauss. 

3. Compute the weak- and strong-field imergies for a diffusc'-series douhlet, and 
tabulate them a.s in Table 10 2. Plot th(‘ initial and final stat(*s, as shown in Fig. 10.12, 
and indicate the allowed transitions by arrows. 

4. Plot, as in Fig. 10.14, the field-free lines, the W(‘ak-field lines, and the strong- 

field lines of the above example. (Note. — Certain components of the forbidden 
transition appear in strong fields and should be indicated (see Fig. 13.14)1. 

6 . What field strength would be required tx) carry the first member of the principal 
series of sodium over to the Paschen-Back effect where the separation of the resultant 
normal triplet (see Fig. 10.14) is four times the fine-structure separation of the field- 
free doublet? 



CHAPTER XI 


SINGLET AND TRIPLET SERIES OF TWO -VALENCE-ELECTRON 

SYSTEMS 

In the pre(‘ 0 (linjj; chapters only the .simplest of the known atomic 
Fystcnis have b(‘oii treated in any detail. The simplest of elements, 
<‘lassifical as one-elecf ron .system.s^ always ^ivo rise to doublet onerpjy 
leA'cl.s, t ransiti(Jiis between uhich aeeoiint for their observcxl doublet 
series of spectrum lines. It i.s now well known that atoms like beryllium, 
iiiajAnesiuiu, zinc, eadmiiiin, mercury, calcium, strontium, and bariuni, in 
groups IL'l and UB of the periodic tnlde, crmtaiii two valcn(*e electrons 
and jj;ive rise to series of singlet and triplet ener^,y l(‘Vols and spectrum 
lines. Some of th(‘se .series were brielly introduced in C^hap. L Before 
taking u]) any (plant uin-in(‘chanical or vector-model treat nu^nt of tw’^o- 
olectron systems, it is important that we first become familiar with 
the obseiw ed s(‘ries, the deiived cncrjiy level diagrams, and the associated 
tyjies of electron orbits. 

11.1. General Series Relations. — Like the doublet spectra of the 
alkali metals, th(' sing.ict and triplet .series of the elements Be, Mg, 
Zn, CVl, Hg, Sr, and Ba may Ix) grouped into four chief classes: 
.shai'i*, principal, diffuse, and fundamental. In each of these atoms, 
however, there are four chief serie.s of .singlets a,s well as four chief series 
of triplets. If tlie chief sone.s for each element are plotted to a freciuency 
scale, as in Tig. 1.8, a number of iiniiortant relations are brought out,. 
In calcium, .ms well .as in most spectra, the fine structure is very small 
as com]un‘cd with the other structure and for such a diagram can be 
iH'glected. The s('heinatic plot in the lower half of the figure brings 
out The following relations: (1) The -^>8^ and ^J) series have one common 
limit a,iul the hS and ^Z) series another. (2) The frequency difference 
between the coininoii limit of the and W serie.s and the series 
limit Ah Is equal to the frecpiency of the first member of the series. 
^Jdiis is the Rydherg-Schusi-er law. (3) The freciuency difference between 
tin; (*ommon limit of the and VZ series and the series limit X 2 
is equal to the frequency of the first member of the triplet diffuse series. 
This is the liunge law. (4) The above relations are also observed to 
lioicl w hen the fine strut ture is taken into a '‘count. (5) Relations 
(1), (2), and (3) hold for the respective singlet series. 

Taking into account the fine structure of the triplets in general it 
is observed (sec Fig. 1.10) that (1) all members of the sharp scries are 

171 



172 


INTRODUCTION TO ATOMIC SPECTRA 


[Chap. XI 


composed of three lines with the same separations and approach a triple 
limit; (2) all members of the principal series are composed of three lines 
with decreasing separations and approach a single limit; (3) all members 
of the diffuse and fundamental series contain six lines, three strong lines 
and three sat.ellites, and approach triple limits. 



As in the doublet series of the alkali metals nearly all of the observed 
singlet or triplet series are closely represented by the general series 
formula 

R U ... .. 

Vn = 7 V2 ” T SV 

(ni — Mi)^ ('^2 — M2)^ 

where Vn is the radiated frequency of a line in wave numbers, R is the 
Rydberg constant (= 109737 and gi and are constants. Thus 

each spectrum series, or each fine-structure component of a series, is 
given by the difference between a fixed term Ti and a running term Tn\ 


Ti 


R 


(ni - Mi)^ 


Tn - 


(rh — g2)^ 


(11.2) 


where ni is an integer and takes successive integral values. With 
these relations known to hold for each series, and the relations sum- 
marized above, term diagrams for each element may be constructed. 
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Such a diagram is given for calcium in Fig. 11.1. This same energy level 
diagram may be arrived at in another way. 

If all of the limits of the eight chief series of calcium (Fig. 1.8) are 
brought together into one common limit, the spectrum lines, including 

3p 5========= 3 q 3p 

- ’D - 


3p 


"D 


^F 


3p 




’F 


Fit;, 11.2. — HchomatK’ repivscnf ation of the triplet fine structure of the 5rst four members 
of the three chittf ^P, •*/>, and ‘F term series. 

the ones plotted as negative, become the energy levels of Fig. 11.1. 
Taking into account the fine structure of the triplet series, shown 
in Fig. 1.10, this process transforms the triplet sharp-series lines into 
single levels and the three remaining triplet series into series of con- 


Tahle 11.1. — Term Yalt^ks of the Chief Series in Cali’Ium 
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(5778 
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4.S nd 

28933 

11547 1 

6557 

4252 
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P, 

4.S 7if 


7134 

4541 

- 

3110 

1 ■ - 

2298 

1754 

hSfc 

4.S ns 


49305 

15988 

7518 

5028 

3417 

Pi 

4.S’ np 


25552 

12573 

7626 

5371 

3880 

^/>2 

4.S nd 

1 27455 

12006 

1 (5385 

4315 

2995 



4,s nf 


(5961 

4500 

3122 1 

2290 

1750 

Hydrogen 

1218G 

6855 

4387 

3047 

i 

2238 

1714 


verging triple levels (see Fig. 11.2). Although the so-called levels 
are single, their triplet nature will be brought out when the atom is 
placed in a magnetic field (see Chap. XIII). The assignment of the 
total quantum numbers n to the valence electrons in the different levels 




Fio. 11.3.— Photographs of triplets taken from original spectrograms kindly loaned to 
the author by Dr. 8. King. 

11,24 Triplet Fine Structure. — Photographs showing a number of 
triplets are given in Fig. 11.3. Lines having the same frequency separa- 
tions are enlarged to the same frequency scale. The sharp triplets, 
all with the same separations, arise from transitions starting from the 
series of levels and ending on the lowest levels. Similar transitions 
from the series of levels into the low^est ^P levels give rise to the 
observed diffuse triplets with satellites. Transitions from the series of 
^P terms into the normal state give rise to principal-series singlets, 
etc. In some spectra, lines arising from transitions between levels 
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highei- up on the energy level diagram are observed. These lines do 
not belong to the chief series and are called combination lines. Occasion- 
^illy t rarisit ions between singlet, and triplet levels are also observed. Such 
lines are (‘ailed inter combination lines. 

Observations on the fine structure of triplets in general enable one 
to formulate certain (lualitative rules (‘on(*erning triplet term intervals: (1) 
In ca(di series the triplet fine structures converge rapidly as they approach 
a single common limits (2) *7^ intervals are wider than the corresponding 
intervals. (:^) intervals are wider than the corresponding W 
intervals. (4) Corresponding triplet intervals in corresponding elements 
increase with atomic number. This latter rule is illustrated by the 
\'alues given in Table 11.2. 


Tabi.e 11.2 — Triplet Ki\e-.stkc<’Ture Intervals 
(First iiK nilx'i ol the pnnciiml and diffuse^ sprn‘S showing iiicmisp in wavc'-iuinihpr 
s(‘l)a ration witli atomic nuinbcr) 


IdcMiient 


; 7^-7^ 

1 

7 


•‘Pr "P. 

He 

4 

i 2 :io 

0 09 

Unr(‘solvefi 

Mg 

12 

40 92 

19 89 

Unresolved 

Zn 

30 

; 388 90 

189 8 

5 5 

3 4 

Cd 

48 

1 1171 00 

541 8 

18 2 

11 7 

Hg 

SO 

1 4030 00 

1 1707 3 

35 1 

00 0 

On 

20 

105 9 j 

1 52 30 

21 7 

13 9 

1 

Sr , 

38 

i 391 1 

; 187 1 

100.3 

00 0 

Bn 1 

50 

1 878 2 

! 370 0 

381.1 

181.5 


A brief study of tlie diffuse and fundamental triplets will show the 
rea(l(‘r that ct*rtain geiKual selection rules are in (operation. These 
rul{‘s ar(‘ most ('asily slated in terms of the (juantum numbers or (piantum 
values of the different (mergy state's. For various types of levels the 
capiltil l('1i<a L is almost universally used and assigned the following 
(|utuitum values: 

L = 0, 1, 2, 3, 4, 5, • • • 

f(;r S, P, D, F, Gy //,... terms. 

The subscripts to the right of each term are the inner quantum numbers 
J and always take the following values: 

hSo 'Pi ^^4 Wr. 

*>Si 

The selection rules for triplet-triplet transitions or for singlet-singlet 
transitions are' 

AL = ± 1 and AJ = 0, ±1. 

^ Under c('rtain conditions in complex spectra the traiisitionis dl/ == 0 are allowed, 
but not for the chii'f series being here discussed. 
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The allowed transitions for a number of triplets are shown in Fig. 11.4. 
Relative separations and intensities are shown directly below the arrows 
by the respective separations and heights of the lines. Qualitatively 
the following rules for the intensities are found to hold experimentally: 
The stronger lines arise where AL changes in the same direction as AJ. 



Fig. 11.4. — Triplet-triplet traiisitioiis .showing yi^leelion rules iiiid relative intensities. 


These are shown by the heavier arrows. Of these the strongest line 
arises from the transition involving the largest values of L and J . Thest^ 
two w^ell-known rules should be memorized, for they are (|uite generally 
applicable in complex spectra. It should be pointed out in passing that 
small letters s, 1, and j are used for the quantum \^alues of individual 
electrons, whereas capital letters 8, L, and J are used to designate terms 
in all atomic systems where there are one or more valence electrons. 

11.3. The Quantum Numbers n and / of Both Valence Electrons. — In 
order to correlate energy levels with the various types of electron orbits 
we return to the Bohr-Stoner scheme of the building up of the elements 
and the normal states of the atom. Ac^cording to liable 5.2, the complete 
normal electron configurations for the neutral atoms of Groups IIA and 
tijy (Table 5.1) are as follows: 


Table 1 1.3.— J0LE^TRo^ Configukations 


4 

Be, 

l.s" 

2s2 











12 

Mg, 


2.S-2 

2/;® 

3s2 









20 

Ca, 

l.s2 

2.s2 

2p0 

3.s2 

3/>8 

4s2 







30 

Zn, 

Is^ 

2s^ 

2/;« 

3^-2 

Sp^ 

3(ii'> 

4s2 






38 

Sr, 

Ls2 

26-2 

2p^ 


3/>6 

3di« 

46-2 

4/;'' 

6s2 




48 

Cd, 



2p« 

36-2 

3p« 

3tB« 

46>2 

4// 

4(i‘« 

6s2 



56 

Ba, 


2.s2 

2;/ 


3// 

3c/i« 

4.s*2 

4/ 


56-2 

5/<“ 

6s2 

80 

Hg, 


2s^ 

2/;6 

3.s2 

3y>« 

3(i’« 

46-2 

4p« 

4fP« 

4/u 

S.S-* 



It is the last two equivalent electrons in each of these configurations (set 
in heavy type) that are responsible for the chemical valence of two and 
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are chiefly responsible for the general characteristics of their optical 
spectra. 

Just as in the alkali metals we may think of all but the last subshell 
of electrons as comprising a core of completed vsubshells around which 
the valence electrons move in various types of orbits, some penetrating 
the core and coming close to the nucleus and others remaining well 
outside the core. Thus in calcium, on the Bohr-Stoner scheme, there 
are in the normal state two equivalent electrons in 4s orbits. If now 
the calcium atom is excited, by some means or other, either or both of 
these electrons may be excited to higher energy levels. It turns out 
that all eight of the chief series of spectrum lines and energy levels result 
from the excitation of only one of the valence electrons. ^ 

Noting what subshells of electrons are already filled in calcium, one 
can predict with reasonable (certainty that the first excited states of 
the atom should be D or F states, corresponding to the excited electron 
’being in a 3d or a 4p orbit, respectively. Experiment confirms this, 
the levels and ^F coming almost together (see Fig. 11.1). The 

first ^F along with the T-* close by is therefore attributed to one of 
the valence electrons being in a- 4.s orbit and the other in a ip orbit. The 
abbreviated electron configuration for these states is written 4s ip. 
Similarly the first and are attribulou to the electron configuration 
4s 3d. By the same process the second 'F and ’P are assigned the con- 
figuration 4s 5/9. It is to be noted that close by each triplet a singlet 
level with the same L value is found. In agreement with theory, the 
single exception to this observed rule is the normal state 4&*4 s/aSo; where 
no term has ever beem found. Exceptions of this kind always occur 
where the cJectrons are equivalent, t.c., have the same n and I values. 

This rule of finding a singlet and triplet close together fits in with 
the theory of the spinning electron and will be treated in the next chapter. 
Continuing the assignments of the observed energy levels, successive 
members of the F and F series in calcdum have the electron configura- 
tions isipj 4s5p, 4 .st)/ 9 , . . . , 4sqo/ 9, or in short 4snp, where n = 4, 
5, 6, . . . , oo (see Table 11.1). When n becomes infinite the p electron 
is removed from the atom and the atom is said to be ionized. The diffuse 
term series 'F and F are represented by the configurations isnd, where 
n = 3, 4, 5, • • * , 00 , and the fundamental series by 4m/, where n = 4, 
5, 6, . . . 00 . Regardless of the series of orbits through which we may 
imagine the electron to be carried in ionizing the atom, we are finally 
left with one valence electron in a 4s state. This is as it should be, for 
all eight term series approach a common limit. Hereafter the universally 
adopted notation will be used in whic^h the designation of all of the 
valence electrons is given preceding the term symbols 4s5p,^P2; 453d, 

^ When both electrons are raised to excited states the atom gives rise to a complex 
system of energy levels. These will be treated in the next chapter. 
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^Di; Asify^Fs; etc. When a certain term is to be given frequently, the 
configuration is written down the first time and subseciuently omitted. 

11.4. Penetrating and Nonpenetrating Electrons for Two-electron 
Systems. — A quantum-mechanical picture of the neutral calcium atom 
is shown in Fig. 11.5, with the corresponding classical model bc^low'. 
Above, the probability-density distribution plotted as a 

function of r, the elect nm-nuclear distance in units of the radius of the 
first Bohr circular orbit {ai = 0.528 A.) (see Chaps. IV and IX). The 



Fiti. 11 5 --(^uiintuni-rnechanical model and the eorrespondiug orbital model of th(‘ 
neutral ealeiiim atom. The t^vo valeiiee electrons are .shown separately, one in a pene- 
trating -Ia* orbit and the other in a nonpenetralmg 4/ orbit. 


shaded area represents tlie calcium core of 18 eletdrons. The two 
valence electrons are showm separately, r)no in a penetrating 4,v orbit, 
and the other in a iionpenetrating 4/ orbit. On the classical model 
the orbits are drawm according to model a (see Fig. 4.8). 

As in the ono-(4ectron systems the penetrating of the various possible 
electron orbits into the atom core is measured by the deviation of the 
term values from those of hydrogen. From the (‘iiergy knel diagram 
of calcium in Fig. 11.1, or from the term values in Table 11.1, it is observed 
(1) that only the levels involving/ (‘lectrons are hydrogen-like, and (2) 
that the order of penetration is /, d, p, and .s-, r.r/., for tlie total (luantum 
number /i — 5 the order is 4,s*5/, l-sfir/, 4,v5p, and 4.s5.s'. 

Two methods have already been giv(‘u by which this penetration 
can be measured, one by modifying the nuclear charge in th(' hydrogen 
formula 7' = and the other in modifying the total (plan turn 

number. On the one hand there is the general fm?? formula 

( 11 . 3 ) 


R’here Z is the atomic number and <r is a s(;reening constant, and on the 
Bther hand the Rydberg formula 


T = 


(n - liY 


(11.4) 
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where Z„ is the efTective nuclear charge when the electron is well outside 
the core, n is the total quantum number of the excited electron, and /x 
is the quantum defect. Values oi Z — a and of /x, calculated from the 
above Kqs. (11.3) and (11.4), and Table 11.1, arc given in Table 11.4, 
for calcium. For nonpeiiet rating orbits, and hydrogen, Z — cr = i and 
ju = 0. The values oi Z — a for the Asnf terms cdearly show that the 
/ electron orbits lie, for the most part, well outside the core of 18 electrons 
as well as outside the orbit of the 4s electron and that they move in a 
fi(4d whiedi is n('arly hydrogen-like. All of the other orbit types are 
penetrating. 


Rp I Mg 1 Zn I Cd I H 0 I H 

'P^P'D^D'fV 'S^S 'P^P 'D^ 'fY 'S^ 'PV'Ot) 'S^ 'P^P'OtlTV 'S^ 'P^ 'D*D 'F’F 



Fkj 11 () Kricrgy lovt*I diaRrawia of boryllium, nuiKiiesitim, zinr*, cadmium, and moremry. 

(IJydrogon comparison.) 


Energy level diagrams of a complete group of elements are given 
in Fig. 11.6. These diagrams show throughout that s orbits are pene- 
trating and/ orbits are non penetrating. 

11.6. The Excitation of Both Valence Electrons. — Not all of the 
prominent lines in the spectra of the alkaline earths, calcium, stron- 
tium, and barium, can be aiir buted to the four chief series of singlets 
and triplets: sharp, principal, diffuse, and fundamental. Through 
the identification and (dassificalion of these additional lines into what 
are called multiplcts, Kusscll and Saunders,^ in 1925, were led to the key 
to complex spectra. There are in the spectra of Ca, Sr, and Ba three 
prominent groups of lines now recognized as forming a triad of triplet 
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multiplets. These three great triplet multiplets, photographs of which 
are given in Fig. 11.7, for calcium, arise from transitions which start 


Table 11.4. — Penetrating and Nonpenetrating Orbits in Calcium 
(Values of the effective nuclear charge Z — a (in heavy type) and values of the quantum 

(li‘fect M (in ilalicH)] 


Configura- 

tion 

T(‘rin 

tS', 

n ~ 3 

n = 4 1 

n = 5 

72 — () 

n ~ 7 

Orbit 

4a’ n.s' 


2.6 S.6 

1.9 2.4 
2.0 2.S 

1.6 2.2 
1.7 2.S 

1.6 2.2 

1.6 2.2 

Penetrating 

4« np 

’Pv 


1.9 1.9 
2.2 2.2 

1.7 2.0 
1.7 2.1 

1.6 2.2 

1.6 2.0 

1.5 2.2 
1.4 2.0 

Penetrating 

4« ml 

^Ih 1 

j 

1.6 1.0 

1.6 1.1 

1.3 1.0 
1.3 0.9 

1.2 0.9 

1.2 0.9 

1.2 1.0 
1.2 0.9 

1.2 1.0 

1.2 1 0 

Ih'P.et rating 

4,s‘ nf 

1 


o o 

1.0 0.1 

1.0 0.1 

1.0 0.1 

1.0 0.1 

1.0 0 I 
1.0 0.1 

Nonpeiieirating 

Hydrog(»n. 



1.0 0.0 

1 1 

1 1.0 0.0 ! 

1 

1.0 0.0 

! 1.0 0 0 

1.0 0 0 


from three triplet terms which have no place in the ordinary chief series 
of terms and end on the lowest ^Di, 2.3 of the diffuse series. The 
intervals, common to all three multiplets, are shown by brackets in the 
frequency plot. It is to be noted that each multiplet is composed of 



RED GREEN GREEN 

Fia. 11.7.- — Photographs and frequency plot of the great calcium triad of triplet multipletp 
one in the red region of the spectrum and the other two in the green. 

three relatively strong lines and three or four fainter lines. The observed 
intensities indicate that the inner quantum numbers of the upper triad of 
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triplet levels are those of '*Po.i. 2 , ^^ 1 . 2 . 3 , and '’F 2 . 3.4 terms. The wave- 
lengths, frequencies, and estimated relative intensities are given in 
multiplet form in Table 11.5. 

Table 11.6. — Relative Intensities, Wave-lengths, and P^requencies or the 

Great Calcium Triad 
(Given in multiplet form) 



21.77 

Hh 18.89 



160 




6439.09 

15525.87 



78.15 

40 

125 



6471.66 

6462.58 



15447.72 

15469.44 


88.28 

1 

30 

80 


6508.84 

6499 (>5 

6493.79 


15859 40 

15881 20 

15896.08 


80 

26 



5588.74 

5581.97 



17888.15 

17909.85 


IiO.Ol 1 

30 

60 

20 


5601 . 28 

5594.46 

5590.11 


17848.11 

17869.87 

17888. 79 

26.78 


20 

50 



5602.83 

5598 48 



17848 18 

17857 08 


60 

20 

2 

^Pr 

5270.27 

5264.24 

5260 38 


18969.08 

18990.89 

19004.77 

4. 80 


40 

20 

^Pi 1 


5265.56 

5261.70 



18986.07 

18999.99 

1,94 



26 




5262.24 

18998.05 


In addition to this triad Russell and Saunders identified, in calcium, 
a series of anomalous multiplets in the ultra-violet spectrum. At the 
time of discovery this series was peculiarly different from the ordinary 
series, for the upper terms combine like ^Po,i .2 terms with the low isip, 
0 . 1,2 terms of the principal series. One of the five members of this 
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series is shown sehonnitieally in Pig. 11.8. The significance of this 
series of multiplets is due to the fact that the 
running terms have a negative series limit, ?.c., 
a limit which lies above the limit of the chief 
1\ I), and F series. The last three members of 
the series have negative term values. In such 
negative states the atom contains more than 
enough energy to ionize it, yet. it cannot be 
doubted that the atom is still neutral in the sense 
that it still contains all of its electrons. As 
shown by Russell and Saunders this is the clue 
to anomalous multiplets and to (‘oiuplex sped ra. 
A complete energy level diagram of calcium, as 
it is now known, is given in Fig. 11.9. 

If more than enough energy to ionize an atom 
, be put into the atom, and ionization does not 

Fkj. 11 s a - VMnul- occur, the energy must be (livided between two 
tiplot in culcium. electrons, each one of vhicdi is (^xcited to a higher 

energy state. ^ The series of terms found by Russell and Saunders to 



pj 

■ 

tmrnmm 

MM 

:eo 

L 1 
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^2 

3o 

1_J 
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j 
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i 
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1 
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obs 


’s'pVs^p 



approach a negative limit corresponds to a set of energy states in which 

^ The suggestion that two electrons are excited to higher energy states was first 
made by Bohr and Wentzel, Phya. Zeits., 24 , 106, 1923, to account for wide separations 
in the anomalous spectral terms in calcium and strontium. 
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one of the two valence electrons is in a 3d orbit, while the other occupies 
successively the states 3c/, 4c/, 5c/, 6c/, etc. With one of the electrons tak- 
ing on larger and larger n values {n—^ oc), the atom will finally be left 
ionized with one electron in a 3d state. Tlie scries limit of the anomalous 

terms therefore becomc's an excited state of the first spark spectrum, 
Ca II, and lies above the common limit of the chief series. 

Keturiiiiig to the energy level diagram of (ki 11 (Fig. 6.4), the normal 
state is seen to be in the new notation 4.s,^S', followed by 3c/, ‘/) and 
4p,2P. The first excited state (the metastable state -D) lies 13711 cm~^ 
above the normal stale -#8. The series limit of the anomalous ^P terms 
is calculated by Hussell and Saunders to be 13961 cm ‘ above ~S. The 
agreement is so rernarkable that there is little doubt that the two are 
one and the same. 

The cpiestion now arises as to how two electrons in d orbits give 
rise to ^P terms, or how one electron in a 4p orbit and the other in a 3c/ 
orbit give rise to a triad of triplets like the ones given above. The 
answer to this question will serve as a starting point for the next chapter. 

Problems 

1. With the term vahu's of tlie chief senes in strontium given, plot an energy lcv<‘l 
diagram similar to the une shown in Fig. 11.1 Indicate the hydrogen levels with 
dotted lines. For term values see HarluT and Goiulsmit, “Atomie lOnergy States.’' 

2. CompiiU* Vi'ilues of Z — <r and the (plant uin d(‘f(‘et m for th(* first four imunlxTH 
of the chief t(‘rm series in strontium Show which terms indicate pcmetrating and 
nonpeiiotrating orbits (s(*e Tabic 11 *1). 
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THE ATOM MODEL FOR TWO VALENCE ELECTRONS 

In the early development of spectrum analysis it was well known 
to all spectroscopists that the elements in the center of the periodic 
table gave rise to large numbers of spectrum lines yet revealed no appar- 
ent series. While equal wave-number differences and other regularities 
were occasionally found in the spectra of these elements, complex spec- 
trum analysis undoubtedly had its beginning with the analysis of the 
manganese spectrum by Catalan^ in 1922. Catalan was able to classify 
large groups of spectrum lines into what are now called multiplets (see 
Fig. 14.15). By 1923 the theory of atomic structure had developed to 
such an extent that Land^, by an extension of a theory proposed by 
Sommerfeld and Heisenberg, was able to account for the relative fine- 
structure separations of the lines within these multiplets and to predict 
the anomalous Zeeman pattern of each identified line.^ 

According to Land4\s model a multiple term was thought to be due 
to the space quantization of a single valence electron with the atom core 
(or the atom rumpf as it is sometimes called). To be more specific the 
angular momentum of the single valence electron Kh/2T, was assumed 
to take only certain quantized angular positions with respect to the core 
angular momentum Rh 1 2Tr. While this model, with suitable restrictions, 
can be brought into excellent agreement with most experimental obser- 
vations, we now attribute the angular momentum Kh/2'n-, and the 
rumpf angular momentum /?/i/2x, to the resultant orbital angular 
momentum L*^/ 27 r, and the resultant electron-spin momentum S*h/2Tr, of 
all the extranuclear electrons, respectively. 

W(^ have already seen in the preceding chapters that in addition 
to the orbital angular momentum Z*A/27r, where I* = -f 1), and 

Z = 0, 1, 2, 3, 4, 5, 6, • • • 

for s, Pj d, /, g, hy f, ... electrons, respectively,^ 
each electron is assigned a spin angular momentum s*h /2wy where 

1 Catalan, M. A., Trans. Roy. Soc., A, 223, 127, 1922. 

* For a complete account of the Land6 vector model, see E. Back and A. Land4, 
“ Zeernaneffekt.” 

^ In complex spectra small letters p, cZ, . . . , and s, Z, j, and m, are used for 
individual electrons and capital letters S, Py Dy , . . , and S, L, /, and M, are used 
for resultant terms. 
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$* = \/s(8 + 1) and s == The angular momentum of any atom con- 
taining n extranuclear electrons is therefore the vector sum of 2n angular 
momenta. It will be shown in Sec. 15.6, that all electrons making up 
completed subshells of electrons are so quantized with respect to each 
other that their resultant angular momentum vanishes. For t his reason, 
only the electrons in incomplete subshells, in general the valence electrons, 
contribute to the resultant angular momentum of the atom. In this 
chapter the problem confronting us is that of accounting for the observed 
fine structure arising from atomic* s^'^stems (containing two valence 
electrons. 



Fig. 12.1. — Vector diagrams of the Hpace quantizaC'' ” of the orbital motions of two 

valence electrons. 

12.1. //-coupling. — Consider first the orbital motions of two electrons 
and let h and h represent their respective orbital quantum numbers, and 
l*^h/ 27 r and /J/i/ 27 r, or better and /?, their respective angular momenta. 
Following Russell and Saunders^ coupling scheme,^ modified accord- 
ing to the quantum-mechanical ideas, /* and I* are quantized with 
respect to each other in such a way that they form a resultant L*, where 

L* = Vr(/7+T) and 

L = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, ■ • • 

for Sy P, Dy Fy Gy Hy ly Ky Ly My . . . terms, respectively. 

Consider, for example, one electron in a p orbit and the other in 
a d orbit (see Fig. 12.1 B). Here the two vectors If = \/2 and = \/6 
may orient themselves in any one of three pc^sitions, L* = \/2, \/6, and 
^/^2y corresponding to L = 1, 2, and 3, or to P, D, and F terms, respec- 
tively. Vector diagrams of other electron configurations commonly 
occurring in two-electron systems are also shown in Fig. 12.1. 

The following method is very useful in making rapid calculations 
of terms. With given values of h and h, where h ^ Ii, all integral 

1 Rtjssell, H. N., and F. A. Saunders, Aslrophys.y Jour., 61, 38, 1925. 
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values of L from U — h to U -h h are allowed. Making use of this fact 
the following term table is formulated. 





Tablk 12.1. 



•S-'.S, 

s 

PSy 

P 

dsy 

D 


spy 

p 

V'V^ 

SPI) 

dpy 

PDF 

fp, DFG 

Sdy 

D 

pd, 

PDF 

ildy 

SPDFG 

fd, T’DFGH 


F 

vL 

DFG 


PDFGII 

//, FFDFGHl 


The dot between two electrons of the same type indicat^'s that the 
electrons have different total quantum numbers. If tliey are alike 
certain of tlie terms shown are not allowed. (Such special cases will be 
treated in Sec. 13.11.) Where h < li the roles of the two ele(;trons are 
interchanged. 

Returning at this point to the discussion of calcium in Sec. 11.5, we 
observe from Table 12.1 how it conies about that a P term may arise 
from two electrons in d orbits. It is also observed how withninly two 
valence electrons, one in a p orbit and the other in a d orbit, the atom 


SPIN -SPIN -COUPLING 


s-* 




s: 




may be in a a ^Dy or a 'P state. In 
calcium these three terms, combining with 
another term arising from the con- 
figuration 4,s3d, give rise to the three great 
triplet mulliplets of Fig. 11.7. 

12,2. Spin-spin-, or ss-coupling.- 
With two electrons, each having a spin 
angular momentum of .v*/?/2'7r, where 
s* = "h 1) and ts* = there are two 

ways in which a spin resultant /S*/?/27r may 
be formed. Let and .sj represent the 
respective spin vectors of the two elt^ct ions. 
Quantizing these (see Fig. 12.2), vve find, 
with .vf = ‘1 V‘^ and two resultants, one with S* == 0, and the 

other with S* = \/2. These give the resultant quantum values S = 0 
and *S — 1. The resultant ^8* — 0 will now be shown to give rise to 


Sl = /2 


S-0 

Fi(i 12.2. - Vector 
the .space <iuaiitizatu)n of the spins of 
two v'alenco electrons. 


$2 
5-! 

(liaKrania 


/2 


of 


singlet terms and >8* = \/2 to triplet terms. 

12.3. LS-, or Russell -Saunders Coupling. — With the orbital motion.s 
of two electrons coupled together to give a resultant L*, and the spins 
of the same electrons coupled together to form /8*, both and S"' 
will in turn be coupled together to form J*, which is a vector rejiresenting 
J*hj2'K the total angular momentum of the atom. The quantum con- 
ditions imposed upon this coupling are that .f* == \//(*f 4-1), and that 
J take non-negative integral values. Consider, as a specific example, the 
case of one electron in a p orbit and the other in a d orbit. From Secs. 
12.1 and 12.2 we have the following possible values to work with; L 1 
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2, and 3 and /S == 0 and 1. Taking first S ~ 0 and L = 1,2, and 3, \v( 
construct the vector diagrams at the left in Fig. 12.3. 8* being zero 

J* is just equal to and J ~ 1, 2, and 3. These* corrc'spoiul (o three 
singlet t<Tins */l 2 , and With S =- 1 tluTC are tlirc'o possilalitie*^ 

for ea(‘h of the three /ds. These are shown at I lie right in Fig. 12.3 anci 
correspond to three triplets 

Yh Y)t Ylo Y>, 'F 4 . 

Witli those term symbols it may rK)\v be point('<l out tliat the super- 
script, \\lii(di we have already used, (‘xpressing tlie multiplicity of the 
fine-structure system to which the term belongs, is always 2S + 1. 

Singlets Doublets Triplets 

S = 0 S = ] S = 1 

The lorin type P, ]J, etc., gi\es the value of L, and the subscript 

giATs the resultant value of J. The following method may conveniently 



Fk; 12.3. -X'cetor diagrams of two xalciici* oloctrons in ],A- (KuHsclI-SainuJorH) ooupliiiK- 

1)0 used for the rapid calculation of J vaiue.s, when llu'y are not nuiieiii- 
bered. With gi\cii values of L and ^S, (IJ whei-e L ^ >8, all integral 
values of J between L — S and L + S are allowed, (jr, (2) where S ^ L, 
all integral vahu‘s of J between 8 — L and S T L are allowed. Ail 
allowed terms iiri.sing from some of the more common electron con- 
figurations are gi\'en in Table 12.2. 

Table 12.2- .Vhisinc; from thp: Ia’TEUA(’TJon of Two Flec trons in LS- 

COIIPLINO (HuS.SEI.L-*SaUNI>KR^ CoT'l'LL\(p 


s-s, '.S',, W, 

V • /^ 




* p, y' 0 , 1.2 

V 


•’Prh. 


S d, 'Ih 

V f, 

dLJFAO, 



» /, 'K 

d • d. 

WPADAFAO, 


, 2 ^D 1^2,3 'E-J . .3 , ,4,6 


Terms for which the sum b -h I 2 is odd are called odd terms ^ all others 
are called even terms. Odd terms are distinguished by the small super- 
script to the right of the term symbol *S, P, Z> . . . . Thus we 
have completed the explanation and meaning of the modern spectro- 
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scopic* nomenclature. It is to be noted that with >8=1 and L = 0 there 
is but one possibility, 7 = 1. This is in agreement with experiment 
that all S levels are single. In the following chapter it will be shown 
that in a magnetic field each S level will reveal its true characteristics, 
i.e.j a VS level splits up into three components, a level into two, and a 
^>S level remains single. 

12.4. The Pauli Exclusion Principle. — If two electrons have the 
same total quantum number n, and the same azimuthal quantum number 
I, they are called equivalent electrons. Observation shows that when two 
electrons are equivalent, certain terms are forbidden. For example, the 
normal state of each alkaline-earth element is given by two equivalent 
s electrons. Of the two possible terms arising from the schemes devel- 
oped above, only the term is observed. As soon as one of the electrons 



FiiJ. 12,4. — Singlet and triplet levels observed in ionized scandium, Sc II. 


is excited to an s orbit of different n the ^Si term is also observed (see 
Fig. 11.1). Simply stated the Pauli exclusion principle is that no two 
electrons can have all quantum numbers the same. Although the calcula- 
tion of allowed spectral terms for equivalent electrons will be deferred 
to Sec. 13.11, the results will be given here. 

Table 12 . 3 . — Terms Arising from Two Equivalent Electrons 
(Pauli exclusion principle in operation) 

S2, 

p\ 

d\ ^P W HI 

P, ^P ip HI M 
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The energy-level diagram of calcium (Fig. 11.9) shows two good 
examples of the exclusion principle. The no»’mal hS state is the only 
term arising from 454, s. At the extreme right hS, and U) arise from 
Ap4p. Of the terms predicted for ‘SdSd, only and have been 
observed. Violations of the Pauli exclusion principle have never been 
found. Two equivalent electrons are written, for exanq)]e, 4p-, /r’, or 
4p4p. 

12.6. Triplet Multiplets in Ionized Scandium, Sc II. — Before going 
further with theoretical developments let us consider some of the experi- 
mental observations confirming wliat has already been deiBed. For 
this purpose a single exam{)lc will be chosen from the spectrum of singly 
ionized scandium, atomic number 21. In this spect nun a fairly eoinplete 
sot of singlets and one of triplet multiplets have been jdiotogra plied in 
the ultra-violet. From the.se lines energy levels have been derived 
which fall into two groups, one a eoinplete group of initial states and the 
other a complete group of final states (see Fig. 12.4). Tlie electron 
configurations that have been assigned these levels (see Table 12.2) are 
as follows: 


Initial states 3c/4d 


Final states 3d4p 


hSo i/h Uh h ;, 



'PI 



The quantum values, be., Ihe term ty])es assigned each level arc 
determined by selection rules for <*omj)lex sjiectra (see Sec. 12.14). 
The upper set is composed of a pentad of singlet and triplet l(‘\'(‘ls and the 
lower set of a triad of singlet and triplet levels. It- should be noted 
that the selection rule for electrons is obeyed in tliat one ehadron goes 
from a 4d to a 4p orbit, A/ = 1, while the other remains in a 3r/ orbit. 

12.6. Coupling Schemes for Two Electrons.- Attempts to calculate 
the fine-structure separations of the various energy levels arising fiom 
any given electron configuration have been made by many investigators. 
Prior to the development of the quantum mechanics, the vector model, 
qualitatively, accounted for the fine structure of all analyzed spectra. 
Although quantitative agreement was also found in a few eases, it 
remained for the quantum mechanics to bring about a more general 
agreement. It should be pointed out that, even at this time, there is 
much to be desired especially in the cjise of the more complex atomic 
systems. We shall first consider, in detail, the vector model as it applies 
to atoms containing two electrons and then formulate a quantum- 
mechanical picture of the same atomic states. 

In hydrogen and the alkali metals, the simplest of all atomic systems, 
the interaction between the electron spin and the orbit P of the 
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single valence electron splits each energy level P, D, . into two 

fine-structure components. We have already seen in Sec. 8.6, that 
this interaction energy, ?.r., the shift of each fine-structure level from 
the hypothetical center of gravity, is given by 


where 


__ 7*2 _ <j*2\ 

-ATi,g = a • l*ii* cos = a ^ ~ 


fi wsz r*m 

+ 1 ) 


( 12 . 1 ) 

( 12 . 2 ) 


In the case of two valence electrons there are four angular momenta 
rst, which give rise to the following six possible interactions: 

6*f wath 6*2, I* with sf, If with af, (12.3) 

If with If, If with .s‘^. If with .'ff. 

Applying E(}. (12.1) to these six interactions, there will be six energy 
relations: 


r, - aisUf cor> (,sfsf), 
r, = a^ltlf cos [Iflf), 


= aJinf cos (Ifsf), 
V \ cos 


Tf, = cos (/fs?), 

(12.4) 

r, = ajtfi* cos {Ifsf), 


In terms of the classical iiiodel of the j)recession of vectors, each spin 
s*, and each orbit /*, produces a fi(id around which the others tend t(j 
carry out a Larinor precession. In some atomic systems and electron 
configurations certain of the interactions ai'e large as compared with 
others, whereas in other systems and configurations ditlerent interactions 
predominate. A predominating interaction between any two vectors 
may hv mterjircted to mean that these two vectors process more rapidly 
around their jiiutual field than around any other. With this in mind 
It is easy to see that any attempt to formulate classical models for all 
possible c()U])ling schemes would be Aery difficult. Fortunately, how^- 
ever, (wo rather simple ideal models have been developed, one or the 
other of which gives fair agreement with exjieriment in most cases. 
'I'hese cases are knowm as AaS-, or Ruf^srlUSaundrrfi, coupling , on the one 
hand, and jj-coupling, on the other. A large percentage of all known 
spectrum lines and energy leAols may be edassified wdth one of these 
coupling schemes, or with some intermediate but closely associated 
scheme. 

In LiS-coupling, the interaction energies Fi and r 2 [Eq. (12.4)] are 
assumed to predominate over and Fi, while F5 and l\ are assumed 
negligibly small. In y7“COupling, Fa and r4 are assumed to predominate 
over Fi and r2, while 1\ and are again assumed negligibly small. 
Vector diagrams of these two coupling schemes are shown in Fig. 12.5. 
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With Fi and r 2 inedominant in Fig. 12.5.4, .s*f and .s‘| process rapidly 
around their resultant and /f and process nipidly around their 
resultant L*. Duo to the AvcakcT interactions Fj and F 4 , /v* and 
precess more slowly around their resultant 

In Fig. 12.5/i, with Va and Fi predominant, If and sf precess around 
their resultant and If and sf precess around thcii- re.siiltant ./I ^hie 
to the weaker interactions Ih and F-j, and,/.? ])r(a'(*ss more slow ly around 
their mechanical resultant ,/*. We shall now^ take ujj these two ideal 
models separately and consider some of the consc(iiien(‘es of each. 



Jmc. 12.5.- Ideal vector models for* (.1) /..‘^’-couplinK. •oid (/>) y^-r-ouplin^. MxtunpN^R 
draw 11 with ii 1, / - J, ./ 

12.7. F Factors for LS-coupling.- In derix ing ;tn exiin'.ssiori for fine 
struct me, a.ssunnng (Ih; idiuil case of f.N-c'oupling i>(*twt'(*n the two 
valein-c (‘Icid i ojis, we have only to e\aliiate the first four interaction 
energies 

r, = Ups/.s.* cos (.s-f.s-D, Va = cos f/r-s-r), 

Fo =- a./ilf cos (/*/*;, \\ = Ur/hvj cos (lUf). 

Sinc(‘ s/ and .sj pr(‘cess, with fix(‘d angles of inclination, around their 
resultant aS'’*, which remains invaiiant in magnitude (s(*e Fig. 12.5/1), 
Fi is readily (‘valualed by applying the cosine law'^ for triangles, /.c., 
= ,s*r + 4 ^' + 244 cos (44), 

Fi = - 4- - 4*'). {'12.0) 

With If and If precessing around tlnar r(‘sultant 7v* with fixed angles 
of inclination, F 2 is readily evaluated in the .same way, 

F 2 - ^ ir^ /*•“’). (12.7) 

^ The cosine law as given above is nsc»l a great, deal in the ealculntion of inltTaetion 
encrgi(‘B and will bo refernxi to hereafter as the cottine hur 
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Now L* and due to their respective fields, process around their 
mechanical resultant in just the same way as I* and s* of a single electron 
process around their resultant j*. The interaction energy due to this 
precession is attributed to the coupling between each electron's I* and 
its own «*, Ts and r4. Here the average values of the cosines must 
be evaluated since the angles between the vectors are continually chang- 
ing. Due to the constancy of certain angles throughout the various 
precessions, and a well-known theorem in trigonometry (see Sec. 10.7), 
this is readily accomplished. For example, the projection of If on 
L*, then L* on S*, and finally S* on sf gives, for the average cosine, 

c^lfW) = cos (IfL*) • cos (L*aS*) • cos 
Similarly, (12.8) 

cos (Ifsf) = cos (IfL*) • cos (L*S*) • cos (>8*s.J). 

In these equations it is assumed that the individual precessions of .sf 
and If are much more rapid than that of L* and S* around J*, so that 
their components normal to the respective axes of rotation will ciincel 
out. 

Adding these two terms together, taking out the common factor 
cos (L*S*), and employing the cosine law for triangles, we obtain the 
following interaction energy: 


Fs -f- r4 — (anai\ -f- a4a4)L*S* cos (L*S*) — ^(a.‘iQ:3 + ciiai) 

( J *, _ ^^*2 _ ^* 2 )^ Q 2 . 9 ) 

where 


and 


_ Sf2 - 42 -f 1*2 _ 1^2 _f_ 7^*2 

- -■ “ 2Z7*- 


C .*2 

^2 


,sf 2 -f l*‘^ - -f 7/ 




2L*2 


( 12 . 10 ) 

( 12 . 11 ) 


For any given triplet .sf, ,s.t, Zf, If, S*, L \ ni, and 712 are fixed in 
magnitude so that a-i, a^, a^, and ^4 arc constants. Writing 

A — a^as + a 40 L 4 , (12.12) 

Eq. (12.9) becomes 

1\ + r4 = A ^L*S* cos (L*S*) = iA(J*'^ - L*2 - S*^). (12.13) 

In the next section we shall see that this equation yields the Land6 
interval rule. 

We have now to evaluate the a coefficients to obtain complete expres- 
sions of the energies. If in each case the interactions are magnetic 
in character, then formulas of the type shown in Eq. (12.2), can be 
derived for each coefficient. A comparison of the calculated energies 
with observed fine structure in general shows that, while spin-orbit 



Sec. 12.7J THE ATOM MODEL FOR TWO VALE^X^E ELECTRONS 193 

interactions are magnetic in character, orbit -orbit and spin-«piii inter- 
actions may be attributed mainly to electrostatic effects. Due to the 
general observation that singlet levels lie above the corresponding 
triplet levels of the same electron configuration, the (‘oefticioiit (u of l\ 
may be considered negative. This has been explained by Heisenberg 
as being due to an electrostatic resonance-interaction phenomenon and 
will be considered briefly here, to be taken up again in Sec. 12.17. \^ e 

shall assume that Eq. (12.6) gives the siiiglet-t npltff intervals in terms 
of the quantum values Si, Ss, and iS, and a constant which is negative, 
even though it is questionable just what significance can be attached 
to this equation. 


SINGLET f 

I 


-'Pi 


SINGLETS 


Sp 




TRIPLET'-f,; 


-2 A 


pd-‘-iTo 


TRIPLETS \ 


-2A 


- A 


V'«A" 


~;o; 

^Dr 




Fio. 12.6. — Schematic representation of the interaction energies hetwc'en two valence 

electrons in />.S-c<nipling. 


Schematic representations of the fine structure for two different 
electron configurations are shown in Fig. 12.6. The effect of each 
interaction Ti, r 2 , Fg, and W is shown separately, starting at the left 
with only the energy attributed to the n and I values of the two el(;ctroris. 
With 6‘i = S 2 = -h and aS = 0 or 1, for singlets or triplets, respectively, 
we obtain from Eq. (12,6), Fi = — 3ai/4, or ai/4. This is the first 
Splitting shown. 

Second comes F 2 , the hU interaction which gives rise to the various 
term types S, P, 7>, . . . (see Sec. 12.8). Classically it may be shown, 
by the same arguments put forward in considering the spin-orbit inter- 
action of a single electron in Sec. 8.6, that the most stable state for two 
orbital motions is one in which the two magnetic moments, and hence 
the mechanical moments, are most nearly parallel to each other. In 
other words, out of all the terms arising from a given configuration 
and with given multiplicity the term with the largest L value should 
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lie (ioepcst. This is pari of Hnnd's rule,^ which applies to L>S-couplinj? 
only and statics that out of all the terms with the same L value arising from 
any given electron configuration (1) a term with the highest rnultiplieity, i.e.^ 
the highest S value, will lie deepest, and (2) of these the term irith the highest 
L value will lie derpesi. As a consocpience of these considerations the 
coefficient in Fa\. (12.7) should be negative. 

For a pd confi^urat ion (Fig;. 12.6) with /i = 1 and h — 2, there 
will be F, D, and F tt'j ins with L ~ S, 2, and 1, respectively. Substitut- 
ing these values in licp (12.7), r 2 = 2«2, — ^ 2 , and —3^2, respectively. 
For any configuration inv^olving an electron, li = 0 and r 2 vanishes. 

We ha\'e already seen in Sec. 8.6, that the spin-orVjit interaction 
leads to coefficients a.^ and Ua, ^^iven }>>’ ]’>}. (12.2), which are positive. 
Substituting; the various allowed values of .s‘i, s-yy l\, U, S, L, and J in 
Fqs. (12-10), (12.11), (12.12), and n2.13), the last split tinji; f.i + fi, 
shown at the rij^ht in the figure, is obtained. For sinj 2 :let terms with 
^ = 0, the a\s and hence the .Fs vanish. 

We niaj^ now write for any fine-strnct iirc term value the following 
formula: 

T'o.n ^ Tu - r, - - r, - w (12.14) 

where To is a hypothoti(‘al term \alue for the center of f^ravity of th(‘ 
entire electron confij^uration. ''fho horizontal dotted lines in the fi 4 ,nrc 
represent centers of gravity. For each triplet they lie at points obtained 
assigning each le\el a weight 2J 4 1. For the triplets, or singhis, 
they lie at jioints obtained by assigning ea(‘h term L a weight 2L 4- 1. 
For the entire configuration in turn ihc weights 24 4- 1 are assigned 
the triplets below' and the singlets tihoyo. Tlie results obtained from the 
preceding ociuations will now be compared with obserx'od fine stnndures. 

12.8. The Lande Interval Rule. Of the ecjuaiioiis derived in the 
previous seclnui, \a\. (12.13) is pcuhaps the most significant., for it 
expresses symbolically the well-established Lande interval rule. Intro- 
ducing the (]iiantum values aS, L, anil .7, this cijuation becomes 

fa + l\ - IA{J(J 4- 1) - L(L 4- 1) - S(S +1)1 (12.15) 

and states that for a given triplet, i.e., for given a 4 and L, each fine- 
structure t(Tm difTerence is proportional to 1h(‘ larger of the two ,/ 
values associated with it. In the following examples, 

'V4, -Th M)i Mh -'F, ^F, ^F^ 

the ratios are 

1:2 2:3 3:4 

This result is directly obtained from Eq. (12.15) by taking the difference 
between one term J and the adjacent term / + 1: 

‘ See Hund, F., “Liiiit'iisppktrcn/’ p. 124, 1927. 
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-AT = IAI{J + 1)(J + 2) - J(J + 1)) = A{J 4- 1). (12.16) 

The intervals are thus proportional to the larp;er J values. 

Observed separations of many triplets in a number of elements 
are in excellent a^^n'ement with the interval rule. Several examples 

Table 12 4 .-— Triclkt SEr\R.*TioNS i\ Wave Numbers iLLusTiiATiNti the LandIo 
Interval Rule (LN>coi,i>lix«0 


Tlu'ou'tical interval ratio 2 ; 1 


14<‘inrrit 
Coiifi^tira- 
1 1011 

■'/'« - »/‘i 

! 

'Pi ~ ‘T, 

Ol>S 

ratio 

Cfi , 'Sd'dd 

13 5 i 

20.9 

2.0 

Ca , 4 I /; 

52 3 

10.5 9 

2.0 

Sr, r».s5/^ 

187 0 

394 0 

2.1 

Mir, 3.v3/^ 

20 0 

409 

2.0 

Zn, ksl/j 

100 0 

3S9 0 

2.0 


Theort'tieal interval ratio 3:2 


Element 

Coiifi|;uni- 

tion 


- j 

^D2 ~ =*/). 

Oh.s 

ratio 

Ca, 3dl.s 

13.0 

21.7 ; 

1.6 

Ca, 3dl/> 

20.7 

40.0 

1.6 

Zn, 4x4d 

3.4 

4.t) 

1,4 

Cd, .5.s5d 

11 7 

18 2 

1.6 

Cla, 4.s‘4(/ 

1 3.8 

5.0 

1.5 


taken from on(‘ f!;j()tip of elemenis in the ptTiodic table are ^iven in Table 
12.4, 

'riie af’reemeiit with theory clearly justifies the use of the vector 
mo(l('l and identifies the electron coupling as Russell-Saimdors. 

N p;rai)hical I’epro.sentation of the Lande interval rule is shown in 
Fip;. 12.7 for a ^1) t(‘rm. With 
>S = ] and L = 2, is shown (juaii- 
tized with respect to7y* in tlie three 
allowed jiositions J == I, 2, ami 3. 
ddie J vectors art' not shown. 

Projt'ct inf; on /.*, we obtain S* 
cos (L*S*). The result ant intervals 
have tlie ratio 2:3; and the central 
(lotted line is at the center of 
gravity. 

The chief eharactcri.stics by 
which 7.N-c()upling is readily recog- 
nized are: (1) ddie singlet -triplet 
intervals are large compared with 
th(^ triplet fine stru(*ture. (2) The Fu;. 12 7. -Ciraphiral rcprc.sontation of the 



triplet intervals follow the Landt' 


Land^* interval rule for a ^I) term. 


interval rule. Both of these (conditions are observed when the coupling 
is LS. 


12.9. jj-Coupling. — We now' turn to the ideal case of jj-coupling for 
two electrons. Before cakmlating general expressions for the inter- 
action energies on such a scheme, let us first determine all of the various 
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spectral terms arising from any given electron configuration in i/-coupling. 
The spin sf of each electron is quantized with respect to its own I* to 
form a resultant j*, such that takes half-integral values only. The 
two j*s are in turn quantized with respect to each other to form a result- 
ant J *, such that J takes integral values only. Consider, for example, the 
configuration pd, with si = |, h = 1, sj = 5, and h = 2. For the p 
electron, = 1, or I; and for the d electron, ji = |, or Combining 
these four values in all possible ways (see Fig. 12.8), one obtains from 
ji = i andji = !,/ = !, and 2; from;i = | andi2 = |, *^ = 0, 1. 2, and 
3; from ^ and = |, J = 2, and 3; and from J, = f and ji = i, 



J-l,2 J-2.3 J* 1. 2,3.4 

Fig. 12.8. — Vector diagrams of two valence electrons in ;;-coupling. 

J = 1, 2, 3, and 4. This is exactly the same number of terms arrived 
at on the 7v>S-c()upling scheme, and they have exactly the same set of 
resultant J values. 

The question arises as to how each term is to be designated when 
the coupling is jj, and L and S no longer arc constants. Although no 
scheme has been generally adopted, such terms will here be designated 
by writing dowm the tw'oj values in parentheses follow'^ed by the resultant 
J value as a subscript, c.g., (1 When the electron configuration is 

required, it Avill precede these values, e.g., 3(/4f/,(| 1)4. 

In setting up the ^^-coupling model in Bee. 12.6, it was assumed that 
the interaction between the spin of each electron and its own orbit is 
greater than the interactions between the two spins and the two orbits, 
respectively. Proceeding in exactly the same way as for L>S-coupling 
the cosine terms in the F factors (Eq. (12.5)] must be evaluated. With 
the angle between ,s* and IX fixed, and the angle between sX and IX fixed, 
r3 and r4 are readily calculated from the cosime law for triangles: 

r3 = \a,{jX^^ ~ ir - (12.17) 

r4 - ia^UX^ - IV - ^V)- (12.18) 

Since the angle between sX and sj fl^c angle between If and I* 
are continually changing (see Fig. 12. 5Z^), the cosines in Fi and Fz 
must be averaged. Projecting s* on jfj thenjf onj*} and finally j’* 



Sec. 12.9] THE ATOM MODEU FOR TWO VALENCE ELECTRONS 197 


Ti = aisfsj cos (sf4) = ais'tst cos cos (jtj*) U*^*) (12.19) 

imdf similarly, 

Vi = fli/f/J cos cos cos Ui'Jt) (JVl)’ (12.20) 

Each of these cosines is constant and readily evaluated with the cosine 
law: 


where 

and 

Writinfi; 


ri + Tj 

= ’2(01/^! + 0 , 2 ^ 2 ) \J 

■i«2 _ ,;*2 
Ji 

-JV\, 


5*2 _|_ j*2 _ 1^2 

sV 

+ JV - 

-JV . 

PI *“ 

r 


! 

^*1 


0 

IV + jV - ^v 

. T. 

1 

■f 

-Jf. 

P 2 — 

2jV 


2jV 



A = ai/ 3 i + 02/82, 


( 12 . 21 ) 

( 12 . 22 ) 

(12.23) 

(12.24) 


E(j. (12,21) may be written 


Ti + l\ = AjtJt cos urjt) == U(J*^ - JV “ ir). (12.25) 


In applying these e(|uations, consider the configuration jhs as an 
example. Here with Si = 7J-, /i = 1, .S2 = /, ii-nd /> = 0, four values of ./ 



Fio. 12.9. — Wrtor (liagrams for a jm ol<*<*tron confimiratiori in y^-rouplin^. 


are possible. Vector diagrams are shown in Fig. 12.9. Su})stituting 
in E(js. (12.17) and (12.18), r,{ = 03/2, or —as, and J\ = 0. Thf^se 
splittings are showm schematically at the left in Fig. 12.10. Substituting 
in Eqs. (12.21), (12.22), and (12.23), the values 1\ + W = -5a, /12, 
+3ai/12, — ai/12, and +3aj/12 are calculated for the states (.5 2)0 
(I 2)2, (i ^)i, and (^ ^)o, respectively. In ;>coupling the sj)in-spin 
interaction is greatly reduced in magnitude (as compared with />*S-cou- 
pling). The coupling, however is such that the coefficient ai is still 
negative. For this reason the terms have the order shown in the figure. 

A good example of a ps configuration revealing j)‘-coupling is to be 
found in tin. The observed separations are given at the right in Fig. 
12.10. Each observed separation has been divided into two parts to 
show the magnitude of the different interactions. It is to be noted, as 
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shown by the formulas, that the large interaction is due to Fa, the spin- 
orbit interaction of the p electron; the s electron, with h — 0, contributes 
nothing (r 4 = 0). That this splitting is due to the p electron is evidenced 
by the separation, observed in the ionized spectrum where the 

6s electron is absent. It is seen that the effect of the addition of a 6s 
electron to Sn II, 5p, to form Sn I, 5p6s, is to split each doublet level 
into two levels as calculated. This smaller interaction is due to the 
spin-spin coupling l\. If this latter splitting w ere due to the interaction 
between h and ^2 [see Eq. (12.4)], the twm upper terms would be inverted. 




■|2°' 


-J-t 


cr/ 


• ^ n 

12 


/31\ T 


592 rm-' 
?50(rr~'‘ 3 


b59 cm"' 


14!8cm' 


tn / 


Center of Gravity 


Sn I Sn II 

i) p 6 S 5 p ‘ 

Observed 


2679cm-' 


2655 cm'’ 


. J-0 




(^0,- 


68cm'^ 

206 cm"' T 


Fit;. 12 . 10 .-- Schematic roprcHcntation of th<‘ interaction cnorKit .s lii'twccn two valioict 

(‘h'clrons. 


12.10. jj-coupling in the Carbon Group of Elements. Good examples 
of atomic systems revealing Jj-conpWng between two valence electrons 
are to be found in the carbon group of elements (groujis IV and TV B of the 
periodic table). Energy lev(‘i diagrams of these elements, carbon, silicon, 
germanium, tin, and lead, are vso nearly alike, generally, that a study 
of any one of them will illustrate the main features of all. Germanium, 
atomic number 32, will serve as a typical example (see Fig. 12.11). The 
normal state of this atom is given by the complete electron configuration 
(see Table 5.3) : 

Ge, 32, U- 2.s2 2p« 3.V" 3p« 4.s'" 4p\ 


All of these electrons, with the exception of the last tw o similar p electrons^ 
form completed subshells. Two similar p electrons (see Table 12.3) 
give rise to the terms hSo, ^-Po. 1 . 2 , ^I> 2 . Applying Hund’s rule, which is 
always valid for normal electron configurations, the terms should 

lie deepest, follow^ed by and then hSo, as observed. 

Exciting the atom now by raising one electron to the low^est possible 
available state 5s, changes the configuration to 47)5s. From Table 12.2 
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tliese two electrons give rise to and •'’Po. 1.2 terms. On examining 
the fine-structure intervals, it is observed that the coupling is not LS 
but very (closely jj. These four terms constitute the first member of a 
series of terms arising from the scries of configurations 4p7iSj where 



Flu. 12.11. — Energy level diagram of germanium, Ge I below and Go II above. 

n = 5, 6, 7, • • • 00 . When the limit of this series is reached, the atom 
is ionized with but one 4p electron remaining. This is the normal 
state of the ionized atom. 

Starting at the normal state of Ge I again, the excitation of one 
of the electrons to either a 5p or 4r/ state raises the atom to one of the 
states shown in the figure. The circles represent states not yet identified 
in germanium but known in other elements in this group. These terms 
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likewise form series, which have as a limit the 4p,^Pj.j state of the 
ionized atom. Subsequent excitation of the ionized atom will raise the 
one remaining electron to other doublet states, which as series have a 
single limit, When this limit is reached, the atom is doubly ionized 
and 30 electrons still remain in completed subshells. 

In taking up each one of the carbon group of elements in detail, 
good examples of intermediate coupling between LS- and jj-coupling 
are found. Consider the first member of the 4pns series mentioned 
above. In carbon this first member, due to the configuration^ 2p3s, 
shows good L*S-coupling; the •‘*Po ~ ''’Pi, '"’Pi — '^P 2 intervals are 20 and 40 
cm"^, with the theoretical ratio 1:2 and the hh — ■'’P 2 interval 1589 cm“^ 


Carbon Silicon Germanrum Tin lead Carbon Silicon Germanium Tin Lead 



Fia. 12.12. — LS- to jj-couplinpc as shown by the normal and first exoited states in the 

carbon group of elements. 


is correspondingly large. These levels are shown at the left of the right- 
hand figure in Fig. 12.12. In lead the same four levels have gone over 
to j^-coupling with two groups of two levels rather far apart. The 
intermediate elements (Si, Ge, and Sn) furnish transition stages between 
the two extreme cases. While jj-couplirig for similar electrons has 
not been treated above, the terms making up the normal states of these 
atoms show /v>S-coupling in (' and relatively good jy-coupling in Pb. 

12.11. Term Series and Limits in Two-electron Systems. — The 
fine structure of two series of singlet and triplet terms is shown graphically 
in Fig. 12.13. Fine-structure intervals are plotted vertically, and the 
term values, on a very much smaller scale, horizontally. The cadmium 
series, it is observed, shows fairly good L,8-coupling as far as the series 
is observed. The silicon series, on the other hand, shows fairly good 
LS-coupling for the first series member and goes over to good jy-coupling 
as the series approaches the double limit. 

In the cadmium series 5snp, the 5s electron remains in the same 
tightly bound state while the p electron takes on one of the series of 
more and more loosely bound states 5p, 6p, Ip, . . . 00 . The limit 



Sec. 12.12] THE ATOM MODEL FOR TWO VALENCE ELECTRONS 201 

of this series is consequently 5s, -SV In silicon the p electron is in a 
tightly bound 3p state and the s electron takes on one of a series of more 
loosely bound states 4s, 5s, 6s, . . . oo . The limit of this series is 
In more complex configuration series like the 4pnd series in 
germanium (Fig. 12.11), ^j-coupling is also to be expected near the series 
limits. 

Although a scheme for predicting the terms that go to each limit 
has been developed by Hund‘ for complex spectra in general, Shenstone*' 
has shown that the rules are often incorrect and cannot be relied upon. 
The very simple rule that levels with the same J values never cross, 



along with the ^j-coupling scheme develoi)ed in Fig. 12. <S, will show what 
levels go to each limit. 

One interesting result brought out in Fig. 12.13 is that the over- 
all separation of each of the terms in silicon is approximately the 
same as that of the limit. This (piite frecpient observation occmrs 
when one of the electrons is an .s- electron. For a ps configuration in 
L*S-coupling (see Fdg. 12.6) the Vtj — ^P'l interval is calculated to bo 
3d, or 3a3/2. In jj-coupling the same interval (see Fig. 12.10) is again 
803/2. For the ionized atom the interval is given by Kq. 

(8.18) (see also Fig. 8.9) as 3a/2. In cases where the s electron does not 
appreciably change the effective nuclear charge for the p electron, the 
a’s in each case should be nearly the same. These conditions are met 
in a number of other atoms, and the same phenomenon is observed in 
the following series, in C I, N II, and O III, 2pns, '^P, w’here n = 3, 4, 
5, . . . 00 ; in Si I and P II, 3pns, where ri = 4, 5, 6, * • • 00 ; in 
Sc II, Ti III, V, IV, and Cr V, 3dm, H), where rt = 4, 5, 6, • • • 00. 

12,12. The Great Calcium Triad. — Sufficient preparation has now 
been made to enable us to return to the energy levels of the well-known 
calcium triad and to calculate the width of each triplet in the upper set 

iHund, F., Zeits. /. Phys , 62, 601, 1928, and previous papers. 

® Shbnstone, a. G., Nature, 121, f>19, 1928; 122, 727, 1928. 
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of levels. The relativer positions of the 'D, T, '/), and F terms 
arising from the electron configuration 3d4p may be seen in the energy 
level diagram of calcium (Fig. 11.9). Assuming LiS-coupling for this 
configuration the triplet intervals may be calculated with a reasonable 
degree of accuracy. With the treatment of L>S-coupling in Sec. 12.7, we 
have only to determine the values of two coefficients, as and a4, in the 
A's at the bottom of Fig. 12.6: 


3P, A = 


—as 

4 


3^4 ^ 


«2), A' 


as ^4 

12 T2' 


(12.26) 


3F, A" 


as , ^4 

6 J 


Since as and a^ are both due to the interaction between the spin 
of each electron and its own orbit, they may be evaluated direct 1}^ from 
the electron configurations 4p4s and 3d4s, respectively. Here with one 
electron in an s orbit the observed triplet separations 4p4,s, V' and 3d Is, 
W are due to the 4p and 3d electrons, respectively. The follovs ing table 
gives the observed intervals and the calculated coefficients |s(M' h](i. 
(12.9)]. 


Table 12.5. — Coefficients for 4 p and 3d Electrons in Caix h m 


Configuration j 

Term 

Triplet separations 

C()efli(‘i(*nts 

4;>4s 


52 cm"i lOG cm ^ 

1 A 2A 


(i,i — 105 cm ' 

3d4s 


14 21 

2A 3A 

, a:, 

A = -.y 

^ 1 

(li ~ 14 


Using these values of 105 cm ^ and 14 cm h f<^^ ^^^d in the 

preceding Eq. (12.26), the following values for the 'F, ^D, and triad are 
obtained : 


Interval 

3/r„ _ 

^Di - nh 


Observed 

Calculated 

166 cm"^ 
156 

67 cm-' 

72 

7 cm-' 
-47 


Although the intervals throughout this configuration do not indicate 
ideal L^S-coupling, the agreement between observed and calculated 
intervals is quite good. 

12 . 13 . The Branching Rule. — The branching rule is a very simple 
rule frequently used in the construction of energy level diagrams. 
Suppose, for example, that the atom of germanium has been doubly 
ionized. This state of the atom is represented in Fig. 12.11 by the ^So 
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1('rm at the top of the diagram. Now allow one electron to return to 
the atom and end up in a 4p orbit. This state, 4p,‘'P, of the atom is 
leprosented in the middle of the diagram as the lowest doublet state 
of the singly ionized atom and at the same time the doublet limit of 
the various series of the neutral atom. Suppose now that the second 
electron is allowed to return to the atom in a 5s, or a 5p, or a 4d orbit. 
The various possible states of the atom corresponding to these configura- 
tions may be written down as follow's: 


Ionized atom 

4p 

4p 

2p 


ip 

A 





ip^D^F 

Neutral iilDii-i 

4'p^ip 

4p4d 


By adding the second electron, the multiplicity goes up one to 
tnpl(*ts and dowm one to singlets. If the Jidded electron is in an .v orbit 
(/ - 0), the L value is not changed. Adding a 5p electron (/ = 1), 
th(‘ L values go up one and dow'n one and include all integral values in 
between. Adding a 4d electron to a 4p^-P state gives the same resultant 
terms as adding a 4p electron to a 4d,^D state; the multiplicity goes 
up and down one, and the L values go up and dow'n one from ^Z>, the 
hu-ger of the two, ancl include all integral values in between. 

Consider, as another example, the energy levels of calcium (see 
Fig. 11.9). Starting with the ionized atom in a state, let the 

sec'ond elecdron return t() a 4.s, a 4p, or a 4d orbit. The various possible 
states arising from these configurations are: 


Ionized atom 


Neutral atom 


3r/ 

A 

3d4s 


3d 

W 



ipiD^F 

3d4p 


3d 



3d4d 


The and 3df^D terms in these tw^o atoms are known as parent 

termn to the ones below them. If the L values of a parent term is ecjual 
to or groat CT than the I of the added electron, the allowed terms go from 
7. — Mo L + /. If Z > Z>, they go from J — L to Z + L (see Sec. 12.1 
and Fig. 12.1). 

12.14. Selection Rules. — An extension of the selection rules of 
hydrogen and the alkali metals to tw'o-electron systems introduces 
iiew' .sets of rules, of w hich those for one-electron spectra may be thought 
of as special cases. With two electrons taking part in producing 
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the various types of terms, transitions may occur in which two electrons 
jump simultaneously with the emission of a single radiated frequency. 
Selection rules for two-electron systems in general may be written as 

AZi = ±1 and AZ 2 = 0, ±2. (12.27) 

If a single electron jumps, the I value of one changes by unity, and the 
other by zero. If a double electron jump occurs, the I value of one 
changes by unity and the other by zero or by two. There are no restric- 
tions on the total quantum number n of either electron. For the various 
types (;f terms arising from all possible electron configurations the 
further restrictions are divided into two parts. 

A. For /v*S-coupling the further restrictions are: 

A.S = 0 

AL = 0, ±1 (12.28) 

AJ = 0, ± 1 (0—^0 excluded) 

Th(^ singlet and triplet transitions shown for ionized scandium in Fig. 
12.4 will serve as good examples of these rules. 

B. For jj-coupling the further restrictions are: 

Aj I = 0 i 

Aj, = 0, ±1 (12.29) 

AJ = 0, ±1 (0 0 e.\cluded) 

According to these rules transitions are allowed which, under the rules 
for L^S-coupling, are not allowed. Intercombination lines, although 
weak, are good indications that the coupling in either the initial or final 
state is not good L^8-coupling. 

A more convenient way of expressing the selection rules for the 
individual electrons [Eq. (12.27)] has been brought out by the quantum 
mechanics. The rules are expressed in terms of the oddness or evenness 
of the electron configurations and terms. All spectrum terms arising 
from an electron configuration for which the sum of the I values is even 
are called even terms. All terms for which the sum is odd are called odd 
terms. Odd terms are designated by small exponents For exair.ple 

we write: 


3d4d (even): hS,, 

4s4j) {odd ) : 

4 he selection rules for I values are that only even terms can combine with 
odd terms, and only odd terms with even terms. This rule^ was dis- 
covered empirically by Laporte. The even terms in the above example 

^ lor a quantum-nipchanioal proof of this rule see H. Weyl, ^‘The Theory of Groups 
and Quantum Mechaiiics/’ p. 201, 1931. 
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can combine with the lower set in what is called a double electron jump ^ 
Ad to Ap (AZ — 1), and Zd to As {Si = 2), or 3d to Ap {SI = 1), and 
Ad to 4.S’ {Si = 2). In calcium the Sdfid,H^ terms combining with 
4.s4p,'‘P° terms gi^e rise to all but the first member of the anomalous 
series observed by Russell ami Saunders,^ (see Sec. 11.5). In j^’-couplin^ 
odd terms will be designated in analogous fashion, c.g., (2 :])i. 

12.15. Intensity Relations. — In calculating relative intensities o) 
spectrum lines in general it is not always sufficient to use the summation 
rules of Ornstein, Burger, and Dorgelo (see Secs. 8.3 and 10.6). In 
thermal excitation, for example, the intensity of a line will depend upon 
the temperature of the soun-e. At low temperature there will be ver^ 
few atoms in ex(*ited states. Wit h an increase in temperature the numbei 
in higher states will increase^, and henc(i the possibility of jumping back 
with the emission of radiation b(‘comes iuoj’e probable. Just as in the 
classical theory of the (‘mission of energy from an electric oscillator the 
intensity of a spc'ctiaim line will also depemd upon the fi'e(juency. Th(i 
ratio between the intensities (if two emitted spectrum lines may be 
written as 


h I' m 


The first term involves the well-known Boltzmann factor containing 
the effective temperature T of the two initial states m and p and is 
called the excitation Junction for (uich state. The second term is called 
Einstein’s correction. The thiixl term involves the ratios given by 
the sum rules, which may be stated as follows: (1) The su7n of the intensi- 
ties of all lines of a viuUiplet which start from a common initial level 
is proportional to the (pianium weight {2J + 1) of the initial level, 
(2) The sum of the intensities of all lines of a multiplet which end on a 
common final level is proportional to the quantum weight {2J + 1) 
of the final level."^ These sum rules alone are not, sufficient to determine 
the relative intensities within a multiplet. Before the principles of 
the quantum mechanics were introduced, correct intensity formulas 
were derived by Kronig,^ Russell,'* and Sommerfeld and Hbnl,^ by means 
of B()hr\s correspondence principle and the classical model of the atom. 

^ The* first member of the series is now aseribed by Russell to the transition 4/;* to 
454 /). 

2 The quantum weight {2J -h 1) gives the number of magnetic levels into which a 
given fine-structure level J will split when the atom is placed in a magnetic field. 

'• Kronig, R. de L., ZeiU.f. Phyn., 31 , 885, 1925; 33 , 261, 1925. 

^ Russell, H. N., Proc. Nat. Acad. Sci., 11 , 314, 322, 1925; Nature, 116 , 835, 1925. 

^ Sommerfeld, A., and H. Honl, Sitz-ber., Berl. AkacL IFiss., 9 , 141, 1925. 


P 


(12.30) 
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A Fourier analysis of processing electron orbits in conjunction with the 
sum rules leads to the following formulas: 


J - 1- 

Jj-J. 

/j + 1 - 


► J, / = 


For transitions L — 1 — > L 

-\r J *4" 4" I)(F/ J 4“ -f- y — 4~ ~ 1) 


/ ^S-^\){L-^-J-S){L -J +S){L~ J- S~l){2J ^\) 


II - 


J{J 4- 1) 

B(L - J + S){L -J-{-S - 1)(L -~J - S - 1)(L 

Q + 1) 


2) 


(12.31) 


For transitions L — > L 


J - 1 - 

'J-J. 

J -h 1 - 


A(L 1)(L 4- J - S){L 1)(L - ./ - .S’) 

j ' 

_ A[L{L + 1) + 4- 1) - S{S 4- 1)P(2/ 4- 1) 

_ A{L 4-/ 4-aS’ 4-2)(L 4- / - aS' 4- 1)(/- - J + S){L~J-S~\) 

(X+'I) 


(12.32) 


These equations have since been derived on the quantum mechanics 
by l)irac4 If the initial states of a multiplet are close together and tlu' 
final states are not far apart, the and temperature corrections will 
be very small and the constants A and B need not be determined for 
the calculation of relative intensities. 

Consider, for example, the calculation of the relative intensities 
for a multiplet. Writing clown the terms in an array like the 

one shown at the left in Table 12.6, and substituting the L, and J 
values in Kq. (12.31), the intensities given in the center of the array 
are obtained. 


Table 12.6. Illustrating Relative Intensities and the Sum Rule for a 



"£>2 3/), 


Multiplet 

Wi 

Wz 


168 30 2 

200 .5 y'j 

100 17.9 1.2 

100 17.6 1.6 


90 30 

120 3 ,p 

63.6 17.9 ^Pi 

64.0 17.6 


40 

40 I 





1 

23.8 ^Po 

22.2 


168 120 72 




7:5:3 





According to the sum rules, the sums of the intensities in the columns 
have the ratios given by the integers 7:5:3 below and the sums of 
the intensities in the rows have the ratios given by the integers 5:3:1 
at the right in the array. The three strongest lines are those for which 
L and J change in the same direction and they are called the diagonal 

^ Dirac, P. A. M., Proc. Roy. Soc., A, 111, 281, 1926. 
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lines. Of these lines the one involving the largest L and J is the strong- 
est. The three weaker lines are called off-diagonal lines. At times 
it is convenient to compare the intensities of the lines of each multiplet 
Avith the strongest line in the multiplet designated as 100. These 
reduced intensities are given in the center in Table 12.6. Relative 
intensities expressed in this way are given in the Appendix for all triplet 
combinations up to ’T. The relative intensities of the calcium 
multiplet (see Fig. 11.7), as measured by Burger and Dorgelo, are given 
in the third array. Wherever LS-coup\ing is revealed by the fine 
structure, the calculated intensities are in good agreement with those 
observed. Where deviations occur in one they occur as expected in 
the other. It should be noted that the sum rules make it possible to 
interchange the roles of the initial and final states in the above given 
formulas. 

For the relative intensities of lines arising from jy-coupling schemes, 
Eqs. (12.31) and (12.32) may be employed by replacing S by ji and L 
hy j 2 ^ Here ji is taken as the quantum value which, in any given transi- 
tion, does not change. Applying the modified formulas to the intensities 
of the lines arising from the configurations sp — ^ S‘S, the values shown 
in the first two arrays in Table 12.7 are obtained: 

Table 12.7 

SPy (H) S/7, (y) .S 77 

/=01 J-12 y=0J12 

J = 0 31 J=0 24 1 J = 0 12 24 1 

S • S, OA) ** S • Sy (H) “ &• • « 

J = 1 3 6 5 / = 1 12 60 5 J = 1 12 24 12 60 2 

1 : 3 3:5 1:3 3: 5 

Assuming that the temperature and the corrections are negligibly 
small, these two sets of three lines each are brought into agreement 
with the sum rule by multiplying the first array by four. The two 
are brought together at the right in Table 12.7 and are to be compared with 
the values obtained for L*S-coupling and given in Table 12.8. 


Table 12.8 



^Po 

^Pi 

^P. 


1^0 36 




1 


12 

36 

60 

3 

3 

1 

: 3 

: 5 



The relative intensities given in this table, as calculated from Eqs, 
(12.31), have been multiplied by three. 
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Although no formulas have been derived for intermediate coupling 
schemes, the summation rules may be applied in any case. As seen in 
the above tables the transitions corresponding to hSi — ^^ 2 , ^Si — ^Po, 
and ^So — will have the same intensities (60, 12, and 0) in all coupling 
schemes. For the other transitions it is possible to determine only the 
sum of the intensities of all transitions starting from, or ending on, levels 
with the same J values. 

12.16. Relative Intensities of Related Multiplets. — Formulas for 
the relative intensities of multiplets arising from certain types of con- 
figurations have been derived by Kronig^ and checked experimentally 
in the more complex spectra by Harrison and Engwicht.^ These formulas 
have been derived for one-electron jumps where the electron configura- 
tions reveal L>S-coupling. Consider, for example, the electron con- 
figurations d'd and dp, which in Sc 11 have been observed to give rise 
to a number of triplet multiplets (see Fig. 12.4). 

Let Lo represent the orbital value of the parent term, i.e., the electron 
common to both configurations, I the orbital value of the other electron, 
and L their resultant. These three quantum A^alues are coupled together 
in just the same fashion as S, L, and J (see Figs. 12.1 and 12.3) and, as 
shown by Kronig, lead to the same formulas. Making the substitutions 
of L() for >S, I for L, and L for J in Eqs. (12.31), and (12.32), formulas 
for the relative intensities of related multiplets are obtained. It must 
be remembered that these formulas apply only after the and the 
temperature corrections are made. For multiplets lying close together 
this is unnecessary. 

In the scandium example d d dp, given above, Lo = 2, 1 = 2, 
and L = 4, 3, 2, 1, and 0 . Substituting these values for S, L, and J 
in F(is. (12.31), and (12.32), the intensities shown in Table 12.9 are 
found. 


Table 12.9 



3N .v> ^i) '‘F h; 



24 54 42 

IS 

■ijy 

18 70 112 

5 


8 56 216 

7 

1 

1 : 3 : r, : 7 : !> 



Although only visual eslimatcs of the lines in all of these multiplets 
have been made from photographic plates, the general agreement of 
the observed values with those calculated is quite good. On the basis 

1 Kkonig, R. de L., Zeils. /, I'hys., 33, 261, 1925. 

= Harreson, G. R,, auU H. Engwicht, Jour. Opt. iioc. Amer., 18, 287, 1929. 



Sec. 12.17] THE ATOM MODEL FOR TWO VALENCE ELECTRONS 209 


of 100 for the strongest multiplet, the (calculated and observed values 
are as follows: 


Table 12.10 



hS 3p 






zp 


zp 


Zpo 

11.1 26.0 

19.4 



3/>o 

24.0 

18.3 

14.1 



Hr 

8.3 

32.4 

61.8 


Hr 


4.2 

41.0 

36.2 


zF° 


3.7 

26.9 

100 

zpo 



9.9 

22.6 

100 



calf 

ulated 




observed 




Due to nonuniformity in photographic plates the multi plets at 
shorter wave-lengths have been underestimated and those at longer 
wave-lengths overestimated. Objective measurements of the lines will 
doubtless lead to much better agreement. 

12.17. Helium and Helium-like Atoms. — ^Like that of the alkaline 
earths the helium spectrum is composed of four chief series of singlets (‘ailed 
parhelium and four chief series of triplets called orihohdiiwi. That the 


‘s^s 'P 'd ^ ’f -^f ^f 'f 'd 'p 



fine structure of the very narrow orthohelium series was triplets and 
not doublets was first predicted by Slater ‘ and verified by Heisenberg.^ 
Similar series have been observed also in ionized lithium. The two sets 
of series in each of the elements may be arranged into two apparently 
noncombining sets of energy levels which, in the case of helium, have 
come to be known as parhelium and orthohelium levels, 

^ Slater, J. C., Proc. Nat. Acad. Set., 11, 732, 1925. 

* Heisenberg, -W., Zeits. f. Phys., 39, 499, 1926. 
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Energy level diagrams of helium and singly ioiiiznd lithium are 
shown in Fig. 12.14. The enormous energy shift from the iionnal 
Is^hSo state to the first exeited states l«2.s*,hS() and \Si is chsirac terislic 
of all the inert gases and similar atomic systems. 

Many attempts to (ialculate the energy levels of helium, a thro(‘4)()(ly 
problem, from a purely theoretical standpoint have been made, ami wjlh 
reasonable success. The normal state of helium, for exainpl(‘, has be(‘ii 
calculated by Hylleraas^ to be 24.470 volts below (he series limit, a 
value differing only 0.003 volt from the spectroscopic value of 21.467 
volts. For he obtained the value 75.272 volts, in excellent agreement 
with the observed value 75.279 volts. 

Heisenberg has shown that the enormous energy difference betw(*en 
the first two or three triplet levels and their associated singlet lexels 
is due not to the magnetic interactions of the two electrons l)ul to an 
electrostatic resonance interaction. This phenomenon of resonance, 
whicli so freciuently arises in the quantum mechanic's, is analogous 
to the resonance between twm mechanical oscillators. The analogy 
has been drawn of two similar pendulums, connected to the same support, 
and set swinging. Tf the support is not too rigid the energy of oscillation 
is found to shift back and forth between one pendulum and the other. 
At one instant one pendulum is at rest and the second vibrates witli a, 
maximum amplitude. Some time later the second pendulum cohk's 
to rest and the first vibrates with the maximum amplitude. It may be 
said that the two pendulums have changed places. 

For helium-like atoms this resonance plienomenoii has been shown 
to yield fair agreement with experiment by Heisenberg, Dirac, Slater, 
Gaunt, Unsold, Breit, Hylleraas, and others. The first attempts to 
solve the three-body problem of helium on the cpiantum mechanics led 
to a wave eciuation, quite like Schrddinger’s e(]uati()n for hydrogen, and 
of the form, 

vw + f - ;;y - ». 

where the subscripts refer to the tAvo electrons respectively. The fir.st 
term in parentheses represents the total energy of the system; the second 
and third terms represent the potential energies of the two electrons, 
due to their attraction by the nucleus; the last term represents the 
{x)tential energy due to the mutual repulsion of the two electrons. If 
it were not for this last term, which a(!counts for the fine structure we 
wish to measure, the equation could be solved by analytical methods. 
Neglecting this term, the solution is of the form of the product of two 
hydrogen-like functions, 

tf' = la, rtia] ri, fli, 4>i) ' h, mt,; ri, 6i, 4>i), (12.34) 

> Htlieraas, E. a., Zeita. /. Phya., 64, 347, 1929; 66, 209, 1930. 
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where n, I, and m are the quantum numbers of the two electrons and 
r, 6, and </> their polar coordinates. This solution is degenerate in that 
the energy of any state of the atom is not altered by interchanging the 
lw(> olecirons, i.c., interchanging the coordinates r, and <t>: 

= ypuiriay lot rria; ^ 2 , <^> 2 ) * h, mi,) ri, Ou <^i). (12.30) 

Treating the cV^i 2 term as a perturbation/ two solutions may be obtained, 
one of which is symmetric in the electrons; i.e., when the coordinates an' 
interchanged, the wave function is not altered. The other solution is 
antisymmetric in that when the coordinates of the two electrons are 
interchanged, the wave function changes sign. As the interaction is 
made smaller and tends to zero, the limiting form of the solutions is 
such that each electron has an equal probability of being found in either 
of the two states. This is the amtamch principle which has been inter- 
preted as meaning that the tw^o electrons exchange places regularly 
as time goes on, f.c., periodically. The rate of this interchange depends 
upon the magnitude of tiie interaction and for the lower ex(*ited states 
of atoms like helium is of the same order as the frequency of ordinary 
light. The U>tal energy is not altered by this interchange, and lu'nce 
no radiation takes place. Taking into account the spin of the electrons 
it may be shown that all triplet states realized correspond to w^ave 
functions which are antisymmetric in spin and coordinates, z.c., change 
sign when both electron spins and electron coordinates are interchanged. 
To the trifilef system of terms belong functions antisymmetric in the 
coordinates and symmetric! in the spins. To the singlet system of terms 
belong functions symmetric in the coordinates and antisymmetric in 
the spins. 

12.18. Quantum -mechanical Model of Helium. — A fairly accurate 
(]uantum-mechanical picture of the helium atom in different energy 
states may be formed by the superposition of hydrogen-like density- 
distribution curves (see Figs. 4.3 and 4.6). In doing this for the excited 
states the inner electron, in a Is state, takes on a distribution which is 
like the l.s of ionized helium, z.e., radially it is one-fourth that of hydrogen 
in the normal state. The outer electron, due to almost perfect screening 
by the inner electron, is during most of the time in a field not greatly 
different from that of hydrogen (see Fig. 12.15). The term values of 
helium and ionized lithium, as shown in Fig. 12.14, indicate quite clearly 
that the outer electron in all of the excited states is almost hydrogen-like. 

It is the overlapping with each other of the dense regions of the dis- 
tribution curves that makes for a greater electrostatic repulsion, or 
interaction, f.c., greater singlet-triplet separations. This overlapping 

^ For an elementary treatment of this problem the reader is referred to that given 
by E. U. Condon and P. M. Morse, “Quantum Mechanics,” Chap. IV. 
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decreases rapidly with an increase in the total quantum number of the 
excited electron. 

12.19. Fine Structure of Helium -like Atoms. — Taking into account 
all of the interactions between two electrons, Heisenberg has calculated 
the fine-structure triplet separations for helium and helium-like atoms. ^ 
For many different electron configurations the energy of the singlet 
term is very much greater than that of the corresponding triplet (the 
inglet lies above the triplet). On the vector model the spins s'J and Sg 



12.15. — Probability-density distribution curves for the two electrons of helium in 
the normal ls*,^5o state and several of the excited states. 


are oppositely directed for the singlets, S = 0 , and more nearly in the 
same direction for the triplets, = 1. It follows that the interaction 
energy is positive when the angle between s* and 6*2 is large, and negative 
when the angle is small (see Sec. 12.7). 

According to Heisenberg^s results the interaction energy between 
/S and L for the configuration ls2p is given by 


-AT = a|^ 


Z - 3 


( J *2 _ 7^*2 _ ^* 2 ) 


+ 3 


y2 _ 2^*2 _ ^S*2)2 _ [(J ^ 1)2 - (L + 1)2][(L 4- - (■/ - i-)^] 


16L* 




(12.36) 


where a is a constant given by Eq. (8.19) and Z is the atomic number. 
For the triplet terms ^Fo. 1,2 of helium, Z = 2; of singly ionized lithium, 
Z = 3; of doubly ionized beryllium, Z = 4; etc.: 

He I, -AT = a(^S —J, -f); Be III, -AT = a(|, -f, +1); (12.37) 
Li II, -AT = -i +J); B IV, -AT « a(-|, -Y, +1). 

1 HfiiSENBEBa, W., Zetis. /. Phys., 89 , 499, 1926; see also Breit, G., Phys. Rev.j 
36 , 383, 1930; 89 616, 1932, for later improvements and references. 
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These intervals are shown in Fig. 12.16. The dash-dot line repre- 
sents the center of gravity of each triplet. As Z becomes large, the 
second and third terms of Eq. (12.36) become negligibly small compared 
with the first. Dropping them we obtain 


J*2 

~ATz = A — 


1^*2 _ S *2 
2 


(12.38) 


This is the Lande interval rule which for ®Po.i.2 gives the interval ratio 
1:2. The relative separations of the first two elements, He I and Li II, 
have been observed to have, quite accurately, the intervals given by 


3a 

2a 

a 

0 

-a' 


'2a 

•3a 


Hel Lin Bcin BU? CE , - 



\ 


Fig, 12.16. — Relativt? separatione for the l«2p, ’Po,i, 2 , states of helium-like atoms. 

Heisenberg.) 


{After 


Heisenberg’s formula, Eq. (12.37). The fact that the intervals in 
He I and Li II are far from the ratio given by the interval rule shows 
that the interaction between the s electron spin and the p electron orbit 
is of the same order of magnitude as the spin-orbit interaction of the p 
electron alone. 

Spectrum lines arising from transitions into and out of the l52p, 

levels of ionized lithium show that, in addition to the triplet fine 
structure of the levels, there is a still finer structure known as hypcrfine 
structure (see Chap. XVIII). A discussion of the more recent quantum- 
mechanical treatments of the interaction of two electrons in complex 
spectra will be given at the end of Chap. XIV. 

Problems 

1. Derive all of the terms arising from the electron configuration fg. 

2. Graphically represent the Land^ interval rule for a ®P term as in Fig. 12. 
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3 , Show for a ds electron configuration that the total separation is the same in 
both LS- and j}-coupling. Show also that the d (dectron alone gives the same U) 
separation (see Sec. 12.11). 

4 . Using Eqs. (12.31) and (12.32), calculate the relative intensities in each of the 
three triplets arising from the transition p jy — + ps. Assume LA'-conphpg 

6. Calculate the relative multiplet intensities for the triad of triplets arising in 
Ihob. 4 (see Sec. 12.1G). 

6. Repeat Prob. 4 assuming jj~coupVu\^ between the eleidroiis. Com pan' thes(‘ 
intensities, as in Tables 12.7 and 12.8, by applying the sum rules. 



CHAPTER XIII 


ZEEMAN EFFECT, PASCHEN-BACK EFFECT, AND THE PAULI 
EXCLUSION PRINCIPLE FOR TWO ELECTRONS 


One of the outstanding successes of the vector model, developed 
by Land4 before the advent of the quantum mechanics, is the amazing 
accuracy Vvith which it predicts the observed Zeeman patterns of many 
spectrum lines. Modified according to the quantum mechanics this 
model was employed in the last chapter in the treatment of LS- and 
.y>coupling for two electrons, lliis treatment will be extended in this 
chapter to the Zeeman effect, the Paschen-Back effect, and the Pauli 
exclusion principle. 

13.1. The Magnetic Moment of the Atom. — We have already seen, in 
("hap. X, how the total magnetic moment of the atom and the Lande 
g factor enter into the development and derivation of expressions for 
the Zeeman effect. The same principles used in obtaining these two 
factors for a single valence electron will now be extended to atomic 
systems containing two valence electrons. With two electrons there 
will be four individual magnetic moments to be taken into account; 
these are associated with the mechanical moments .s*f, Zf, and ZJ. 
With the magnitude of each of these moments known, their vector sum 
Avill depend upon their mutual orientations. If the coupling between 
the four mechanical moments is L^S-coupling (Russell-Saunders coupling), 
there will be one set of resultant magnetic moments, w^hereas, if the 
coupling is 77 -coupling, there will be a different set. 

The magnet ic moments of the spin and orbital motions of an electron 
have already been given by Eq. (10.4) as 


Mi = 


1 . pA . _ A. 

2'7r 2mc gauss 


M« 


2 • 


27r 


e ergs 
2mc gauss 


(13T) 


In L>S-coupling the two spins are coupled strongly together and 
are quantized to form a resultant S* (see Fig. 12.5). Projecting each 
spin moment on S* and adding, we obtain the vector sum of the two 
magnetic moments, 


Ms = COS (s*S*) + 6*2 cos (s?*S^*)]; 


2ir 2mc 


= 


ergs 


27r 2mc gauss 


(13.2) 


Similarly the two Z’s are coupled together and quantized to form a 
resultant L*. Projecting each orbital moment on L* and adding, 
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Ml 


[I* COS + Ji cos ^ 




= L*— 

2t 2r7ic gauss 




Just as the spin and orbit of a single electron are coupled together to 
form a resultant moment j*, so L* and S* are coupled together to form 
a resultant moment J* (see Sec. 10.3 and Fig. 10.6). Projecting ms 
and /XL on and adding, we get for the total magnetic moment of the 
atom, 

„ - |1- CO. (1 V) + 2S- c« (SV))A . i (13.4) 


The terms within the brackets give tu in units of the Bohr magneton, 
hel4Tmc. Replacing these terms in the brackets by g times J*, f.e., 

gj* = L* cos (L V) + 2,S* cos (13.5) 


we obtain 

= j* . he ergs 
Airmc gauss 


(13.6) 


Since the angles between L*, /S*, and J* are fixed, in L.S-coupling, 
the cosine terms in Eq. (13.5) are readily evaluated. 


L* cos {L*J*) 


J *2 + 7^*2 _ 

2J* 


S* cos (iS*J*) 


J*2 ^ - L*2 

2 ./* 


(13.7) 


Substituting these two cosines in Eq. (13.5), we get for the g factor. 


(7 = 1 + 


J*2 _|_ ^*2 _ 1*2 

r~2j*2 


(13.8) 


This is the Lande g factor in exactly the same form as Eq. (10.11) 
for a single electron, except that I* is here replaced by L*, s* by *S*, and 
j* by J*. Values of the g factor calculated from this equation are given 
in the Appendix. 

In ^+coupling the s* and I* of each electron are coupled together 
and quantized to form their own resultant j*. The magnetic moment 
of a single electron has already been given in Eqs. (10.6) and (10.7). 
With two electrons we may write for each one separately. 


Ml = gdt 


^ he 

4irmc 


he 




(13.9) 


With jX and j? in turn coupled together and quantized to form a 
resultant J*, these moments are projected on J* and added to give the 
total magnetic moment of the atom, 
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.* he 


= 9dXr~zr„ cos (jf J*) + gdtr-^ cos (jXJ*) 


cos UXJ*') + 923* cos OTJ*)] 


he ergs 
irmc gauss 


Replacing the terms in the brackets by g times J*, we get 
J* = giji cos OV*) H- cos (JW*)- 


(13.11) 


( 13 . 12 ) 


Since the angles between yf, y*, and J* are constant, the cosine formula 


j* cos (if J*) 
i* cos (if J*) 


J*^+ i r -i?° 

2i* 


(13.13) 


’The g factor for yf-coupling now becomes 


j*^+jr -jv . -jv 

9 9^' OT*2 * g2 ty 


(13.14) 


A table of g factors for y;-coupling is given in the Appendix. 
\Ne.ak i\pAd 



L5' Coupling jj-Coupling 

Fig. 13.1. — The vector model for LS~ and yy-coupling in a weak magnetic field (Zeeman 

effect) . 

13.2. The Zeeman Effect. — In a weak magnetic field the atom as a 
whole is quantized with // in such a fashion that the projection of the 
angular momentum on H is equal to Mh/2'K^ where M takes values 

differing from each other by unity, from M = -\-J to M = In 

^ For a quantum-mechanical proof of this relation see E. U. Condon and P. M, 
Morse, Quantum Mechanics," Sec. 64. 
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terms of the vector model these quantum conditions are expressed as 
follows: 

J* cos {J*H) - M, where M = 0, ±1, ±2 • • • ±J (13.15) 

for singlets and triplets. On the classical model of a precessing atom 
(see Fig. 13.1), J* carries out a Larmor precession around H with an 
angular velocity given by Kq. (10.4), 

- " ■ « ■ 2^.- 

Multiplying by the projection of the mechanical moment on //, the 
energy of this precession (see footnote 3 on page 157) 

- " I 

In terms of the magnetic (piantum number [Ft]. (13.15)J, 

Air,, = M g ■ (i:ri8) 

STrmc 

Dividing by /<c, the energy in wave numbers (see Sec. 10.4) is givcm by 

-ATv = M ■ q-J’*' cm -' = M ■ q L cm >. (1:1.19) 

Atewv- 

If T represents the term value of a field-free energy level, then in a. 
weak magnetic field the term value of each magnetic level will be given 

by 

T„ = 7’ - M ■ q,- ' .. cm ' = r - ,1/ • (7 ■ L cm-'. ( i;i.‘20) 

' 47rWC‘ 

Before going further it should be pointed out just what assumptions 
were made in deriving the preceding expressions for thc' g factor and the 
magnetic interaction energy. On the classical model for LAS-coiipling 
it was assumed (1) that .vf and .sj process rapidly around S’% (2) that 
If and If process rapidly aroun«d L*, (3) that /v* and S* process moie 
slowly around ./*, and (4) that J* in turn processes still more slowly 
around II. These assumptions, as well as similar ones for jj-coupMuii, 
are necessary in order that the components of the dilTerent magnetic 
moments normal to their respective axes of precession cancel out. The 
(piantum-mechanical analogue of these precessions is to be found in 
the angular factors of the probabilit 3 ^-density distributions (see Sec. 
4.3). The formula for the Lande g factor has recently been derived 
on the quantum me(‘hanics. 

As an example of the splitting up of an energy level in a magnetic 
field, consider the case of a level. With g — ^ and J = 3, there will 
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be seven equally spaced magnetic levels M = 3, 2, 1, 0, —2, and 

—3, shifted from the field-free level hy M ' g — V, - 


H 



Fk;. 13.2. — Graphical representation of the splitting of h level in a weak magnetic fielti. 


M= + 2 


+ 1 


A graphical representation of this splitting is shown in Fig. 13.2, uhere 
the vector is drawn in the seven allowed posi- 
tions. Multiplying J* by g and projecting on 
the H axis, the displacements Mg, shown at the 

left, are obtained. If numbers in this figure are o ! — \~\ 

multiplied by II e / Airm^c"^ , the level separations are 
given directl}^ in wave numbers. 

From Eq. (13.19) it is observed that the 
relative separations of the magnetic levels of one 
term and those of another are determined by the 
g factor alone. This fact greatly simplifies the 
calculation of Zeeman patterns. As a simple 
case consider t he diffuse-series singlet 7^i — 7^2- 
For each of these levels the g factor is equal to 
unity, so that the initial and final states with 
J = 2andJ = l are split into five and three 
equally spaced levels, respectively (see Fig. 

13.3). 

The selection rules for the Zeeman effect 
of two-electron systems are just the same as 
those for a single electron (Sec. 10.5). 


- 1 
-2 


+ 1 
0 

- 1 


'P, 


NORMAL TRIPLET 

Fig. 13.3.— Zeeman pat- 
tfirn of a diffuse-series 
singlet, showing equal sepa- 
rations in both the initial 
and final states of the atom. 


Viewed ± to field 
Viev/cd II to field 


AAf = ±1; plane polarized J. to H; s components 
AM = 0; plane polarized ]j to H; p components 
AM = ±1; circularly polarized; s components 
AM = 0: forbidden; p components 
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For the ^Pr-^D^ transition there are nine allowed combinations 
falling into three equally spaced groups (see Fig. 13.3). Having just 
the separations given by Lorentz's classical theory of the Zeeman 
effect [Kq. (10.1)], this pattern is called a normal triplet. Since the g 
factor for all singlet levels is unity, all singlet lines will show a normal- 
triplet pattern in a magnetic field. For an observed pattern see Fig. 10.2. 

Turning now to the triplet levels, let us consider the Zeeman patterns 
arising from a principal-series triplet Assuming LAS-coupling, 



niR 

Fi(j. 13.4. — Culfulated and ol)servc*d Zeeman patterns of a principal-serica triplet, 

•VSi - 

the g factors for the initial states and and for the final 

state ’tSi, are g, ij, and 2, respectively. The resultant magnetic 
levels are shown schematically in Fig. 13.4. At the bottom of the 
figure t he observed patterns are shown for a zinc triplet. With a g factor 
of two for the lower state ‘VSi, the pattern •‘^aSi-^Po hu’A twice the normal- 
in plei separat ion. 

13.3. Intensity Rules for the Zeeman Effect. — Intensity rules for the 
Z(‘eman effect of atomic systems containing more than one valence 
electron are independent of the type of coupling and depend only on 
the quantum numbers M and J. These rules, first discovered empirically 
by Ornstein and Burger,^ may be derived from the sum rules. The 
1 Ornstein, L. S., and H. C. Burger, Zeits. /. Phys., 28, 135, 1924; 29, 241, 1924. 
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sum of the intensities of all transitions starting from any initial Zeeman 
level is equal to the sum starting from any other level Similarly, the sum 
of the intensities of all the transitions arriving at any final Zeeman level is 
equal to the sum arriving at any other level. From the classical model 
and these rules the following equations have been derived^ 

Transition / J : 

IM ±1, / = A(J ± M + 1)(J hF M); 

I ^ 

Transition J J -f 1 : (13.21) 


(M M ± 1, 1 B(J ± M A- 1)(J ± M 2); 

\M -^M, / - 4B(J + 71/ 4- !)(./ - M 4- 1). 

In deriving these equations account has been taken of the fact that 
when observed perpendicular to the field only half the intensity of 
the 5 components is observed. Observations parallel to the field give 
the other half of the .s components. In any direction the total light 
emitted is unpolarized just as in field-free space. The constants A and B 
in the above equations are proportionality constants and are not needed 
for any given Zeeman pattern. Apf)lying these equations to the principal 
triplet of Fig. 13.4, the values shown at the arrow tips are obtained. 
In order that the sum rules hold for all of the levels in the figure the 
values derived for the first pattern ^Si — have all been multiplied 
by two and those of the second pattern \Sfi - by three. Doubling 
the 6* components the sum of the intensities of all transitions starting 
from any upper level is 24 and the sum ending on any lower level is 72. 

13.4. The Calculation of Zeeman Pattems.—A scheme for the rapid 
calculation of Zeeman patterns has been given by Sommerfeld (see 
Sec. 10.6). Consider, for example, the complex pattern arising from the 
transition T/s - Here the J values are 3 and 2, and the respective 

g factors, from Eq. (13.8), are i and The separation factors Mg 
for both the initial and final states are first written down in two rows 
with equal values of M directly below and above each other as follows: 


M - 3 

Mg for initial state: 


Mg for final state: 



In this array the vertical differences Ail/ = 0 give the p components I, 
0, — i, and and the diagonal differences AM = ±1 give the s com- 
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ponents ig, and + V. These may be abbreviated to give 

the separations (see Fig. 13.5 and Sec. 10.6): 


-An, - 


(0), (1), (2), 6, 7, 8, 9, 10 


- • L cm~h 


(13.22) 


The common denominator is called the Rurigc denominator and is 
the least common multiple of the two denominators of the Mg factors. 
This pattern is plotted in Fig. 13.5. The p components are plotted 



Fig. 13.5. - Anomalous Zooinan patiorn.** for triplet conibinatiou.s. D()t.s show normal 
triplet intorvals fL.s’-ooupling'). 


tibove the line in the usual way, and the n components are plotted below. 
The lu'ights of the lines represent the relative intensities as calculated 
from the et] nations in Sec. 13.3. 

13.6. LS- and jj -coupling and the g Sum Rule.— In classifying a 
gi\-en spectrum line for the first time it is not always known to just 
what type of coupling scheme the corresponding levels belong. Since 
the g factors are in many instances different for //j-coupling than they 
are for L.S-coupling, the Zeeman patterns will also be different. For 
this reason it is sometimes difficult to assign a given pattern to a definite 
transition. This uncertainty is often allevuated by Pauli^s^ so-called 
g swn rule. This rule .‘=;tates that out of all the states arising from a 
given electron configuration the sum of the g factors for le\ els with the 
same J value is a constant independent of the coupling scheme. As 
an example, consider the four terms '■’Po. 1.2 and arising from the 
configuration ps. The following table gives the g values of these four 

IP^ULI, W., Zeiis f. Phys., 16, 155, 1923. 
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levels, calculated for 7v)S-coupling by Eq. (13.8) and for i;-coupling by 
Eq. (13.14). 


Table 13. 1— Calculated g Factors Illustrating Pauli’s g Sum Rule for a ps 
Kle(’TRon Confkjuration 


1 

Terms 

o 

II 

y = 1 

j 

.7 - 2 

Coupling scheme 

^I\ 


<7 — 1 




0 


.3 

LS 

■J. - ’ » ' 

- 2i 7 ' “ 2 

0 

i 

- 


ji =- 2, 7-‘ 

1 

1) 


JJ 

'^g 

0 

1 

T 1 



When only one term occurs for a certain ,7 value the g sum rule 
slatCvS that the g factor is the same in all coupling schemes. Observed 
ilieeman patterns illust rating tlie g sum rule are to be found for many 
< Icments. In Table 13.2 zinc, tin, and lead are pven as examples. 


Table 13 2. — Observed g Factors Illustrating Pauli’s g Su.m Ki le for a /is 
ll^LKf’TRON C/( )N FIG URATI ON 


Element 

Terms 

,/ - 0 

* y - 1 

j ,/ - 2 

1 

j (’’oujiliiig schiMiie 




\ (J ^ \ 000 

! 

i 


Zn 


0 

1 

1 

1 1 rm 

1 

1 1 5(K) 

1 L^S 

i 




i 1 125 


! 

Sn* 

"'Po. 1 .? 

0 

1 

1 1 375 

1 5(K) 

j IntcniK'diate 






1 150 



Pht 


0 

1.350 

1 1 500 

JJ 


i 

0 , 

I 500 j 

1 500 1 



♦Gkken, J IL, and R A. I.oiMNr], Phtj-t liev . 30, 374, 1927 
t Goudhmit, S , and K. k, ZetU /. , 40 , .WO, 1927 


The observed Zeeman patterns of the transition in each 

of these elements are shown in Fig. 13.6. 

13.6. Paschen-Back Effect. — In the preceding sections of this 
chapter we have seen how in a weak magnetic field the atom as a whole is 
quantized with respect to the field direction. If the magnetic field 
is continually increased there will come a time when the interaction 
energy between J* and H becomes so great that the coupling between 
S* and L* in the case of L^S-coupling, or between j* and j* in the case of 
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jy-coupling, is broken down. This will occur when the interaction energy, 
given by Eq. (13.19), exceeds the L*S* interaction energy given by Eq. 
(12.13) or the interaction energy given by Eq. (12.25). In other 
words when the Zeeman levels of the different levels of a multiplet begin 
to overlap each other, Eq. (13.19) will no longer hold. As the field 



• S S P P s s 

Fkj. 13. G. — Obsorved Zeoniaii i>nf((‘nis for Uu* transition ’'/Sj •- Ti in Zn, Sn, and Pb. 

is still further iricreascHl, and L*, or jf and jj, will independently 
become quantized with the field II. This is the Pascheii-Back effect 
in terms of the atom model. 

"Jlie classical vector model of the Paschen-Back sttuc of the atom 
is shown in Fig. 13.7. With /.* and aS* processing independently around 
the field direction, J* is no longer constant in magnitude and ceases 
to he a (piantum niinilKU'. Similarly with and jl' processing inde- 



LS"Couplin0 jj-Couplin0 

1.^ / -Classical vector model lor LS- and jj-t'oupling scliemes iii a strong magnetic 
field (the Paschen*Liack elTect). 

pendently around //, their resultant J* ceases to have any meaning. The 
two special cases of LS- and .;y-coupling will now be treated separately. 

13.7. LS-coupling and the Paschen-Back Effect. — The method used 
in deriving an expression for the interaction energy when the Paschen- 
Back effect sets in, for original LAS-coupling, is exactly the same as that 
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used for a single electron in Sec. 10.7. With L* and >S* independently 
quantized with the field H, the quantum conditions are (1) that the 
projection of L*/i/27r on 11 is equal to where Ml = 0, ±1, 

±2, • • ±L; and (2) that the projection of S*h/2T on H is ecjual to 

Msh/2Trj where Ms = 0, ±1, ±2, • * • ±>S. For singlets M.s- = 0, and 
for triplets Ms = +1, 0, and —1. On the classical model the Larmor 
precessions of L* and S* will be given by H times the ratio between 
the magnetic and mechanical moments, 

o=L = H ■ and ois = H ■ 2 ■ (13.23) 

Multiplying ea(*h of these angular velocities by the corresponding 
angular-momentum components along H (see footnote 3 on page 157) gives 
the two interaction energies: 

„ . ._U. ‘ „„ (.3,24, 

AW,. - 2H . iS-U) - 2H . ,,3.25) 

The sum of these two encrgic.s gi\es the main energy shift of each mag- 
netic level from the field-free level from which it sprang: 

ATT,, = (M, + 2M.) ■ (13,26) 

Dividing by he, the energy in wave numbers becomes 

-A 7’,, = (M, + 2Ms) ■ = (M,. -f 2M.) ■ L cm-'. (13.27) 

To this energy a small correction due to the interaction energy 
between L* and S* must be added. By exactly the same treatment 
as that given for a single electron in Sec. 10.7 this energy is given by 

-^TLS = A • MlMs - (13.28) 

where A is given by F(}. (12.12). Adding this term to Eq. (13.26), the 
total energy shift be(*omes 

■-A7\y - (Ml + 2a1/s)L + A • M.sMl. (13.29) 

If now T i represents the term value of the center of gravity of a 
multiple term, the term value of each magnetic level (see Fig. 12.6) will 
be given by 

- 7\ - (Ml -f 2Ms) • L - AMlMs. (13.30) 

This splitting is shown graphically in Fig. 13.8, for ^Po,i. 2 , and 
^Di, 2.3 levels. In each ca.se the field-free levels are shown at the left. 
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Next come the weak-field Zeeman levels symmetrical about the field- 
free levels followed by the Paschen-Back lev^els at the right. The 



Fio. 13.8 Strong-field energy levels for •'’.S. ^P, and 'W terms (Paschen-Back effect, 

//*S-coupling). 


equally spaced dots in the strong-field levels represent the two inter- 
action energies due to the external field. Adding the L*N* interaction 
term divides the levels into three groups of five etpially spaced 
levels. 


Taijle 13 . 3 . — Computation of Magnetic Energies for L.S-coupling in Weak 
AND Stiuing Magnetk’ Fields 



As an example of the use of Eq. (13.30) in calculating strong-field 
levels^ consider the triplet terms 1 , 2 - Since L — I and = 1 the 
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possible v alues of Ml are 1, 0, and —1, and the possible values of Ms 
are 1, 0, and —1. A tabulation of all possible combinations of these 
values is given in Table 13.3. 

Corresponding to each of the nine weak-field levels thei*e is a strong- 
field lev'el with the same M. Actual calculations of the magnetic energy 
for the stages between weak and strong fields have been made by Darwin.^ 
These calculations enable one to determine just what weak-field level 
goes over to each strong-field lev^el. A general rule for connecting weak- 
and strong-field levels may be stated as follows: The sum of thcpi'ojcctions 



of the mechanical moments on H docs not change. In other words, the 
weak field M is equal to the strong field Ml + Ms: 

Af ^ (13.31) 


(\)nservation of angular momentum lecpiires this to be true. In addition 
lo this rule the further restriction is iK'cessary that no two levels with the 
same M ever cro^s. 

As an example of an observed Paschen-Bac^k pattern, (H)nsider a 
principal-series triplet The initial and final states for 

this case are shown at the left in Fig. 13.8. The selection rules foi- 
st rong field are 

NMs = 0 , 

_ / 0 for p components, (13.32) 

1 1 for .V coin[)onenls. 

Applying these rules the pattern shown at the bottom of Fig. 13.9 
is obtained. The bracket shows that, w(‘re it not for the small inter- 
action between L* and *8*, the pat tern would be a normal triplet. lOxper- 
imental observations of such strong-field patterns are very few, owing 
to the enormous fields required for producing the effect. A principal- 
series triplet has been observed by Paschen and Back^ in oxygen as a 

^ Darwin, K., Proc. Hoy. Boc., A, 118, 204, 1928. 

-Paschen, F., and F. Back, Ann. d. Phys., 39, 897, 1912; 40, 9()0, 1913 See 
figures «t end of each artiele in the Annalen. 
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fairly good normal triplet with the s components unresolved. There is 
good evidence, however, that with suitably strong fields experiment will 
check theory in almost every detail. 

13.8. //-coupling and the Paschen-Back Effect. — A calculation of 
the magnetic energy for //-coupling in a strong magnetic field is essentially 
the same as the treatment given for L/S-coupling in the previous section. 
As seen in Fig. 13.7, and are quantized independently with the field 
H. The conditions for this quantization are: (1) The projection of 
jf/i/27r on H is equal to m;,/i/27r, where m,, = ±^, ±f, • • • , ±j\. 
(2) The projection of on H is equal to nijJi/^Tr, where m,, = ±i, 

± 1 , • • * , ±^ 2 . 

The total magnetic energy will be given by the sum of three energies, 
the interaction energy between (1) jff and H, (2) and H, and (3) 
and yj. By Eq. (10.14) the Larmor precessions of jX around H, and 
y| around //, are given by 


= H 


9i 


2mc 


and 




2mc 


(13.33) 


where and are the g factors for the twm electrons, respectively. 
Multiplying each of these angular velocities by the corresponding pro- 
jections of the angular momenta on II (see footnote 3 on page 157) gives 
the two energies, 

- H ■ y;'-'- - " ■ 

^ u;h) - n ^ 

The sum of these energies is 

^Wh = {girrij, + (13.36) 

Dividing by kc, this energy in wave numbers becomes 

He 

~-\Th - {ginin + + ( 72 ^ J - Lem k (13.37) 

To this energy must be added the interaction energy due to the coupling 
between and jj. By analogy wdth LS-coupling this energy is given 
by [see Eq. (13.28)] 

~^Tjj = A • cm“^ = Duodk (13.38) 

wdiere A is given by Eq. (12.24). Adding this small term to E(}. (13.36), 
the total magnetic energy becomes 

-ATa/ == {gimj, + ^2^ J • L + A • 


(13.39) 
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If now we let Tx represent the term value of the center of gravity of a 
multiple term (see Fig, 12.10), the term value of each magnetic level 
will be given by 


Tm = Ti - {girrij, + ^2^,,) • L — ^ • my.m,,). (13.40) 

As an example of the calculation of strong-field energy levels, con- 
sider the terms arising from part of the electron configuration sp, where 



Fig. 13.10. — Strong-field energy levels for the electron configurations sp and svs (Paschcn- 
Back effe(!t, -coupling). 


ji = ^ and j 2 = I, and those arising from the configuration S'S, where 
ji i and j 2 - h A graphical representation of the resultant levels 
J - 1 and 2, and / = 0 and 1, is shown in Fig. 13.10. The weak- and 


Table 13.4. — Computation of Magnetk; Energies for jy-couPLiNO in Weak and 
Strong Magnetic Fields. Configuration sp, ji = ^ and jz = j 


Weak field 

Strong field 

Term 

Tweak M 

Mg 

M 

W;, 


girn,, 

1 atroric 


+2 

+s 

+2 


+1 

+ 1 +I 

+3/1/4 


+ 1 


-fl 


+ 2 

+ l +1 

+/1/4 

(i 1)2 

+3yl/4 0 

0 

0 



+1 -1 

-A/‘\ 


-1 

-1 

-1 

+ i 

\ » 

+1 -8 

-3/1/4 


— 2 

— 6 








1 

+ 1 

~ 5 


-1 +i 

-3/1/4 


+ 1 

+ l 

0 

-1 


-1 +1 

-A/4: 

(i f)i 

~5A/4 0 

0 

~1 


— 5 

-1 -1 

+.4 /4 


-1 

-J 

-2 

-h 

-1 

1 

-1 -1 

+3.^ /4 
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strong-field levels for the two terms at the left are calculated by tabulating 
the various interaction energies as in Table 13.4. 

It is to be noted that for each weak-field level M, there is a strong- 
field level with the same M value. Just as in the case of LAS-coupling 
the conservation of angular moinentum requires that the sum of the 
'projections of the mechanical moments o'n H does not change with changing 
field. As an equation, 

M = nij, + lUj,. (13.41) 

Since there arc in general several levels with the same M value, 
the further restriction that no two levels with the same M cross each other 



p_ _ ; ____ y 


Kormai Tripkt 

Fig. 13.11. — Pascheii-Back eflVc,< for (,iu‘ of th<‘ y7-<‘()uplin)r patterns arisinji froni tl 

trntisition sj) ft s 

must be added to the above rul(\ As an example of the behavior of 
jj-coupling in a strong field, consider one of the two Paschen-Back 
patterns tirisiiig from the electron trtinsition s'p—^s'S. With the set 
of levels shown at the left in Fig 13.10 as initial states, and the set at 
the right as final states, the pattern iii Fig 13.11 is constructed. Th(‘ 
selection rules for j)‘-coupling in a strong field are 


X/ACi ” d I 

j 0 for p components^’ 
I for .s* components! 


or with subscripts 
int erchjinged 


(13.42) 


These rules are in agreement with the polarization rules that the 
]wl (0 iejition of a line is the same in all field strengths. In the pattern 
It IS seen that lines lending to go from p to s or from s to p components 
fadr otit and should not be observed in a strong field. Unlike the 
Paschen-Rack oat terns for LAS-coupling the lines do not resemble a 
normal triplet but possess an anomalous pattern. Were it not for the 
fine structure, the pattern shown in Fig. 13.11 would be the same as 
the pattern for a principal-series doublet line, (see Fig. 10.9). 
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Very Strong Field 
H 


13.9. Complete Paschen-Back Effect. — In the three previous sect iona 
we have seen how, in a strong magnetic field, the coupling between 
yf and jl, or between L* and S*, is broken down and each is quantized 
separately with the field direction H, In calculating the energies 
in such cases it was tacitly assumed that 
the inner couplings between the individual 
electron spins s* and orbits If were not 
broken down. On the classical model it 
was assumed, for example, that the preces- 
sion cf s* and s* around *S* and the pre- 
cession of If and If around L* are very 
much faster than that of S* orL* around //. 

In a very strong magnetic field the 
coupling between all of the individual 
elec'tron vectors may be broken down, 
regardless of the original coupling scheme 

or jj, so that each part will quantize 
separately with the field //. Under these 
conditions we ha^'e what is called the 
complete Paschcn-Bark effcc.C (sec Fig. 

13.12). The quantum conditions for this 
state of the atom are: 

1. The projection of sfh /27r on H 
takes values ms,h/2T, where m,, ~ ±]. 

2. The projection of sfh/27r on II 

7 ^,, ±- 2 '. 



L 5 or j j'coupling 


Fkj. 13.12. — ('’lassieal vector 
Tiuxlcl for eitlier L.S- or y^’-couphnf^ 
in a very strong field (toniplete 
Paschen-Back effect). 

takes values mJ\l2'K, where 


3. The projection of lfhl2Tr on 11 takes values mjji/2ir where ////, = 0, 

+ 1, +2, • * * , T / • 

4. The projection of /J/i/27ron II take's value's nfihpiTr, where a//. — 0, 

±1, ±2, • • • , l/o. 

The complete Paschen-Back effect has ne'ver been observed for any 
but one-electron systems bee^ause of the enormous fields neede'd to 
produce it. For te^rms cle^se to the series limit, however, it may be 
possible in the near future to produce the efTct^t with the fields now 
available. 

In a field strong enough to break down the quantization between 
all of the individual vectors s-f, If, and If, the chief contribution 
to the magnetic energy will arise from the independent- couplings of 
these vectors with II. To this energy must be added small correction 
terms due to the different mutual interaedions betw^een the individual 
vectors. While these latter corrections will be different for L>S-ruupling 
than for jj-coupling the chief contributions wull be exactly the same. 


^ Pauli, W., Zeits. f. Phys., 16 , 165, 1923; 31 , 765, 1925; sec also U. Pauling and 

S. Goudsmit, “Structure of Line Spectra,” p. 122. 
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The Larmor precessions of each spin and orbit around H [see Eq. 
(10.4)] are given by 


= H 2 


2mc 


H 2- 


2mc 






2mc 
(13.43) 


Multiplying each of these angular velocities by the corresponding 
projections of the angular momentum on H gives the energies (see footnote 
3 on page 157) 


■ 24 '“ 4 ' 




eh 


The sum of these energies is 

AW u = (2m.. + 2m.. + m,. + m,.) • H • 
Dividing by he, the energy in wave numbers becomes 


He 


-ATh = (2m., + 2m., + m,, + cm > 


(13.45'» 


(13.46) 


To this energy must be added the small interaction energies [see 
Eqs. (12.5)], 

Ti = aisfs* cos (sjs*), Fa = a^s^l* cos (s*l*), . 

Ti = adtlt cos (ifi*), r. = ats*l* cos {s*l*). (13.47) 


Table 13.5.— Veby Strong Field Energy Levels for the Electron Conpigura- 

TION sp 

(Complete Paschen-Back effect) 
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These average cosines are evaluated just as in Sec. 10.7 [see Eq. (10.33)] 
to piive 

Fi = Tj = a2mi,mi^, Tz = r4 = aArn^mi^. 

(13.48) 

If now To represents the hypothetical center of gravity of all the 
terms arising from a given electron configuration, the term value of 



Fig. 13.13. — Very strong field energy levels for an sp electron configuration (complete 

Paschen-Back effect). 


each very strong field level will be given by the addition of Eqs. (13.46) 
and (13.48): 

Tm = To — (2m,, + 2m,„ + m/, -f- m/J • L — Fi — r2 — Fa — r4, (13.49) 

where L = He/iirmc^ cm"^ 

As an example of the calculation of levels in a very strong magnetic 
field, consider the electron configuration sp. The various terms of 
Eq. (13.49) are tabulated in Table 13.5. 

Diagrams of the energy levels for the sp configuration in LS- and 
jy-coupling are shown in Fig. 13.13, starting with the field-free levels 
on either side and ending with the very strong levels in the middle. 
Except for the fine structure due to the F factors the very strong field 
levels are the same for both coupling schemes. However, it is just 
these differences that, as the field decreases, cause one system to go 
over to L^S-coupling and the other to ^/-coupling. It is seen that through- 
out each diagram each level retains its total M value and further that 
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no two levels with the same M values cross. It should also be pointed 
out that the coefficient ai, due to the spin-spin interaction, is negative and 


’So-^Po,z V'P. ^Sr‘P, 



large in L^-coupling and negative but small in jj-coupling. The reverse 
is true for the Ga coefficient, being positive and small in Z><S-coupling 
and positive and large in jj-coupling. 



Normal triplet 

Fig. 13.15.~Complete Paschen-Back effect for the transition sp s s Oy-coupling) . 


As an example of the spectrum lines, or pattern, to be observed 
when the complete Paschen-Back effect sets in for both the initial and 
final states of an atom, consider the electron transition sp s s. The 
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resultant patterns for all allowed transitions in weak, strong, and very 
strong fields are shown in Figs. 13.14 and 13.15. The initial levels giving- 
rise to these patterns are the ones shown in Fig. 13.13. The selection 
rules for very strong fields may be stated as follows : 


Ami, 

Ami, 


AiUs, == 0 
- 0 

0 for %) components/ 
! ± 1 for s components) 


-i 


or with subscripts 
interchanged 


(13.50) 


Were it not for the fine structure arising from the F factors, each 
very strong field pattern would be a normal triplet. This result i.s 
arri\'ed at with all electron configurations. It should be noted that 
the two strong field patterns for jj-coupling, in Fig. 13.15, closely resemble 
the anomalous patterns of a principahseries doublet in a weak field. 
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Fig. LS.IO.— Magnetic quantum numbers for an .vp electron configuration. (Z/.S-coupIing 
left and »-coupIing right.) 


13.10. Breit^s Scheme for the Derivation of Spectral Terms from 
Magnetic Quantum Numbers. — In the early development of complex 
spectra a scheme for the caleulation of spectral terms was put forward 
by Breit-.^ This scheme is of considerable importance in that it starts 
with the very strong field quantum numbers of each valence electron, 
develops successively the strong- and weak-field quantum numbers, 
and ends up by giving the allowed field-free levels. Consider as an 
example the electron configuration sp for which the field-free levels are 
and iPi. 

In a very strong field each electron is designated by the four quantum 
numbers n, I, mi, and m,. Since the total quantum number takes no 
part in the types of terms we need only consider the quantum values 
U ^ 0, mi, = 0, m„ = ±i, ^2 = 1, rni, = 0, ±1, and If 

the coupling is to be LS, the values of mi, and mi, are written down in 

’ Breit, G., Phys. Rev., 28 , 334, 1926; see also Russell, H. N., Phys. Rev., 29 , 
782, 1927. 
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a row and column as in the array in Fig. 13.16. To the left of rrii, = 0 
and below mi, = 1 the sum Mi = 1 is written. This process continued 
gives the strong-field quantum numbers for a P term. Combining 
m., and m„ in the same way, the array shown at the top of the figure 
is constructed. The values Ms = 0 and Ms — 0 and i 1 divided by 
the L-shaped line are just the Ms quantum numbers for singlets and 
triplets, respectively. Combining these two sets of Ms with the set of 
Mi, the two arrays in the lower left of the figure are obtained. The 
quantum sums divided by the dotted lines are just the weak-field quan- 
tum numbers for the ’Po, ®Pi, ‘Pi, ‘Pi terms. In the case of i/-coupling, 
shown at the right in the figure, the values of to, and toj are first combined 
for each electron separately to give the strong-field quantum numbers 
TO,. These in turn are combined to form the array shown at the bottom 
of the figure. These give the same runs of weak-field quantum numbers 
and correspond to the same four levels obtained for LS-coupling. 

13.11. The Pauli Exclusion Principle. — In 1926 Pauli put forward a 
new principle which came to play an important role in the development 
of complex spectra (see Sec. 12.4). In its simplest form the principle 
may be stated as follows: No two electrons in the same atom can have all 
of their quantum numbers the same. This principle is well known as the 
Pauli exclusion principle. In order to assign quantum numbers to each 
electron we go to very strong magnetic fields where the coupling between 
the electrons is completely broken down. In such a field the four 
quantum numbers for any electron are n, I, m,, and to,. 

Let us now calculate the allowed spectral terms arising from two 
equivalent electrons. The term equivalent refers to any two electrons 
having the same n and I values. As a first example, consider two equiva- 
lent p electrons. First all possible combinations of to, and mi for a 
single p electron are written down in two rows as follows; 

TO. = ^ J 2 ~T 

mi = \ 0 —1 1 0 —1 

(a) (6) (c) (d) (e) (/) 

It is seen that there are six possible states, (a), (6), (c), (d), (c), and 
(/), in which a single p electron may exist in an atom. With two equiva- 
lent p electrons Pauli’s exclusion principle says that one of these quantum 
values TO, or mi must be different. We therefore obtain all possible 
states for two electrons by writing down all combinations of the above 
states taken two at a time, with no two alike. They are 

ab 

ac he 
ad bd cd 
ae be ce de 
af bf cf df ef 
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For each of these 15 combinations of very strong field quantum numbers 
we add the two values of m, to obtain the strong-field values of Ms, 
and the two values of Wj to form Ml- This leads to the following 
tabulation: 

Ms = 1 1 0 0 0 1 0 0 00 0 0-1 -1-1 

Ml ^ i 0 2 1 0-1 1 0 - 10 - 1-2 1 0-1 

The largest value of Ml is two indicating part of a D term. Cor- 
responding values of Ms show that there are strong-field quantum num- 
bers enough to form a *Z) term: 

Ms = 0 0 0 0 Ol 

Ml = 2 1 0-1 - 2 / 

Taking these out we find just enough numbers left to form a ’P and a 
■S: 

• Ms = 1 1 1 0 0 0 -1 -1 -l\,p Ms = 01 

Ml = i 0-1 1 0-1 1 0 - 1 / Ml = Oj ’ 

Two equivalent p electrons therefore give rise to ^S, ^P, and *Z) 
terms. Referring to Table 12.2 it is seen that two nonequivalent p 


d 



Flo. 13.17.™ Magnetic quantum numljers for two similar d electrons (L.Sr-coupliog) . 

electrons give rise to >F, ^D, ^S, ^P, and ’Z) terms. The Pauli exclu- 
sion principle thus excludes P, ^S, and ^D, when the two electrons have 
equal ri values. 

The same terms are readily calculated from Breit^s scheme given 
in the preceding section. Consider, for example, two d electrons in 
LiS'-coupling. We first write down all possible combinations of m., 
and in one array and those of mi^ and in another (see Fig. 13.17). 
If the total quantum numbers are different, all possible combinations 
of the magnetic quantum numbers are allowed. The runs ikfi, = 4 to 
— 4, 3 to —3, 2 to —2, 1 to —1, and 0 correspond to G, F, D, P, and S 
terms, respectively,* and the two sets of Ms ~ 0, — 1, and 0 correspond 

to triplets and singlets. These are just the terms given in Table 12.2 
for d-d. 
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If the two d electrons are equivalent, i.e., equal values of riy certain 
of these terms are forbidden. If we permit the m, values to be alike 
{ix.y Ms = 1, or — 1), the values of Ml = 4, 2, 0, —2, and —4, crossed out 
by the diagonal line, are forbidden. Since the values in the lower left 
of the array are identical with, and are a mirror image of, those in the 
upper right half, one of these groups must also be eliminated from the 
calculations.^ Leaving out the lower left half of the array the remaining 
values are seen to form two runs Ml = 3 to —3, and 1 to —1: 


Ms = 1 , 

Ms = - 1 , 
Ms = 1 , 

Ms = - 1 , 


Ml = 3 2 1 

Ml = 3 2 1 

Ml = 1 

Ml = 1 


0 -1 -2 -3 
0 -1 -2 -3 
0 -1 
0 -1 


If, on the other hand, we permit the Ml values to be alike, the values 
of Ms — 1, or —1, are forbidden. Since the two Ms = 0 values are 
identical, one of these must also be excluded. The remaining com- 
binations are tabulated as follows: 


II 

o 

II 

CO 

2 

1 

0 

-1 

-2 

1 

CO 

1 

II 

II 

CO 
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0 

-1 

-2 

1 

00 

Cci 

II 

Mi. = 


2 

1 

0 

-1 

-2 


II 

o 

M, = 



1 

0 

-1 



II 

o 

II 




0 





The second and fourth rows go with the preceding tabulation to com- 
plete the quantum numbers for W and terms. The remaining rows 
correspond to ^Cr, and terms. 

Consider, as a third example, the calculation of terms arising from 
two equivalent j) electrons in ^j-coupling. The first step is to write 
down all possible combinations of m, and rtii for each electron separately. 
This forms the two arrays at the top of Fig. 13.18. Each of the two 
runs of 7)1 combined with each of the two runs of will give all possible 
combinations. Of the four resultant arrays there will be two like the 
lower right one in the figure. Since the electrons are equivalent, one 
of these must be entirely excluded. In the lower left-hand array, the 
diagonal and either the upper right or lower left half of the array must 
l>e excluded. The same is true for the lower center array. The remain- 
ing combinations are just sufficient to form the five terms (| Do, (| D 2 > 
a Do, Do Dz- These correspond to the five terms 

^pQ, ^Pi, and in L>S-coupling, derived above. 

1 Each value of Ml in the lower left half of the array in Fig. 13.17 is identical with 
a corresponding value in the upper right half. It is observed that each pair of values 
arises from the same mi values. Although the mi subscripts are just interchanged in 
each of the two combinations of a pair, the equivalence of the two electrons makes the 
two states identical in all respects. 
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13.12. Pauli’s g Pennanence Rule. — In 1923 Pauli^ proposed a nev 
rule for the g factors of any given multiple term in weak and strong 
fields. This rule states that the sum of the g factors for a given M is thi 
same in all field strengths. In a weak field the g factor of any stale 
given by the ratio between the magnetic moment of the atom in Bohi 


II 

0 

1 


_ 3 1 1 
~2 2 "2 

1 

2 

.. 

1 1 1 3 

2 ~2 \2 

1 

"2 




0 “t 


jj- Coupling 


3 113 

ti"2 2 2 2 


= ^210 

3 

- -\ ^ 

2 'K 0 I'l 

\ 

2 

1 

1 ol-\r2 

♦ 

2 

0 |-t 1-2 1-5 

_3 

2 

’33\ /33) 

■ZZ'o 

m, 

J2 




o|-k 


(551 


3 1 2 

‘2 2 ' 2 
' I ^ 3 
2 2 '"2 




_ 3 

r2 

1 1 i 

5 '5 '5 


^ 2 

1 0 -1 

1 

2 

1 

0 -1 ^2 

I 

~Z 





--0 .. --U 

Fig. 13.18. — Magnetic quantum iiunil>ers for two similar p electrons O'y-eoupling). 


magnetons, ekfATmCj and the mechanical moment in units h/2Tr [see 
Eqs. (10.13) and (13.6)]: 


Here 


Pwsak 




(13.51) 




Pj 


eh/ATTVic 


and 


Vj 


pj ^ 
h/2ir^ 


(13.52) 


where, as usual, juj is in ergs per gauss and pj is in erg seconds. In 
these units, 


^ 2?ac _ gjMj 
Pj ehjAirmc pj e Mj 


(13.53) 


In weak or strong field the g factor is given by the ratio of the total 
projection of the magnetic moments on the field direction to the total 
projection of the mechanical moments.^ 

For L<S-ccupling, 

Ml + 2Ms 

fil.tro„ - + (13-54) 


‘ Pauli, W., ZeUs. f. Phys., 16, 155, 1923. 

2 The weak field ^-factor of Eq. (13.53) is also expressed in terras of projections. 
With fij and pj in line with each other, see Fig. 10.6, their ratio and the ratio of their 
projections on any line will be the same. 



240 


INTtiODUCTION TO ATOMIC SPECTRA 


[Chap. XIII 


For j[;-coupling, 


^ntronc 


gi niu + 
rrij, + mj. 


(13.55) 


For a given multiple term it often happens that there are several 
magnetic levels with the same M value. Pauli’s g permanence rule 
states that for given L, S, and M, or for given ji, ^ 2 , and M the sum 
of the weak-field g factors is equal to the sum of the strong-field g factors: 


2^weak 2^j,trong. (13.56) 

Values of weak- and strong-field g factors are given in Table 13.6 
for a term. 


Table 13.6. — Pauli’s g Permaneistce Rule for L*Sf-coupLiNG 
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Similarly for the two upper states arising from the sp configuration 
in jj-coupling we obtain the values given in Table 13.7. 

Table 13.7. — Pauli’s g Permanence Rule for jj-coupling 
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M = 1 

M = 0 
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Strong field 
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One of the most important features of the g permanence rule is that 
the weak-field g factors can be determined without the use of the Land6 
g formula and the quantum-mechanical or classical model. For ^P 2 y 
M = 2, in the above table ^Btrone = The weak-field g factor will 
therefore be | for all weak-field *^2 levels. This leaves for ^Pi, Af = 1 
the value ^ = 3 — | For ^Po, M = 0, g is indeterminate in all 

fields. 
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Darwin has shown that the g permanence rule holds for all inter- 
mediate field strengths.^ 

13.13. Pauli’s g Sum Rule for All Field Strengths.— In a very strong 
magnetic field the individual electron couplings are completely broken 
down and each spin and orbit becomes quantized independently with 
the field. Pauli showed that even under these extreme conditions 
the sum of the g factors for a given M, of a given electron configuration, is 
constants Starting with LS- or j>-coupling the g factor for any term 
in a very strong magnetic field is giv'cn by the sum of the projections on 
H of the magnetic moments in Bohr magnetons divided by the sum of the 
projections of the mechanical moments in units hj^l-n. 

— /2n).i -I- 2 w„ 4 - wi, -f w ij.Y 57) 

gv.ry...o„. - f- mi, ) 

Consider, for example, the terms arising from the configuration 
rrp in LS-coupling. The g factors for weak, strong, and very strong 
fields are given in Table 13.8. 


Table 13.8. — Pauli’s g Sum Rule for the Electron Configokation sp in LS- 

(’OUPLING 



Consider again the terms arising from the configuration sp in jj-cou- 
pling. The g factors for weak, strong, and very strong fields are given 
in Table 13.9. 

In general the weak-field g factors cannot be calculated from the 
very strong field g factors. The reason for this is that the coupling 
scheme is not known. When the coupling scheme is given, the strong- 

‘ Darwin, K., Proc. Roy. Soc., A, 118, 264, 1928. 

« For a discussion of the p sum rule in weak magnetic fields, see Sec. 13.6. 
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field g factors can be determined from the g permanence rule and hence 
the weak-field g factors can be evaluated (see the previous section). 

13.14. Lande's T Permanence Rule.—Analogous to the g permanence 
rule we have what is known as the T permanence rule discovered by 
Land6. The rule may be stated as follows: For a given multiple term ^ 
i.e.y given S and L, or given and j- 2 ) the sum of all the F factors for terms 
with the same magnetic quantum number M is a constant independent 
of the field strength. 


Table 13.9. — Patli’s g Sum Rule for the Klec’tkon Configuration .s;) in 

^J-UOUPLING 


T orni 

M - ‘2 

M = 1 

M = 0 

M = -1 

7 

6 

4 

3 

M = -2 

W'cTik field 

a i)i 

(! i)i 
(1 ik 


7 

6 

1 

1 

7 

: 

4 

<? 

.7 

3 

a ^)^ 

(1 ^2 
ih 

a To 

1 

1 

1 

1 


1 

.■> 

3 

4 

3 

1 

Strong field 

(§ !)i 

(I S). 

(i Pi 
(I Po 

1 

1 

2 

I 

1 

1 


1 

1 

2 

3 

Very strong field 

Zg = 

1 

4 

t 

1 

4 

'1 



For L<S'Coupling in field-free space, or in a weak magnetic field, the 
T factor of a term is given by Eq. (12.13): 


= T, + = AL*S* cos (L*S^) - ~~ L*2 _ (13.58) 

where A is a coupling constant. In other words, a F factor, as we have 
already seen in Sec. 12.6 and 12.7, is just the interaction energy of any 
two quantum vectors. This particular Eep (13.58) gives the Lande 
interval rule for the fine structure (see Sec. 12.8). Now, in a strong 
field, the Paschen-Back effect sets in, and L* and S* become inde- 
pendently quantized with the field H. In this case the average value 
of the cosine in the above equation had to be evaluated to obtain the 
interaction energy and the strong-field F factors. This average inter- 
action energy [see Sec. 13.6, Eq. (13.28), and Sec. 10.7, Eq. (10.33)! 
is given by 

FstronK == Fs + r4 = A • L*S* COS (L*8*) - A • MlMs. . (13.59) 

Consider now the F permanence rule applied to a term. Since iS = 1. 
L = 1, and J « 0, 1, and 2, the following F factors are determined. 
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In going from weak fields to strong fields the r factors always change, 
if at all, so that SF = constant for each M. It is to be noted that the 
weak-field F's can be determined from the strong-field F's. The Land6 
interval rule is thus obtained without the use of the quantum-mechanical 
or classical model of the atom [Eq. (13.58)]. 


Table 13.10. — r Permanence Rule for a Term (L/S-coupling) 


Term 

Af = 2 

M - 1 

Af = 0 

M = -1 

M = -21 


^Pi 

A 

A 

-A 

A 

-A 

-2A 

A 

-A 

A 

Weak field 
r factors 

^P2 

^Pi 

A 

0 

0 

-A 

0 

1 -A 

0 

0 

A 

Strong field 
r factors 

xr = 

A 

0 

-2 A 

0 

A 



For ^/-coupling in field-free space or in a weak magnetic field the 
r factor of a term is given by Eq. (12.25): 

r^ealc = Fi + F2 = Ajtjt COS (ifi*) = _ ^*2 „ ^*2), (13,00) 

In a strong field, the Paschen-Back effect sets in and jX and jX become 
independently quantized with the field H. Here the average value 
of the above given cosine term must be evaluated to obtain the inter- 
action energies and the strong-field F factors. This average interaction 
energy, by analogy with L*S-coupling, is given by 

F.t.on« = A -ifjl COS {jxn) = A • (13.61) 

Consider, as an example, the two upper terms of the electron con- 
figuration sp in jj-coupling. Since ji — — |, and J = 1, and 2, 

the following weak- and strong-field F factors are obtained: 


Table 13.11. — r Permanence Rule for the Two Terms (I E)i and Ds, Arising 
FROM the Configuration up (jj-coupling) 


Term 

M = 2 

M = 1 

M = 0 

M = -1 

M - -2 


(J 2). 

(i 2). 

3A/4 

~5A/4 

3A/4 

-5At4 

3.4/4 

-5A/4 

3A/4 

3A/4 

Weak field 
r factors 

a i)i 
(^ 1)2 

3A/4 

CO 

1 

1 I 

-3A/4 

A/4 

3A/4 

Strong field 
r factors 

sr *= 

3A/4 

-A 12 

-A/2 

-A/2 

3A/4 
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13.16. Goudsmit’s r Sum Rule. — Analogous with the g sum rule for 
magnetic levels in weak and strong fields is the r sum rule of Goudsmit.^ 
This rule may be stated as follows: For a given electron configuration 
the sum of the T values corresponding to a given value of M is independent 
of the field strength H. In LS- or jy-coupling there are four interactions 
to be taken into account: Fi, Tzj Fs, and F4 (see Sec. 12.7). In a very 
strong magnetic field, where each spin s* and each orbit Zf are inde- 
pendently quantized with the field, these interaction energies are given 
by Eq. (13.48). 


Table 13 . 12 . r Sum Rule for up Electron Configuration (L<S-couplinq) 


Term 

M =-2 

M - 1 

M = 0 

M -1 

M = -2 


'Pi 


0 

0 

0 




a/2 

a/2 

a/2 

a/2 

a/2 

Weak field 

^Pi 

— a/2 

—a/2 

-a/2 


r factors 




— a 






0 

0 

0 



^P>2 

a/2 

0 

-«/2 

0 

a/2 

Strong field 

^Pl 

0 

0 

0 


r factors 




-a/2 




^Pl 


0 

— a/2 

a/2 



^P2 

a/2 

a/2 

0 

—a/2 

a/2 

Very strong field 

^Pl 


-a/2 1 

0 

0 j 


r factors 

^Po 



-a/2 





a/2 

0 

— a 

0 

a/2 



In L>S-coupling Fi gives the singlet-triplet intervals and is due prin- 
cipally to Heisenberg’s resonance phenomena, F2 gives the separations 
between multiple levels, and F3 and F4 give the Landd interval rule for 
the fine-structure separations (see Fig. 12.6). Goudsmit has applied 
the F sum rule to the F3 and F4 interactions and has shown that they 
are in general agreement with observation. Consider for example 
the sp configuration in weak, strong, and very strong fields. The 
F factors of the allowed terms in L>S-coupling are computed from Eqs. 
(12.9), (13.28), and (13.48), respectively, and are given in Table 13.12. 

In this particular example, where Zi = 0, F3 = 0. In configurations 
where both Z’s are not zero, the F sum rule will apply to both F’s separately 
or collectively. 

A similar table formed for the same configuration in jji-coupliiig 
will lead to the same F sums shown here for L>S-coupling. It should 

1 Goudsmit, S., Phys. Rev., 31, 946, 1928; see also Pauling, L., and S. Goudsmit, 
** Structure of Line Spectra.” 
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be pointed out that the T sum rule may also be applied and shown to 
hold for Fi and r 2 . 

13.16. The r Permanence and F Sum Rules Applied to Two Equiva- 
lent Electrons. — Consider the permanence and sum rules as they apply to 
the case of two equivalent d electrons, to two d electrons having 
the same total quantum number n. In this case the Pauli exclusion 
principle is in operation and the allowed terms (see Sec. 13.11) are 
^S, ^Z>, ^P, and In a very strong field there are 10 possible states 

for each d electron : 



Following the first scheme developed in Sec. 13.11 for the calculation 
of terms arising from two ecpiivalent electrons we combine these columns 
two at a time, taking no two alike. The resultant combinations should 
be tabulated by the reader as follows: (1) Make four columns of all 
possible combinations of, and giving each value of, m/,, and 

(2) Using the formulas for F 3 and F 4 , Eq. (12.9), multiply each m, 
by its own rrii times a to form the fifth and sixth columns under F 3 and F 4 . 
(3) Since the a coefficients are identical in the two e]e(*trons, add each 
F 3 and F 4 to form the seventh column Fvery«tron«. (4) Add the first 
four columns to form the last and eighth column of total magnetic 
quantum numbers M ~ rrh, -f + nii, -f We now collect all 
values of FverystronK and tabulate them under corresponding values of ilf 
as shown at the top of Table 13.13. 

The strong-field F sums may now be used to calculate the weak-field 
F factors, provided the coupling of the two electrons is specified. Sup- 
pose first that the coupling is LS. In LP-coupIing the F factors for 
singlet terms are always zero. We therefore write zero in all columns 
for the ^Sj ^Z), and Ki terms, as shown. Since is the only remaining 
term with ilf = 4, and the F sum for ilf = 4 is 3a/2, we write F = 3a/2 
for all W 4 , M^s. This leaves —a/2 for ¥’ 3 , ilf = 3, which is next written in 
all ¥' 3 , ilPs. With — 3a/2 for •'’P 4 , the F permanence rule, which also 
gives the Lande interval rule, gives F = —a/2 and —2a for and 
respectively. This in turn leaves only a/2 for ^P 2 , then —a/2 for ^Pi 
and —a for 

If the coupling of the two equivalent d electrons is j)-coupling, the 
individual /s and the field-free terms are first determined by the scheme 
given in Sec. 13.11. The resultant values are given in the lower left 
hand column of Table 13.13. For each d electron, separately, ji = \ 
and f, for which the F factors are a and — 3a/2, respectively. The 
F factors for both electrons, taken together, will be just the sum of the two 
individual F’s. These inserted in the lower third of Table 13.13 agree 
with Goudsmit^s F sum rule. 
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Table 13.13.~~-r Sum Rule for Two Equivalent d Electrons in Weak and in 
Very Strong Magnetic I'ields 


Term 

11 

II 

11 

11 

1! 

M = 
-1 

M= M = 
-2 -3 

A/- 

-4 


3a/2 a ~-3a/2 da/2 

2a 

3a/2 

-3a/2 a 

3a/2 


0 a/2 a — 3«/2 

a 

-Sa/2 

a a/2 

1 0 


1 

o 

T 

0 

—a 

0 -a/2 



—a a/2 

—a 

a/2 

— a 

Very strong 


a 12 —a/2 

-2a 

—a/2 

a/2 

field 


a/2 0 

—a/2 

0 

a/2 

r factors 


0 

—a/2 

0 





~a/2 





! 

-a/2 




sr 

3a/2 a — «/2 —a 

— 2a 

—a 

— a/2 a 

da/2 


0 0 0 0 

0 

0 

0 0 



3«/2 3«/2 3«/2 3a/2 

3a /2 

3a/2 

3a/2 3a 2 

da/2 

^Fi 

— a/2 —a/2 —a/2 

-a/2 

—a/2 

-a/2 -a/2 



— 2a —2a 

-2a 

-2a 

—2a 

Weak field 

^Ih 

0 0 

0 

0 

0 

r factors 


a/2 a/ 2 

a/2 

a/ 2 

a/2 

Z/^S-coupling 

^Pl 

-a/2 

— a/2 

-a/2 





— a 






0 




(i lU 

— a/2 —a/2 —a/2 —a/ 2 

-a/2 

— a/2 

— a/2 —a/2 

—a/2 

(i i)3 

— a/2 —ail —a/2 

—a/2 

— a/2 

— a/2 —a/2 


(1 1)2 

-a/2 -a/2 

—a/2 

— a /2 

—a/2 


(1 i)i 

-a/2 

—a/2 

-a/2 


Weak fkdd 

(1 

2a 2a 2 a 2a 

2a 

2a 

2a 2a 

2o r factors 

(1 1)2 

2a. 2a 

2a 

2a 

2a 

^y-coupling 

(I i)o 


2a 




(i i)2 

— 3a -3a 

— 3a 

— 3a 

—3a 


(i Do 


-3a 





Table 13.14. — Triplet Separations for the Electron Configuration 
Showing Agreement with the Lande Interval Rule and the Goudsmit 

r Sum Rule 


Element 

>F, - 

8 - ‘F, 

Interval 

1 ratio 

3p^ - 

i 

- ^i\\ 

Interval 

ratio 

a cm~^ 

Sc 

II 

104 

81 

4:3.1 

53 

27 

2: 1.0 

52, 54, 53, 54 

Ti 

III 

2S8 

184 

4:3.1 

118 

67 

2: 1.1 

119, 123, 118, 184 

V 

IV 

41 B 

SI 8 

4:3.1 

215 

117 

2: 1.1 

206, 212, 215, 234 

Cr 

V 

637 

500 

4:3.1 

368 

208 

2: 1.1 

319, 333, 368, m 
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Suitable comparisons of the calculated T factors with observed 
spectral terms are to be found in Sc II, Ti III, V, IV, and Cr V. The 
observed intervals and calculated a^s are given in Table 13.14. 

That the coupling is Russell-Saunders is shown by the interval 
ratios given in the third and fifth columns of Table 13.14. That the r sum 
rule holds is shown by the a coefficients in the last column. Perfect 
agreement would find each of the a coefficients the same for each of 
the four intervals. The same a coefficients calculated from the con- 
figuration Sd4s in the same elements are 49, 144, 240, and 365 cm~S 
respectively, in good agreement with those tabulated. 

Problems 

1 . Calculate the relative separations and intensities for the Zeeman pattern arising 
from the transition — ^(7^. 

2. Calculate the Zeeman patterns for tin* transition -Vh — (sp-sd) in LS- and 
in j[;-coupling. 

3 . Show that Pauli’s g sum rule holds for the terms arising from a p-p configura- 
tion in LS- and in jy-coupling, 

4 . Find the relative intensities of the lines comprising the Paschen-Back pattern 
at the bottom of Fig. 13 9. See Fig. 13.8 for the levels, and use the sum rules. 

6. Compute the terms arising from two similar / electrons. 

6. Show that the P sum rule holds in weak, strong, and very strong fields for a pd 
electron configuration {a) in L*8-coupling and (5) in y/-coupling. 



CHAPTER XIV 

COMPLEX SPECTRA 


Prior to 1922 only singlet, doublet, and triplet series of spectruna 
lines were recognized by experimental and theoretical physicists. It 
was well known that these series had been found only in the groups of 
elements at both sides or edges of the periodic table, and that the spectra 
of the elements in the center of the table were very complex. The 
titanium spectrum, or the iron spectrum, for example, was known to 
contain hundreds of lines distributed apparently at random throughout 
the visible, the near ultra-violet, and the near infra-red spectrum. 

As early as 1901, however, a fairly complete analysis of the complex 
spectrum of rhodium had been made by Snyder.^ In this spectrum 
some 470 lines were grouped together in an array of equal frequency 
differences tying together what is now known as the main energy level 
structure of rhodium. In addition Snyder had been able to link together 
several hundred lines in ruthenium, iridium, nickel, platinum, and 
osmium. The significance of Snyder's work was not realized until 
some 25 years later. 

In 1922 the complex spectrum of manganese was analyzed by Cata- 
lan,^ and a part of the chromium spectrum by Gieseler.^ The manganese 
spectrum was shown to contain a number of triplet series, some members 
of which formed groups of lines more complex than had ever been assigned 
to triplets. In the hands of Sommerfeld these complex groups of lines 
were shown to arise from multiple energy levels and were not to be 
associated with triplets. This marked the beginning of complex- 
spectrum analysis. 

The chief characteristics of complex spectra may be briefly described 
in terms of the energy levels. In the place of series of singlet, doublet, 
and triplet levels, there are, in general, multiple levels composed of 
four, five, six, seven, or eight regularly spaced levels. Such multiple 
levels are frequently called quartety quintet, sextet, septet, and octet levels. 
It is found experimentally that the multiplicities of the levels belonging 
to a given spectrum will either be all even or all odd. In the cobalt arc 
spectrum, for example, the levels are doublets, quartets, and sextets, 
whereas in the arc spectrum of iron they are triplets, quintets, and septets. 

1 Snyder, C. P., Astrophys. Jour., 14, 179, 1901. 

* Catalan, M. A., PhU. Trans. Roy. Soc., A, 228, 127, 1922. 

» OiESELER, H., Ann. d. Phys., 69, 147, 1922. 
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Before going further it should be pointed out that just as S terms are 
always single, P terms never reveal more than three fine-structure levels, 
D terms never more than five, F terms never more than seven, etc. This 
anomaly, which is often confusing to the beginner, really simplifies 
complex-spectrum analysis. This will become apparent in the following 
treatment of complex spectra and the vector model. We shall find, for 
example, that a '‘P, a a ®P, etc., term will each have only three fine- 
structure levels. That they really belong to quartet, quintet, sextet, 
etc., systems is shown when the atom is placed in a weak magnetic 
field and the Zeeman effect is obscu’ved. It is little wonder therefore 
that the principal series discovered by Catalan in manganese were first 
called triplets in place of sextets and octets as they are now’ shown to be. 

14.1* The Displacement Law. -In 1919 Kossel and Sommerfeld^ 
promulgated the displacement law for the spectra of the neutral and 
singly ionized atoms. This law states that ihe spectrum and energy 
levels of any neutral atom of atomic number Z closely resemble ihe speetrum 
and energy levels of the ionized atom. Z + 1 sneeeeding it in the periodic 
table. In the preceding chapters, for example, w’e have seen how’ the 
doublet series of the alkali metals Li, Na, K, Rh, and (ts resemble the 
doublet series of ili(^ ionized alkaline earths Be, Alg, (hi, Sr, and Ba 
(see Figs. 5.2 and 6.5). This law will, in the following sections, be seen 
to hold in complex spectra. 

14.2. Alternation Law of Multiplicities. — Along with t he displacement 
law just discussed another important law has developed known as 
the alternation law of multiplicities. In short this law may be st.ated 
as follows: Spectral terms arising from successive elements in the periodic 
table alternate between even and odd midiipli cities. We shall give, for 
example, the alternation of multiplicities as they are found in the elements 
of the first long period (Table 14.1). 

Table 14.1, — Alternation Law or Multiflicitier for the Elements in the 


First LoN(i Pi:rU)d 


KI Cal Sc I Til VI 

Cr I 

Mn I Fe I 

Col 

Nil 

Cu I Zn I Gal 

Ge I 

Sing. Sing. 

(Sing.) 

(Sing.) 


Sing. 

Sing. 

Sing. 

Doub. Doub. Doub. 

(Doub.) 

Doub. 


Doub. Doub. 


Trip. Trip. 

Trip. 

Trip. 


Trip. 

Trip. 

Trip. 

Quar. Quar. 


(^uar. 

Quar. 


(^uar. 


Quin. 

Quin. 

Quiii- 


Quin. 



Sex. 


Sex. 

Sex. 





Sept. 

Sept. 






Oct. 

All but singlets in Cr and Fe, and doublets in Mn, have been observed. 
Photographs of multiplets illustrating term multiplicities for these 
elements are given in Fig. 14.1. The multiplicity and term designation 


^ Kossel, W., and A. Sommebfeld, Yerh. d. Deutsch. Phys. Ges., 21, 240, 1919. 
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of each multiplet are given above each photograph. Wave-lengths 
of the strongest lines in each multiplet, bracketed by the heavy lines, 



ALTERNAJION LAW 

MULTIPLICITIES 




Fig. 14.1. — Illustrating the alternation law of multiplicities for the elements in the 
first long period. Photographs taken by the author with a l6-ft. Rowland grating and 
mounting. 


are given below each picture. The centers of the potassium-doublet, 
the calcium-singlet, and the copper-doublet lines show self-reversal 
due to absorption. It may be noted that a triplet multiplet may be 
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made up of as many as seven lines whereas an octet multi plet may 
contain as few as three. The faint lines symmetrically located on each 
side of each of the zinc triplet lines are grating ghosts. Since both the 
alternation and displacement laws are valid, a combination of the two 
shows that a table similar to the one above may be formed from the 
spectra of the same atoms singly ionized. 


Table 14.2. — Alternation Law of Multiplicities for the Singly Ionized 
Elements in the First Long Period 


Ca II 

Sc II 

Till VII Crll 

Mn II 

Fe II 

Co II 

Ni II Cu 11 Zn II Ga II Ge II As II 


Sing. 

(Sing.) 

(Sing.) 


(Sing.) 

Sing. Sing. Sing. 

Doub. 


Doub. Doub. (Doub.) 

Doub. Doub. Doub. 


Trip. 

Trip. 

(Trip.) 


Trip. 

Trip. Trip. Trip. 



Quar. Quar. 


Quar. 


Quar. Quar. 



Quin. 

Quin. 


Quin. 

(Quin.) 



Sex. 

Sept. 

Sex, 

(Sept.) 

(Sex.) 





(Get.) 




It is to be noted that the tables are approximat(‘iy the same as far as 
observed multiplicities are concerned, and that the elements have been 
shifted one place to the left. 

A table for doubly ionized atoms may be formed in exactly the same 
way by shifting the elements one more column to the left. Observations 
show that this displacement of multiplicities is valid as far as the eighth 
and ninth stages of ionization, and there is no reason to doubt that 
it will be valid until the atoms are completely stripped of all extranuclear 
electrons. 


14.3. The Vector Model for Three or More Valence Electrons.~It is 

an easy step from the vector model for two elect i‘ons to (he model for 
three or more electrons. This step is mad(^ with the aid of the branching 
rule (see Sec. 12.13). We shall start with an atom stripi)ed of all but 
one valence electron and return ek'ctrons to it, one by one, until the 
atom is neutralized. Let the individual quantum numbers of the 
eketrons be .s.,, s.,, . . . , L, U, h, . . . , L, ^ 2 , ... If we 

assume L>S-coupIing among the electrons w(^ begin by successively adding 
the spins to form a resultant S. With each s, = 


Singlets 

S ^ 0 


Doublets 


Triplets 

S = 1 


Doublets 

S = I 


Doublets 

S = i 


Quartets 

S - 4 


Singlets Triplets Singlets Triplets Triplets Quintets 

S=0 S=1 S=0 S-1 8=1 8=2 


Si 

+ 


+ 

S3 

+ 

6’ 4 
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In general the addition of an electron to any multiple term raises 
and lowers the multiplicity by one. This in terms of the vector model 
is shown in Fig. 14.2a, for the case where s = | is added to a quartet 



5s -Coupling LI -Coupling LS -Coupling 

Sp“|, s 4,S“1,2 Lp*2,l-1.L-1.2,3 L“2.S-| , 

Fig. 14.2. — Vector diagrams of the addition of one electron to the parent term of an 

ionized atom. 

term with f to give triplets, {S — 1), and quintets, (^ = 2). & 

represents a parent S to which a single electron spin $ is added. ^ 
Adding in the same fashion, take h = 0, Z 2 = 1, h = 1, and h = 2: 

I = 0 

5 S 

+ i 

= 1 



DPDFSPDFG 
d L = 2 L = 1 L = 2L = 3 L = 0L = 1L = 2 L = 3 L = 4 

The two p electrons are assumed to have different total quantum 
numbers. Similar electrons will be treated in the next chapter. The 
addition of Ts according to the vector model is shown in Fig. 14.26, for 
the case where a p electron, (I = 1), is added to a D term, (L = 2), to 
form the resultant terms P, Z), and F with L = 1,2, and 3, respectively. 

If we now add spins and orbits simultaneously the branching rule 
gives the terms shown at the top of page 253. 

Combining any resultant spin S with a resultant L will, just as in the 
case of two electrons (see Sec. 12.3), give the resultant J values. Briefly 
the J values of a given multiple term are just given by the sum and 

^ The small letter s, used for the electron spin, and the capital letter S, used for 
spin resultant, should not be confused with s for an electron with 1=0, and S for a 
term with L = 0, respectively. 
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8 

+ 

V 

+ 

V 





2^ 2p 22) 2^ 2p 22) iS 


difference of L and S and all intervening values differing by unity. 
Combining /S = f with Z/ = 0, 1, 2, and 3, J values corresponding 
to terms are obtained. Similarly 

combinations of #S = 3 with L = 0, 1, 2, and 3, lead to '>§ 3 , ’^^ 2 . 3 . 4 , 
'Z)i. 2 . 3 . 4 . 5 , and ’'Fo, 1 . 2 . 3 . 4 , 5 . 6. terms are never more than single, P 

terms triple, D terms quintuple, etc. A term is called a triplet^ quartet^ 
quintety etc., because its spin resultant S = |, 4^ ' * * > regardless 

of the number of fine-structure levels it may contain. It is only when 
L ^ S that the term will contain the maximum number of fine-structure 
levels 2S + 1, from which the whole system of terms with the same S 
derive their name quartet , quintety sexiety etc. This maximum multiplicity 
for each given S is called the permanent multiplicity. 

In deriving the spectral terms arising from Jj-coupling we need 
consider only the addition of one electron to a parent system already 
made up of one or more valence electrons. The parent system of terms 
represents the energy levels of an ionized atom, to which we add one 
electron with Jpcoupling to form energy levels for the neutral atom or 
an atom in one lower stage of ionization. Consider as parent terms, for 
example, those arising from the configuration sp. They are 7 = 1, 0, 1, 
and 2. Adding now a p electron \Ve obtain the following: 



sp-p U h I if iff ff ifff 

These correspond exactly with the 18 terms obtained for the same 
resultant electron configuration in Z/A^-coupling: ^P\,h ^Z)j.j, 

The precessing vector models for LS- and /j-coupling for complex 
atomic systems are represented in Fig. 14.3. Just as for two-electron 
systems, LJ and I*, and S* and 5 *, precess rapidly around their respective 
resultants L* and S* which in turn precess more slowly around their 
resultant /* In jy-coupling the spin and orbit of the added electron 
are coupled together and precess rapidly around their resultant j* 
which in turn processes more slowly with Jp of the parent term around 
J*. It should be pointed out that in Jj-coupling the parent term 
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Jp may be formed by two or more electrons in LS-, jj-, or any other 
coupling scheme. 

14.4. Terms Arising from Three or More Equivalent Electrons. — The 

terms arising from three or more equivalent electrons cannot be calculated 




LS “ Coupling 


Jj ~ Coupling 


Fi(i. 14.;^ Precessing vector models for complex atomic systems. 


by the method outlined above. Here the Pauli exclusion principle must 
be taken into account and the strong-fwld or very strong field quantum 
numbers resorted to (see Sec. 13.11). Although this necessitates the 
postponement of the calculation of terms until the Zeeman and Paschen- 
Back effects have been treated in the next chapter, the results may be 
given here. 


Table 14 . 3 . — Spectral Terms Arising from Equivalent p and d Electrons 

pi, 

p\ ^S !£> 2P 

p3 2p 2£) 4^ 

p\ ^S W ^P 

P^, ^P 

p% 

d\ w 

d^ i>SiZ)i(? ^P^F 

2D ^F^DWKPII 

d*, ^P^F ^S^D^FHIG 

<i«, ^P^F ^PW^F^m W 

(P, 2j) ipw^FKI^H *P*F 

^S^D^I ^P^F 


It is important that we note here the term arising from six equiva- 
lent p electrons or from ten equivalent d electrons. Omitting these 
configurations in the tables, the upper half of each table is identical 
with the lower half. 
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14.6. The Lande Interval Rule. — The Land^ interval rule, as already 
shown in Sec. 12.8, applies to the special case of Russell-Saunders coupling 
and gives the interval rule for the fine structure of each multiple level. 



Fi(i. 14 la — (Iraphinal representation of the Lande interval rule for and terms. 


If, for example, the spins of three or more electrons are coupled together 
to form a resultant S and the Ts coupled together to form a resultant L, 
(he derivation of the interval rule becomes identical with the derivation 
for t wo electrons, "hhe interval rule is 
written, therefore, 


cos (L*S*) 

- 


(14.1) 

given 


(M.2) 


/ 


where A is a constant for a 
multiple term and is given by 
A = + ( 1 4 a 4. 

A comparison of Fig. 14.3 with Fig. 

12.5 shows that and a 4 are the 
coupling coefficients for the parent term 
and the added elecdron, respectively, 
and aa and a.i are given by Eqs. (12.10) 
and (12.11), where is replaced by aSJ, 
and I* by L*. In other wmrds, A is a 
measure of the sum of the energies of 
interaction between each electron spin 
and its own orbit. When the constant 
A is expressed in wave numbers, Eq. 

(14.1) gives the wave-number shift of each fine-structure level J from 
the hypothetical center of gravity of the multiple level. Consider, for 
example, a term, where == |, Z = 3, and and f. Equa- 

tion (14.1) gives r = — 6A, — 1^4, 0, +\A. A graphical representation 
of these four levels is shown at the right in Fig. 14.4a. Since A , L*, and 
S* are fixed in magnitude, the proiection of S* on L* is proportiona. 


L*/ 




6A 

5 


A 

^ ^ 

4 


“3A 


3 

-6A 


^ -8A 

V 


Flu. 14.4f>. — Graphical rfprc.sentation 
of the Land6 interval rule for a ‘’F 
term. 
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to cos (L*>S*) and hence proportional to the interaction energy F. The 
differences have the ratio 5:7:9. By Eq. (14.1) the difference between 
one level J and the next level J + 1 is given by 

AF = + 1), (14.3) 

t.e., by the larger of the two J's. From Fig. 14.4a it may be seen that 
the interval ratios for and terms are 3:5 and 3:5:7, respectively. 
For a term, shown in Fig. 14.46 with J = 1, 2, 3, 4, and 5, the interval 
ratios are 2:3 :4: 5. 

Of the many examples revealing good L>S-coupling and the Land6 
interval rule in complex spectra, only a few will be given as illustrations 
(see Table 14.4). 


Table 14.4.— Observed Fine-structure Intervals Illustrating the Land6 
Interval Rule for L/S-coupling 


Eleincrit 

Terms 

Observed intervals 
in centimeters 

Observed 

ratios 

Theoretical 

ratios 

Sc 

I 


37.49, 52.()(), 07.07 

5.03, 7.05, 9.00 

5:7:9 

Ti 

I 

2. 3. 4.5 

58.00, 80.23, 113.89, 140.13 

2.07, 3.08, 4.00 
5.00 

2;3:4:5 

V 

I 


40.88, 08.57, 94.10, 118.59, 
141.98 

i3.17, 5.31, 7.29, 
9.19, 11.00 

3:5:7:9:11 

Fe I 

T 0. 1,2, 3.4.5. f, 

-25.55, -52.34, -81.50, 
-114.20, -150.81, -195.44 

1.00, 2.05, 3.19, 
4.47, 5.90, 7.05 

1:2:3:4:5:0 

Mn I 

^Pl.U 

129.18, 173.71 

7.00, 9.41 

7:9 


14.6. Inverted Terms. — In some elements it is observed that nearly all 
of the terms have inverted fine structure , whereas in others they are 
nearly all normal. A normal term is defined as one in which the fine- 
structure level with the smallest J value lies deepest on the energy 
level diagram, and an inverted term is one in which the largest J value 
lies deepest. The term given for iron in Table 14.4 is a good example 
of an inverted term. The others given there are normal. 

A correlation of spectral terms as either normal or inverted shows 
that (1) normal terms arise from electron configurations involving less 
than half an incompleted subshell of electrons, and (2) inverted terms 
arise from configurations involving more than half an incompleted 
subshell of electrons. Since normal terms have already been treated 
in the previous section and shown to follow the interval rule, only 
inverted terms need be treated here. 
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First a vector-model treatment of one of the causes of inverted 
terms will be given. Consider for this example the two multiplet 
terms ^^2,3,4 and ^Pz, 2 ,i as they arise from the addition of a p electron 
to the ion term This addition is shown graphically by vector 

diagrams in Fig. 14.5. The spin s* of the p electron is added to the 
spin resultant S* of the parent term to form the /S* of a septet or a 
quintet. With no orbit resultant L% of the parent term, the orbit /* 
of the p electron becomes the resultant L*, f.e., L* = Z*. In combining 
with L*j to form resultants J*, /S* is held fixed and L* shown in the 
allowed positions where J* (not shown) gives J = 2, 3, 4, and J = 3, 2, 1. 
Now the spread of both of these multiplets depends upon two coup- 
lings: first, the spin-orbit coupling of the p electron which is given by 

r = a's*L* cos (s*L*) (14.4) 


and, second, the coupling between S* and the orbit L*, which is given by 



r" = a"S*L* cos {S*L*). 

(14.4a) 

Applying the 

cosine law for triangles, 


r' 

5*-2 + s* 2 _ 5*2 

= CL ^^,^2 ^ ^ )> 

(14.5) 

r" 

= a" {J*'' - P*' - 

(14.5a) 

Adding these, 

r = r' + r" = 

' ,S*2 + s*2 - 

a 45*2 + « 4 S *2 

(J*2 - L*2 - , 

S*2). (14.6) 


Since for a given multiplet the values in the bracket are constant, 
the fine structure will follow the Lande interval rule. Substituting the 
values of S, s, >Sp, L, and J in this formula, the following values are 
obtained: 

u\, r = +Sa' + "^3, r = -la' + v«"; 

T3, r = -la' - V = - ^a"; 

7^2, r = -ta’ - V-«"; r = - Va". 

Since a’ and a" are magnetic in character, and therefore positive, the 
term can only be normal. If, however, a' is greater than 7a", the 
term will be inverted. This nmy be seen from the diagrams of 
Fig. 14.5, for in the ^P diagram the component of s* along /S* adds to 
and in ^P it subtracts. If, therefore, the s*L* interaction is sufficiently 
strong, the energy will be greatest when the component of s* is most 
nearly parallel to L*. This state corresponds to ^P4 on the one hand 
and ^Pi on the other. A good example of this is observed in the chromium 
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spectrum where the two terms arising from follow^ the Lande 

interval rule and have the separations 112.5 and 81.4 for ^/^2.3.4 

and —5.7 and —8.8 cm"^ for ^^3.2.1 for which the coupling coefficients 
a' = 104.2 cm~^ and a" = 12.4 cm~^ 

The most common cause for the inversion of spectral terms is to 
be attributed to more than half-filled, but incomplete, subshells of 
electrons. Although the derivation of spectral terms arising from 
more than tw^o equivalent electrons will not be given until the next 



Fid. H 5 Voct<)r diagrama illustrating tho addition of a p oloctroii to a paront torni 
to form a nrjrmal 'P and an invc^rtod 'P term 

chapter, the cpiestion of inversion can b(‘ treated here. treat the 

interaction energies of more than a half shell of e()uivalent electrons 
we resort to Goudsmit's T sum rule (see Sec. 13.15). C'onsider, for 
example, the electron configuration (P, Avhich gives rise (see Table 14.3) 
to the same types of terms as viz.^ W, and KL To show 

that the and 'P terms from the former are inverted, the proc^edure 
described in Sec. 13.5 may be emiiloyed. The 10 possible states for 
one d electron are first written down as in Eq. (13. 02). We next com- 
bine these states taking eight at a time with no two alike. The resultant 
45 combinations should be tabulated as there des(Tibed. Each S})in 
is multiidied by its own W/, to obtain individual T/s. These are 
summed over the eight electrons to obtain V for each of the 45 combina- 
tions and then tabulated under the corresponding values of M as shown 
in Tabic 13.13. 

r - SFi and M = 

When this table is completed the T sums will be: 

Tlf = 4 3 2 1 0 -1 -2 -3 -4 

3a , , rt 1 1 ^ 3a 

^1 = — 2 +2a -\-a -f-g —u ^ 

Following the scheme already described in Sec. 13.15 these give for 
the two triplet terms arising from d®, 
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r = r = 

r = +|; »Pi, r = +|; 

3^2, r - +2a; r = + a. 

Where observed these terms are found to be inverted. 

Finally we shall mention that large group of inverted terms that 
arise from the branching rule. If to an inverted parent term of an 
ion we add another arbitrary electron, the new' terms will in general 
be inverted. The reas<.)n for this is readily seen w^hen we remember 
that in LAS-coupliiig the I* of the added electron couples wdth the parent 
Lf., and the spin s* couples with the parent S*. If the spin-orbit inter- 
action of the added electron is small compared wdth the S*L* interaction, 
all of the resultant terms will be inverted. If the former is large, some 
of the terms may be normal and the others inverted. Because of the 
many possibilities that come under this heading further discussion 
w'ill be left until specific examples come up in the following sections. 

14.7. Hund’s Rule. — Hund\s rule, given for two electrons in Sec. 
12.7, may be lestated here to apply to complex spectra in general. Out 
of all the t^'^nns with the same L value arising from a given electron con- 
figuration: (1) tJw term with the highest multiplicity, i.e,, highest S value, 
will in gem rat lie deepest; and (2) of these the term with the highest L value 
will lie deepest.^ Experimentally this rule is observed to hold for many 
eh^ctroii configurations, and especially for configurations involving the 
normal state, or the so-called ground state, of many atoms. Very good 
examples of Hund’s rule v\il] be encountered in the following sections 
of tliis (iiiiptcr in the discussion of the energy levels arising from the 
elements niirogen, carbon, oxygen, scandium, titanium, manganese, etc. 
It should be pointed out that the detmest lying term i.e., the normal state, 
in all atoms in all observed stages of ionization is the one given by Hund^s 
rule. 

14.8. The Nitrogen Atom. — As examples of three-valence-electron 
systems, let us first consider the elements in Group VJ5 of the periodic 
table (see Table 5.1). According to the Bohr-Stoner scheme of the 
building up of the elements the normal states of these elements are given 
by the configurations’ 

N, 16*2 2.s2 2p’^ 

P, 2s2 2//* 3p'» 

As, bs2 2,^*2 2// 3^2 3// Sd^^ 4s^ 4?® 

Sb, l.s2 2,s‘' 2p« 3.s2 3p« 3rPf> 4p« 4d^^ 5s^ 6p» 

Bi, Is- 2s- 2p« Ss^ 3;>« 3d^^ 4s‘^ 4p« if^* 5s^ 6p® 


* See IIuND, F.. “Liiiien.spekircn.” p. 124, 1927. 



260 


INTRODUCTION TO ATOMIC SPECTRA 


[Chap. XIV 


The last three equivalent p electrons (in heavy t3rpe) represent the 
three valence electrons of each atom and are responsible for the optical 
spectra. As a typical example of these spectra we shall consider nitrogen 
in some detail. 



The electrons form an incomplete subshell of electrons and 
(see Table 14.3) give rise to the terms and ^D. Applying Hund's 

rule, the lowest of these should be followed by and ^P, As seen 
by the energy level diagram in Fig. 14.6, these are exactly the terms 
observed and in the correct order. When the nitrogen atom is excited, 
one of the 2p electrons is raised to one of the unoccupied orbits Ss, 3p, 
3d, 4s, 4p, 4d, . . . Excited to a 3s orbit the electron configuration 
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becomes which, as shown by the branching rule, gives rise 

to the following terms: 

N II, 2p2, 



N I, 2jy23s, VS W 

All but the incompleted subshells of electrons are usually omitted. 

The parent terms given above are the lowest levels of the singly 
ionized atom, a two- valence-electron system, and are shown at the top of 
the energy level diagram as series limits. From the displacement law, 
N II is similar to C I, with the low states ^S, and ^P arising from 

in agreement with theory. Of the terms ^P, and -D, all but 

the built upon of the ion N II have been observed by combinations 
with the lower terms. These combinations involve the transition of 
the 35 electron to a 2p state = 1). 

Excited to a 4.s', 5.s, 6.s‘, . . . state the same term types given above 
arise to form series of terms approaching as limits the ion terms from 
which they are shown to branch. 

Excited to a 3p state the electron configuration becomes ls^2s^2p^Spy 
which abbreviated is 2p^3p, and by the branching rule gives rise to tiie 
following terms: 

Nil, 2p^ 

A 

N I, 2p23p, 2p 4^4p4/> 2/>2/)2P 

The parent terms are again the low levels of the ion N II. Of the 
resultant terms all but the VS and have been observed in combination 
with those of 2p^Ss. 

Similarly the excitation of an electron to a 3d state gives rise to the 
terms : 



N II, 2p2, 

N I, 2p23d, W 


zp ID 



2p2D2F ^P^D^F ‘^S^P^DWK^ 


Of these terms only those built upon ^P of the ion are observed. In 
this connection it is to be noted that no term above the ^P series limit 
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has been observed in nitrogen. The longest observed series of terms are 
the terms of 2p^nd, where n = 3, 4, 5, 6, and 7. 

The observed spectrum lines of the neutral atom of nitrogen lie in 
two widely separated regions of the spectrum: one group of lines is 
in the extreme ultra-violet and the other is in the visible and near infra- 
red. This is due to the enormous amount of energy required to raise 
a 2p electron to a 3s state, as compared with the difference between the 
3s and other excited states (see Fig. 14.6). A schematic diagram of 



2p^3s,^P-2p^3p*D 3c^^4s.^F-3£>l‘4p,Y’-'‘ 3d"45.Y-3ol‘4p."G° 

Fkj. 14.7.-- (Quartet multiplota observed in r.itiogoii and scandium. 


typical quarter multiplets is given in Fig. 1 1.7. The fine structure of 
the multiple levels is spread out to show the Lande interval rule, l^he 
observed lines are plotted below to a wave-number scale. 

The low 2p^j^F and 2p^j^D levels in nitrc'gen are metastable in 
that, once an atom is in one of tliese states, a transition into a lower state 
is forbidden. Similarly the 2'p'^y^S and 2//',^Z> states of the ion are 
metastable. Bowen has pointed out, however, that transitions within 
a configuration sometimes occur in gaseous nebulae where densities 
are very low.^ Transitions from to and shown in the figure, 
account for two of the many nebular lines X6548 and X6583. 

14.9. The Scandium Atom. — The scandium atom and its spectrum 
will be taken up next, as an element characteristic of Group III A of the 
periodic table (Table 5.1). The normal state of the neutral scandium 
atom is given by the complete electron configuration, 

Sc, hv22.s22p«3«23p«4«'‘''3r/. 

With all but one electron forming completed subshclls, the norma^ 
state, as observed, is given by the one 3c? electron as ^D. Observation 
shows that when the scandium atom is excited, it is easier to raise one 

^ Bowen, I. S., Astrophys. Jour., 67, 1, 1928. 
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of the 4s electrons to an outer orbit than it is to raise the last bound 
3d electron. It is for this reason that the neutral scandium atom is to 
be classified as a three-electron system. In order to build up an energy 



level diagram it is convenient to start with the atom stripped of the 
three outer electrons and then allow them to return one at a 

time. 
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The energy state of the scandium atom triply ionized is represented 
by a horizontal line at the top of Fig, 14.8. Containing only closed sub- 
shells of electrons, this state is designated If now one electron 

is allowed to return to the atom it may go into any one of the unoccupied 
s, p, d, . orbits, i.e,, any one of the . . . states 

shown in the top part of the diagram. Of all the doublet levels observed, 
lies deepest. This is in agreement with the prediction made by 
Bohr and shows that a 3d electron is more tightly bound to the scandium 
atom than a 45 electron (see Sec. 17.1). 

With one electron in the lowest state 3d,^D, we now allow a second 
electron to return to the atom in different allowed orbits and thus build 
up the Sc IT levels. If the second electron is returned to an s orbit, 
the resultant configuration becomes Mns giving rise to and terms. 
Taking n = 4, 5, 6, • • • , ihesc form series of P terms approaching 
3d,^D as a limit. 

Returning the second electron to a /? orbit, and utilizing the branching 
rule, the following terms are derived: 


Sc III, 3d, 2P 


Sc II, 3d np, 

Setting n = 4, 5, 6, • • • , these should all form scries approaching 
3d,2P of Sc III as a limit. Only the first members of this set of series 
have been observed to combine with ^P and ^P of 3d4s. Photographs 
of two of the resultant triplet multiplets — ®P° and are 

given in Fig. 17.7. 

Returning the second electron to a d state gives rise to the following 
terms : 


Sc III, 3d, 

Sc II, 3d 7td, 


W 



VSfipiZ) ^F^G ^S^PW^F^G 


These form five series of singlets and five series of triplets approaching 
Sdj^D as a limit. The second members of these series are the levels 
shown in Fig. 12.4 in combination with the triads of 3d4p. The first 
member of the configuration series, viz.y 3d3d, finds both electrons 
in the same orbits so that the Pauli exclusion principle comes in to 
exclude three triplets and two singlets. All predicted terms and no 
others are observed for 3d^ The higher series members shown in Fig. 
14.8 in brackets are predicted but not observed. 
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In turning to the neutral scandium atom we find that the main energy 
level diagram is built upon two parent configurations 3d4.? and of 
the ion. Starting at the lower left in the figure we have the terms arising 
from the addition of a 4d electron to 3d4s. These are obtained as 
follows : 

Sc II, 3d4s, ID 3jf) 



Sc I, 3d4s4d, S^P^D^FV 

Of these terms five doublets and three quartets have been found. 

The second group of terms shown are those attributed to M4s4p. 
All predicted terms are observed for this first member of the series 
but none of those for etc. 

In the third set of series 3d4sns the first member 3d4s4s comprises 
the normal state of the neutral atom. 

The fourth group of series Mhis is built upon Sri^ of Sc 11. These 
terms arise as follows: 

Sc II, 3d\ ^F 



Sc I, '^P ^P W ^F ^F 

With the exception of ‘^S the first member of each of these series has been 
identified. 

Similarly the fifth group of series Sd^np are built upon 3d^ as follows: 
Sc II, 3d\ ^P ID ^F 



Sc I, 3dHp, 2 p 2 S 2 P 2 J) 2 p 2 p 2 p ^DW'^G ^D^FH) 

Nearly all of these have been observed for the lowest configuration 
3dHp. The remaining terms, ^P and ^Fj arise from the configuration 

Schematic diagrams of the fine structure of two quartet multiplets 
are shown in Fig. 14.7. Photographs of the same two multiplets are 
reproduced at the top in Fig. 17.11. Altogether about 160 lines have 
been identified as belonging to the Sc II spectrum, and about 360 lines 
have been identified as belonging to Sc I. ^ 

^ Russell, H. N., and W. F. Meggers, U. S. Bur. Standards, Sci. Papers, 22, 329, 
1927. 
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The displacement law of multiplicities predicts that the Sc I, Ti II, 
V III, . . . spectra should resemble each other in general structure 
and multiplicity. The corresponding multiplets in Fig. 17.11 illustrate 
the observed similarity. 

14.10. The Oxygen Atom. — As examples of four-valence-electron 
systems we shall first consider the simpler elements oxygen, sulphur, 
selenium, teliurium, and polonium. According to the Bohr-Stoner 
schenae of the building up of the elements, the last four electrons bound 



to each of these atoms are equivalent p electrons (see Table 5.3). As a 
typical example of these elements we shall consider oxygen in some detail. 
The low levels in the oxygen atom (see Fig, 14.9) are given by the con- 
figuration ls-2s^2p'^ (abbreviated 2/>^). Four equivalent p electrons 
give rise to exactly the same terms as two equivalent p electrons, hSl, 
and i/>. The only difference between the two is that in p^ the 
term is inverted and in p^ it is normal. The energy level diagram of 
carbon has been given in the same figure for comparison purposes. 
Although the low set of terms is alike for both atoms the higher term 
structures are quite different. For carbon the excitation of a 2p electron 
to a 35 orbit gives rise to a ^P and a ^P term, whereas in oxygen the terms 
are as follows: 
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O II, 2p^ 2p 



O I, 27>'^3s, T 3p 

Both and form series approaching as a limit; and form 
series approaching as a limit ; and and form series approaching 
as a limit. The terms arising from the next configuration in oxygen 
are those of 2p^3p built upon 2p^ of the ion. They are: 

O II, 2p3, W 

A ,A 

O I, 2p^3p, ^P ^P ^P^D^F 

The one quintet, four of the seven triplets, and one of the six singlets 
have been identified. 

Wave-lengths of some of the strongest lines in oxygen are indicated 
in the diagram. Spe('ial mention should be made of the auroral green 
line X5577, and the red nebular lines X630() and X6363. These lines 
arise from what are commonly called forbidden jumps. The auroral 
line has been reproduced in the laboratory by Kaplan, and others, and 
its Zeeman effect has been studied by MacLennan and by Paschen. 
The two nebular lines have been produced in the laboratory by Hop- 
field. Other nebular lines arise from similar transitions between the 
low states of O II. These are shown at the top and right in Fig. 14.9. 

14.11. The Titanium Atom.— One of the most complete analyses of 
a really complex spectrum has been made for the titanium atorn.^ This 
analysis, which has been carried out chiefly by Russell, includes 43 
singlet levels, 65 triplet levels, and 34 (|uintet levels and involves about 
1400 spectrum lines. In singly ionized titanium some 33 doublet and 
17 c|uartet levels, involving about 500 so-called spark lines, have been 
identified. These constitute practically all of the lines commonly 
observed in the titanium arc or spark. 

In the doubly ionized spectrum, Ti III, 7 singlet and 12 triplet 
levels involving some 90 spectrum lines have been observed. ^ 

In the triply ionized speedrum, Ti IV, 12 doublet levels involving 
31 lines have been identified.® 

^ Kiess, C. C., and H. K. Kiess, Jour. Wash. Acad. Set., 13, 270, 1923; Jour. 
Opt. Soc. Amer., 8, 607, 1924; Gieseler, JI., and W. Grotrian, Zeits.f. Phys., 26, 342. 
1924; Russell, H. N., Astrophys. Jour., 66, 347, 1927. 

2 Russell, H. N., and R. J. Lang, Astrophys. Jour., 66, 13, 1927. 

^ Gibbs, R. C., and H. E. White, Proc. Nat. Acad. Sci., 12, 448, 598, 1926; see 
also Russell, H. N.. and R. J. Lang, Astrophys. Jour., 66, 13, 1927. 
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A great deal of information concerning the outer structure of the 
titanium atom can be obtained by bringing together the energy levels 
of Ti I, II, III, and IV, into a single diagram similar to the one given 
for scandium in Fig. 14.8. Because of the complexity of the titanium 
diagram only the part due to the neutral atom will be given (see Fig. 
14.10). The multiple levels belonging to the different electron configura- 



tions are given by the legend at the lower right in the figure. The 
normal state of the atom is given by the aifi)reviate(l electron configura- 
tion All of the predicted terms hS, ^1), and Kr are observed. 

In agreement with Hund’s rule the ¥" lies deepest. Not far above the 
normal state lies a term arising from the configuration MHs. This 
multiple level as well as all levels lying below the first odd are metas- 
table levels. Nearly all of the predicted terms arising from 
are found. As shown by the branching rule, these terms are: 

Ti II, 2p 2jy 2F 2Q 2H 4p 4p 

AAAAAAAA 

Tl I, 3d'Hs, ID HI ip 3p ip 3 D ip sp 1 Q 3 Q IJJ 33 3 p 5 p 3 p 6 p 

The observed terms of Ti I and Ti II are given in heavy type. 

The next higher terms in the figure arise from the odd configurations 
3dHp and 3dHs3p and are frequently referred to as middle terms. These 
combining with the low even terms give rise to the major part of the 
observed titanium spectrum. According to the selection rules, odd terms 
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combine with even terms or even terms with odd. Expressed in terms 
of the electron configurations: 


Odd 

dd^4:sip 



Odd 



ICven 


The transitions ^dHp to SdHs^ give rise to some of the strongest lines 
in the titanium spectrum and constitute double electron jumps ip to 
4s (A^ =1) and 3d to 4s {Al = 2). The titanium triplet shown in Fig. 
14.1 is a photograph of the double electron jump 
A very plausible explanation of the great strength of such lines has 
been given by Condon. ^ By a quantum-mechanical treatment Condon 
has shown that the terms of two configurations having the same sign 



Fiq. 14.11. — Schematic diagram showing the fine structure of quintet-quiiitet combina- 
tions and triplet-quintet intercombinationa in titanium. 

(odd or even), and lying close together or overlapping each other, belong 
in part to both configurations. Because of a sort of resonance or periodic 
interchange of states, the atom may be thought of as jumping back 
and forth between two states having the same quantum numbers, 
without radiation. In this sense Condon has shown that double-electron 
transitions may be reduced to single-electron transitions (see Sec. 19.3). 

Intercombinations between singlet and triplet levels and between 
triplet and quintet levels are also commonly observed. A schematic 
diagram of an intercombination multiplet is shown in Fig. 14.11, along 
with two quintet-quintet combination multiplets. A photograph of the 
multiplet is reproduced at the top of Fig. 17,12 and at the left 


^ Condon, E. U., Phys. Rev., 36, 1121, 1930. 
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in Fig. 14.1. The wave-lengths, frequencies, and relative intensities 
of these lines are given in Table 14.5. The photographs of the corre- 
sponding multiplet in singly ionized vanadium and doubly ionized chro- 
mium (see Fig. 17.12) illustrate the displacement law of multiplicities. 

Table 14.5. — Quintet Multiplet Observed in Titanium (Fig. 17.12) 



HilillS.G) 



< 


100 8.8 

0.3 




4981.75 5016.17 

5045.43 




20067.7 19930.0 

19814.4 



{100.2) 

76.2 

12.2 

0.6 


¥’4 

4991.08 

5020.04 

5043.59 



20030.2 

19914.6 

19821.6 


{8LS} 


56.2 

11.9 

0.6 



4999.50 

5022.87 

5040.63 



19996.4 

19903.41 

19833.3 

{62.2) 



41.0 

8.2 




5007.22 

5024.85 




19963.6 

19895.6 

{4Tt)) 




29.2 





5014.28 

19937.5 


14.12. The Manganese Atom. — A general treatment of complex 
spectra can hardly be complete without some mention of the well-known 
arc spectrum of manganese. There are two reasons for this; (1) 1 he 
energy level diagram is made up of terms of high multiplici'cy, quartets, 
sextets, and octets. (2) Some of the multiple levels are inverted and 
others are normal. This latter is due chiefly, but not altogether, to 
the fact that the sijstcm of normal muUiplets arises from five equivalent 
d electrons [i.e., half a subshell} and two other arbitrary valence electrons, 
and the system of inverted muUiplets arises from six equivalent d electrons 
[i.c., more than half a subshell) and one arbitrary electron (see Fig. 14.12). 

The normal state of manganese is given by Although 

theory predicts other terms for the same configuration, only the 
has been observed. If one of the 4s electrons is raised to a 4p state, 
the most probable of the predicted states are the ®P, and ^P states 

observed. A schematic diagram of the origin of these levels is shown 
at the left in Fig. 14.13. Starting at the extreme left with the term 
3d^^S, of doubly ionized manganese, a 4s electron is added to form 
and terms in singly ionized manganese. The observed separation 
of these two S terms, 9473 em'S is due to the interaction between aS = f 
of the parent term and s = -I of the added electron. These levels 
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are the series limits at the left in Fig. 14.12. The addition now of i 
Ap electron raises and lowers the multiplicity again and adds an I valu< 



of one to each term to form P terms. It should be noted that the 
fine structure is drawn to one scale and the multiple-term separations 


**^ 5/2 



7/2 

s/z 

VI 


1/2 

3/2 


5/2 



MnH 
9473 cm“’ 


Mnl 

6199 cm-* 


\ 


\ 14 



\ / 

\ ^ 


7/2 

5/2 

3/2 


9/2 


7/2 


5/2 


68 1 

49 1 

-61 

-103 


36 cm~* 


25 




151 


117 


Obstrvid C<Jilcul£ii+eol 

Fiq. 14.13. — Schematic representation of the branching rule lor the p terms in manganese. 

Configuration 3d^48 4p. 


to another. The interaction between the spin of the 4p electron and 
S, the spin resultant of 3d®4s, separates the upper P terms by about 
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4700 cm~^ and the lower terms by about 6100 cm~\ The observed 
order ®P indicates that the interaction between the spins 

of 4s and 4p is considerably greater than that between the spin of 4p 
and the spin of We shall return to the calculation of the fine structure 

shown at the right in Fig. 14.13. 

If one of the 4s electrons from the normal state of manganese is 
excited to a 3d orbit, the most probable among the many terms predicted 
for the new configiirat ion 3d®4s arc the ®Z) and terms observed. Being 
built upon the inverted 3d®,®Z) term of Mn II, both of these D terms are 
inverted. 
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OCTET AND SEXTET MULTIPLETS IN MANGANESE 


Fia. 14.14. — Schematic diagram of three multiplets observed in manganese. 


Similarly the excitation of a 4s electron from the metastable configura- 
tion SdHa of manganese to a 4p orbit gives a triad of inverted quartets 
and a triad of inverted sextet terms, again built upon 3d®,^D of the ion. 

Schematic diagrams of three manganese multiplets are shown in 
Fig. 14.14. The octet rnultiplet at the left belongs to the normal set of 
energy levels and is due to the configuration combination 3d^4s4p-3(iHs4d. 
The two inverted sextet multiplets arise from the configuration com- 
bination MHs-SdHp. Photographs of these latter two multiplets 
are given in Fig. 14.15. By drawing the initial and final states to 
scale and at an angle to each other the spectrum lines are seen to come 
at the intersection of the respective initial and final levels. This is 
only possible where the spectrum lines are on a linear frequency scale. 
The spectrograms were taken with a 15-ft. Rowland grating and mounting 
where the wave-length scale is practically linear. Over a short range 
of wave-lengths the frequency scale is practically linear also. The 
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self-reversed triplet in the upper photograph is due to transitions from 
the lower term of 3c?®4s4p to the normal state of the atom 

We shall return now to the calculation of the fine structure of the 
P terms shown in Fig. 14.13. The splitting in each of these four terms 
is attributed to the interaction between the spin resultant aS* and the 


X4083.64 MULTIPLETS IN MANGANESE 



14.15.“ Phr>tograi)lis of two Hcxtet iiiul(ij>let.s observed m the arc spectrum of 

so. 


orbit of the p electron. If this interaction were due only to the 
coupling of the spin of the Ap electron and its own orbit it is readily 
^een, either from bk]. (14.5) or from the vector-model diagrams, that 
the octet and upper sextet terms should both be normal, whereas the 
quartet and lowxr sextet terms should be inverted. A study, however, 
of the observed intervals as well as the four vector diagrams for each 
of the four P terms shows that the spin of the 5s electron also couples 
quite strongly with 1. Further consideration shows that the spin 
resultant of also couples (but weakly) with 1. The three interactions 
can be written in the usual way by 

Tp = apS*Z* cos 

r, = asS*l* cos (sfl*), 

Td = adS^l* cos (aSJZJ), 

where Sp, s,j and Sd are the spins of the 4p, 4s, and Sd^ electrons, respec- 
tively, and Ip is the orbit of the ip electron. Although the exact coupling 
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is not known we shall assume, as a first approximation, that Eq. (14.5) 
applies. In this equation, s* becomes the interacting spin in question 
and Sp the sum of the remaining spins. When the allowed values of Sj s, 
Spy L, and J are substituted, V sums, i.e., T = Vp Ta + Td, are obtained 
for each level. From these the total width of each term is set equal 
to the observed separations as follows: 

»/^ = 303 cm-i; 

^Py - -h == 23 cm~i; 

*Py -^,ap - »as -f \^-ad = -124 cm-'; 

6 Up — -f = 80 cm-'. 

Solving these equations for values of the a/s we obtain the average 
\ alues, 

Qp == 108.9 cm-', as = 81.4 cm' ', ad ~ 9.5 cm'"’. 

Substituting these back in the equations, the calculated separ.T^ions 
shown in Fig. 14.13 are obtained. Although not perfect the agreement 
is quite good. If either the small coefficient ad or the larger one a, 
is neglected, the agreement betw^een the observed and calculated values 
becomes very poor. 

In complex spectra, such as manganese, ore cannot help but notice 
that only a few of the terms predicted for each configuration have 
been observed. Furthermore the observed terms are seen to be just 
those having, first, the high S values and, second, the high L values. 
This ahvays includes the lowest term in each configuration. An explana- 
tion in terms of the vector model is that in exciting an atom to one of 
these states there is a minimum of angular readjustment among the 
various quantum vectors common to both initial and final states. 

14.13. The Rare-gas Atoms, Neon, Argon, Klrypton, and Xenon. — Of 
the complex atomic systems treated thus far in this chapter the most 
prominent electron configurations to be formed are those w^hose terms 
folio w^ the Land6 interval rule and reveal L>8-coupling. The rare gases, 
on the other hand, form a group of atomic systems that reveal fairly 
good jy-coupling. 

As mentioned in Chap. I, Paschen (in 1919) published an analysis of 
the neon spectrum in which he had identified 132 series of singlets. 
Since then fairly complete analyses have been made of A, Kr, and 
Xe. The series of these spectra, following Paschen, are found to be 
combinations betw^een 4 series of s terms, 10 series of p terms, 12 series 
of d terms, and 12 series of / terms. These terms were all so named 
because they were observed to combine wdth each other like s, p, d, and 
/ terms in the alkalies. We now know that s, p, d, and / refer to one of 
the six electrons taking part in producing the series terms. 
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An energy level diagram of xenon is shown in Fig. 14.16 as a typical 
example of the rare gases. The normal hSo state is given by completed 
su])shelis of electrons only, the last of which (see Table 5.3) is The 



Fic. 1 I.IG - Kiiorgv k‘M‘1 djagrani of xenon. 


excitation of 

one (>i these ele(*trons 

to the first s orbit 

forms the cori- 

figuration o/r 
Table 11.3). 

6.s^ which gives rise to 

the same terms as 

5pi)s in tin (see 

Xe n, 

5 p^ 1 I 







Xe I, 

5 p‘' 6 .s ^P 0 , 1,2 ^Pi 

a 2)0 G "2)1 

(? '2)2 (1 h)i 


LS-coupling Jj-coupling 


In xenon tlic coupling is Jj- with the spin-orbit interaction of the five 
p electrons very large as compared with the spin-spin interaction between 
6s and hp^. The spin-orbit interaction is shown by the magnitude of the 
-P interval at the top of the energy level diagram in Fig. 14.16, 9621 cm“b 
These are the limits of all the Xe I series. 

The excitation of one of the 5p® electrons to a 6p orbit gives rise to 
the following terms: 



276 


INTRODUCTION TO ATOMIC SPECTRA 


[Chap. XIV 


Xe II, 5p^ 

Xe I, 5p^6p, 


J-i 



(I l)o.i (i i)i .2 





The 10 terms in Jj-coupling correspond to ^^So, *Z) 2 , ^Siy 0 , 1 , 2 , 

■’Di, 2.3 in LS-c.oupling. The interval being large, these 10 levels 
are split into two groups of 4 and 6 as shown, and are the first members 
of 10 series approaching the double limit given above. Because the 
excited electron is in a p orbit the terms behave as p terms. 

Similarly the excitation of one of the 5p electrons from the normal 
state of the atom to a 5d gives rise to the following terms: 


Xe II, 5p^ 



Xe I, 5p^5f/, (2 f)l .2 (I 1 ) 2. ,3 (f |)o,l,2.3 (| §jl,2.3,4 

These 12 terms in Jpcoupling correspond to ^Fi, ^D 2 , '^Po. 1 . 2 , 

and ^F 2 , 5,4 in LS-coupling. With the exception of one term these two 
groups of terms have been observed in xenon as the first members of 
series approaching the double limit. 

The spectra of neon, argon, and krypton are so nearly like xenon 
that their energy levels and diagrams may be closely represented by 
lowering the upper limit of Xe, with all of the series approaching it, 
until the ^P interval is 782, 1431, and 5371 cm~\ respectively. 

Selection rules for jj-coupling (see Sec. 12.14), which also apply 
here, show that transitions from the 10 even series of p terms op^np 
to the 4 lowest s terms, (5p''*66‘), give rise to 30 principal series of spectrum 
lines. These are just the 30 series observed first by Paschen in the 
neon spectrum. Transitions from the 4 series of s terms, (Sp^ns), to 
the lowest p terms, (5p^6p), give rise to 30 sharp series of lines also 
observed by Paschen in neon. 

Observed transitions from the odd f terms, (^p^nf), to the even s 
terms, (5p^6.s), were first thought to be forbidden transitions but are 
now known to be allowed transitions on the double-electron-jump 
hypothesis. An / electron jumps to a 5p orbit while a 5p electron 
jumps to a 6s orbit. It should be mentioned that a majority of the lines 
observed in neon have also been observed in A, Kr, Xe, and Rn. 

The normal state ^So of each of the rare gases lies far below the first 
excited states and is determined by only six possible lines in the extreme 
ultra-violet region of the spectrum. Three of these six lines, observed 
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in xenon, are shown in the diagram. It should be mentioned in passing 
that no levels above the lower series limit have ever been observed. 
The imaginary lowering of the limit to form the term diagrams for 



Fiq. 14.17. — Fine structure of the a and p terms in neon, argon, krypton, and xenon. 

Kr, A, and then Ne brings successively higher series members below 
^Pj, where they are subsequently observed. This disappearance of 
spectral terms that lie above a series limit is due to the phenomenon of 
autoionization (see Chap. XIX). 



Fig. 14.18, — Deep lying electron configurations in the elements of the first and second long 
periods, illustrating breaks in the building up of the 8 and d shells of electrons. 


To show the general change taking place in the term fine structure 
as we go from Ne to A to Kr and to Xe, this structure for s and p series 
has been plotted to scale in Fig. 14.17. At the left the coupling is neither 
LS nor Jj but something between the two. 
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14.14. The Normal States of the Elements in the First and Second 
Long Periods. — It was pointed out in Chap. V that certain irregularities 
in the Bohr-Stoner scheme of the building up of the elements occur in 
the first and second long periods. Energy level diagrams of all but one 
of the known elements in these two periods have made possible the 
construction of Fig. 14.18.^ Here the deepest level in each of four of 
the deepest lying (H)nfigurati()ns d^~ ip, and d" has been 

plotted with respect to of the same element as zero. It is observed 
that, while there is a regular progression of the configurations 
across each period, there is an apparent breaking up of the curve 

into two similar parts. This is only apparent, for when the curve 

is used as the origin in plotting, the other two curves for d^~^s and d^^ '^p 
appear as the broken curves. The curves plotted either way show, 
however, a gradual increase in the binding of Sri or 4ri electrons over 
4s and 5s electrons as we progress from element to element. With the 
addition of one, two, and three d electrons there is a strong tendency 
to complete half a subshell of electrons so that with the addition of a 
fourth d electron to form the normal state of O, or Mo, one of the .s* 
electrons also goes over into a d state to yield 3dH.s, or 4r/'’5.‘?. With 
the shell half filled, the next electron added to form the next element 
goes into a 4s or 5s orbit to again fill the s subshelh At the approach 
of a complete subshell of d electrons we observe that additional d electrons 
are again added at the expense of the s subshells. No su(h anonuilies 
are found to exist in the sequences of elements where p electrons are 
added. 

14.16. Houston’s Treatment of One s Electron and One Arbitrary 
Electron. — A quantum-mechanical treatment of the fine structure due 
to the interaction of one s electron with one arbitrary elec^tron has 
been made by Houston,- by applying the Darwin-Pauli treatment of the 
electron to the Schrodinger wave e(i nation for two electrons. By 
setting up suitable wave functions, based upon Schrcidinger’s theory, 
solutions for the spin-spin resonance interaction between the two elect rons 
and the spin-orbit interaction for the arbitrary electron are obtained. 
The treatment is one involving perturbation methods in which only 
the first-order perturbation to the energy is evaluated. Houston's 
results may be given most easily by his resultant equations; 

Singlet == ^A[{X - 1) + ((X + 1)“ + 4L(L + 1)H] (14.7a) 

^ A L (14.75) 

Triplet^r, = U\(X - 1) - {(X + 1)^ + 4L(L + 1)}1] (14.7c) 

er,._i = -^(L + 1) (14.7d) 

^ Gibps, R. C., and H. E. White, Nat. Acad. Set., 14, 569, 1928. 

* Houston, W. V., Phys. Rev., 33, 297, 1929. 
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where A is a measure of the spin-orbit interaction of the arbitrary 
electron and is given by a/2, a defined in Eq. (12.2), and X is a parameter 
which measures the magnitude of the spin-spin interaction. The 
second of these enters into the two terms having equal J values only, 
and not into the two outer triplet terms at all. These four interaction 
energies are plotted in Fig. 14.19 for a ps electron configuration. If 
A" > > A, we have Z»S-coupling with the singlet high above the triplet 



3 

3 

3 


Pz 

Pi 

Po 


Fici. 14.19. — Theoretical curvea for the fine structure of a pa electron confiRura- 
tion. Observed triplets and singlets are shown to be in good agreement with theory. 
{After Houston,) 


and the triplet fine structure following the interval rule with the ratio 
2:1. If A" << A we have ^/'-coupling with the same outside triplet 
separation. This is just the result obtained from the classical theory 
given in Secs. 12.7, 12.8, and 12.9 (see also Fig. 12.13). For negative 
values of X the middle triplet level becomes the singlet, and the singlet 
level becomes the triplet. Such cases of the singlet lying below the 
triplet are observed in the diffuse series of Cd and Hg. 

Observed triplet and singlet intervals for Si, Hg, Ge, Sn, and Pb 
are seen (in Fig. 14,19) to fit the theoretical curves to a remarkable 
degree of accuracy. In plotting the observed terms, the value of A 
is first determined by dividing the observed intervals ®Po — by three. 
This gives a value of A in wave numbers which, with the observed inter- 
vals of ^P\ and ^Pi substituted in Eejs. (14.7a) and (14.7c), respectively, 
gives two values of X, These are averaged and the terms plotted at 
that X. The configurations plotted are: Se, 3p45; Hg, 6p6s; Ge, 4ipbs] 
Sn, 5p65; Pb, ^pls. 

Many other configurations are found to fit these curves at large 
values of A^ (not shown in the figure), where the singlet lies far above 



280 INTRODUCTION TO ATOMIC SPECTRA [Chap. XIV 

f 

the triplet and the triplets have the ratio 2:1. This figure is also to be 
compared with the observed silicon series in Fig. 12.13. 

In addition to the interaction energies Houston’s formulas include 
the Land6 g factors for the weak-field Zeeman effect. They are; 


Singlet 'ql 


'91- 

^9i-i 


^ 2L(L + 1) 

^ L + 2 
L + 1 

= 1+ L_ 

^ 2L(L + 1) 

_L -1 
L 


X + 1 

2L(L + 1)[(X + 1)^ + 4L(L + l)]i 

(14.8a) 

(14.86) 


+ 


1 

2L{L + 1)((X + I)--* + 47.(L + 1)1^ 

(14.8c) 


(14.8d) 


For the outside triplet terms these formulas give the same g factors 
as before and are independent of the coupling scheme. According to 
the g sum rule, the sum of the for the two terms with the same J 
value is the same for all couplings and all field strengths. This is given 
by the sum of Eqs. (14.8a) and (14.8c): 

^ + l(I7+T)' 

The X values obtained for Sn and Pb from Fig. 14.19 and substituted 
in the above given eciuations yield g factors in excellent agreement with 
experimental values obtained from the Zeeman effect. The following 
calculated values were obtained by Houston. 


Table 14. G. — Calculated and Observed g Factors for Sn and Pb 
{After Houston) 


Element 

Term 

Obs. 

Calc. 

Element 

Term 

Obs. 

Calc. 


^Pi 

1.125 

1 123 



1.150 

1.148 

Sn 




Pb 






1 375 

1.377 


\ ^Pi 

1.350 

1.352 


^9 

2.500 

1 2.500 



2.600 

2.500 


The application of Houston's formulas to configurations of the type 
p'^s and d^s has been carried out by Laporte and Inglis/ and by Condon 
and Shortley.^ This extension is possible for two reasons: first, the 
terms are of the same type with the same J values, and, second, the 
outside triplet separation is just the same as for one electron except that 

* Laporte, O., and D. R. Inglis, Phys. Rev.j 36 , 1337, 1930. 

* Condon, E. U., and G. H. Shortley, Phys. Rev.^ 35 , 1342, 1930. 
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it is inverted. This latter result means only that the above given A 
factor is negative instead of positive. In order that the singlet be above 
the inverted triplet, as observed, X must also be negative. 

Substituting —X' for X and —A' for A in Eqs. (14.7a, 6, c, and d), 
formulas for the configurations p*Sy d^s, and are obtained. Curves 
plotted from these new equations are given in Fig. 14.20, along with 
the observed intervals for a number of elements. It will be noted 
that, even for highly ionized atoms like In IV and Sn V, the observed 
intervals are in excellent agreement with theory. The configurations 



Fi(i. 14.20.— Fine-struotiire curves for the con fip:u rations p-'s and d^s. 0})Horvod terms are 
shown to agree with the theoretical curves. {After Laporte and Inglis.) 

plotted in the left-hand figure are: Ne I, Na II, and Mg III, 2p'^3s; A I, 
K II, and Ca III, Kr I, 4p-’5.s; Xe I, 5p^6.s. Those in the right-hand 

figure are: Ni I, Cu II, Zn III, Ga IV, and Ge V, Pd I, Ag II, 

Cd III, In IV, and Sn V, 4d^5s; Pt I, 5(P6s] Cu II, SrPQs; Cu II, 3r/‘^7.s. 

14.16. Slater’s Multiple! Relations. — A general first-order perturba- 
tion treatment of the interaction between two arbitrary electrons in a 
central force field has been attempted by Slater. Again taking into 
account the Heisenberg electrostatic resonance interaction, but neglect- 
ing spin-orbit interactions, he obtained equations for the relative intervals 
between the different triplets and singlets belonging to the same electron 
configuration. Although Slater’s calculations are beyond the scope 
of this book, we may consider briefly some of his results.^ In titanium, 
for example, the lowest configuration SdHs^ gives rise to two triplets 
and three singlets, ®P, and Assuming certain values for 

the coupling parameters in his equations, Slater obtains the following 
interval ratios between levels : 

^ Slater, J. C., Phys. Rev., 34 , 1293, 1929. 
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Value 

’F - ^P 

zp - 

zp - IJ5 

1 

i 

1 

8500 ern-i 

98 

12100 cm“* 

113 

1 7200 ciri-i 

67 

15100 cm-' 

265 





One of the important features of these calculations is the order of the 
terms. Both the observed and calculated order starting with the lowest 
term is ^F, 'D. T, ‘G, and 'S. 

In general, Slater’s results show that one cannot always rely upon 
Huiul’s rule for excited configurations. 

14.17. Multiplet Relations of Goudsmit and Inglis. — An extension of 
Hou.ston’.s and Slater’s quantum-mechanical treatment of two elect rons 
has been made by Goudsmit^ and Inglis.^ Taking into account the 
electrostatic spin-spin interaction, as well as the spin-orbit interaction, 
equat ions have been derived for two or more arbitrary elect rons. Though 
their mathematical treatment will not be given here, their results are 
of great importance and will be given. In Houston’s beautiful account, 
of one s electron and one arbitrary electron, there were but two inter- 
actions to be taken into account. With two or more arbitrary electrons 
the number of interactions is greatly increased and the problem becomes 
very difficult. Solutions for each particular configuration can he 
obtained from the observed intervals, however, by adjusting the param- 
eters in the equations until the best agreement is obtained. In the 
special cases of equivalent electrons a number of the interactions become 
identical and the equations are greatly simplified. These configurations 
are of importance in that they involve the normal states of a number 
of atoms. Theoretical curves for two, three, and four similar p electrons 
are shown in Figs. 14.21 and 14.22. Observed terms for different, 
elements are given to show the excellent agreement with theory. The 
configurations plotted are shown on the diagrams. X is a measure 
of the electrostatic spin-spin interaction and A is a measure of the 
magnetic spin-orbit interaction. One rather interesting case is that of 
tellurium where the ’jP term is partially inverted; “Po and ’P i fall almost 
together (Ac = 44 cm“^) and about 4700 cm^^ above ®P 2 . the two 
singlet terms in selenium have not yet been identified. 

14.18. Relative Intensities of Multiplet Lines. — Extensive measure- 
ments of the relative intensities of spectrum lines have been made by 
a number of investigators. In many cases the observed intensities 
are found to be in excellent agreement with the well-known intensity 
formulas (see Sec. 12.15). In the titanium multiplet of Fig. 17.12 and 

^ Goudsmit, S., Phys. Rev., 36, 1326, 1930. 

2 Inglis, D. R., Phys. Rev., 38, 862, 1931. 
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Table 14.5, for example, the following experimental values have been 
obtained by Harrison.^ 



Fkj. 14.21 Fino-st rucfuro curves for the configurations and /)‘ (After Goudsmit .) 
()l)ser\ed terms are sliowrt to agree with the th(‘oretieal eurves. 


The calculated intensities ^see table of intensities in the Appendix) 
are given in italics tind the observed intensities beneath them in heavy 
type. 


Table 14.7 -(iHSERVEn akd CAF.cur.ATior) Intensities fob the Titanittm 
Multii'Let of Fio. 17.12 



< 

< 


^2 


1 lot) 

S.d 

o.s 



100 

8.8 





70a2 

12.2 

0.6 



76.2 

12.2 


^F, 



66.7 

12.0 0.6 




66.2 

11.9 





4F2 8 2 





41.0 8.2 

^Fi 




29.7 





29.2 

In some cases where the observed intensities of 

a multiplet do not 

agree with the formulas, the sum rules for the lines with a common 

initial or final state nevertheless hold. 

Harrison has shown, for certain 

multiplets in titanium. 

that while the 

sum rules do not always apply 

to a given multiplet, they may apply to a triad of multiplets. In still 


^ Harrison. G. R... Jour. Opt. Soc. Amer., 17, 389 1928. 
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other cases it is necessary to take into account all of the multiplets 
associated with given initial and final electron configurations. 



Fio. 14.22.— Fine-structure curves for the confiRuration pK (After Inglie.) Observed 
terms are shown to agree with the theoretical curves. 

It has also been shown that the relative intensities between related 
multiplets, taken as a whole, obey the sum rules (see Sec. 12 . 16 ). For 
a titanium triad of quintet multiplets, for example, the following values 
have been obtained by Harrison and Engwicht:^ 



iQO 

d^p 

6£)0 



90 

70 

50 

calculated 

d\ 

81 

70 

49 

measured (without and T corrections) 


89 

70 

48 

measured (with v* and T corrections) 


The measures taken from many multiplets show that better agreement 
between theory and experiment is obtained when and temperature 
corrections are made. 


Problems 


1. The following list of observed lines form a multiplet. Plot the lines to a 
frequency scale and, looking for equal frequency differences by marking them on a 


Intensity 

X 

V 

Intensity 

1 

X 

V 

Intensity 


V 

1 

4716.41 

21202.56 

30 

4749.84 

21053.32 

70 

4767.97 

20973.27 

2 

4720.22! 

21186.47 

40 

4762 30| 

21042.42 

100 

4777.69 

20930.58 

3 

4724.74 

21165.16 

35 

4755.28 

21029.26 

140 

4787.84 

20886.21 

2 

4729.98 

21141.74 

25 

4758.70 

21014.16 

190 

4798.27 

20840.86 

20 

4747.96 

21061.69 

45 

4758, 81 121013. 63 

250 

4808.87 

20794.90 


1 Harrison, G. R.. and H. Engwicht, Jour. Opt. Soc. Amer., 18 , 287, 1929. 
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strip of paper, find the term intervals. Tabulate the lines in multiplet form, as in 
Tabb 14.3. Applying the Land6 interval rule to the observed terms, determine the 
Jy S, and L values. 

2. Using the values of A" as read from Fig. 14.19 for Si, Ge, and Hg, compute the 
g factors for each of the four terms, respectively [see Eqs. (14.8)]. Show that the 
g sum rule holds. 

3. Derive all the terms arising from the electron configurations d^s, d^py p^dy p% 
and 

4. Carry out the calculation of the Pt factors for d® as outlined in the middle of 
Sec. 14.6, and tabulate them. From this table make another tabulation like that 
given in the top third of Table 13.13. From these T sums determine the T values of 
the terms as shown in the middle third of Table 13.13. 



CHAPTER XV 


THE ZEEMAN EFFECT AND MAGNETIC QUANTUM NUMBERS 
IN COMPLEX SPECTRA 

It is well known to spectroscopists that the Zeeman effect plays 
an important part in the making of any analysis of a complex spectrum. 
This is due largely to the fact that the Zeeman patterns for all types 
of transitions can be predicted with considerable accuracy. Let us 
start therefore with a (ailculation of Zeeman patterns for various types 
of transitions and then compare the results with the observed patterns. 
To do this we must first obtain an exi)iession for the magnetic energy 
of an atom in any stationary state. 



Fk.. 15.1. — C'lassicul models for the motion of eoinjilex atoms in a weak magnetic field. 

15.1. Magnetic Energy and the Lande g Factor. — In the previous 
chapter we have seen that the vector model for complex spectra is 
essentially the same as the model for two valence electrons. The 
extension into eomplex spectra was made by considering all but one 
of the electrons as a parent term or configuration to which the remaining 
electron is added (see Figs. 14.2 and 14.3). 

In a weak magnetic field the atom as a whole becomes quantized and 
oriented to the field H, in such a way that the projection of J*h /2x on H is 
equal to Mhl2Tr (see Fig. 15.1). For terms with whole-integral values 
of J the magnetic quantum number M = 0, ± 1, ±2, * • • , ± J. For 
terms with half-integral values oi J , M = ±|, • • • , ±J. 

The magnetic quantum numbers for a ^Z >3 term, for example, are AT = 3, 

286 
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2, 1, 0, —1, —2, —3, and for a ^Pi term they are M = 

— Just as in the case of one electron the magnetic energy is determined 
by M, IJ, and the Land6 g factor [see Eq. (10.17)]: 

He 

-AT = • (7 • cm~i = M g L cni K (15.1) 


For a given field strength 11 the separations of consecutive magnetic 
levels for one term, relative to those of another, will be given by the 
g factor of each respective level. Just as in one- and two-electron 
systems the g factor is the ratio between the total magnetic moment 
of the atom in Bohr magnetons and the total mechanical moment in 
units of h/2Tr. 

If the coupling is LS (i.e., all spins coupled together to form 
and all orbits coupled together to form L*, and S* and L* in turn coupled 
together to form J*), the g factor is obtained in exactly the same manner 
as it is for a single electron. S* is thus treated like the spin of a single 
electron and L* like the corresponding orbital momentum vector. From 
Eq. (10.11) we write 


^ = 1 + 


J*2 _J_ ^^2 . 

2J*^ 




(15.2) 


Should the coupling on the other hand be Jj {i.c., the spin and orbit 
of the last bound electron coupled together to form yf, and in turn 
(‘(mpled together with JJ of the parent term of the ion to form J*), 
the g factor is obtained in exactly the same manner as it is for two 
electrons in jy-coupling [see Eq. (13.14)]. JJ of the parent term is 
now treated like the spin-orbit resultant of a single electron to be 
coupled with the yj of the other electron, so that 


9 = 


J*2 


2J’* 


jii 4- ' 

-r gv 




(15.3) 


where gi is the g factor for the single added electron derived from Eq. 
(10.11), and gp is the g factor for the parent term derived from Eq. (13.8; 
or (13.14). It should be pointed out that the parent term may arise 
from an L>S- or y/-coupling scheme even though the added electron j\ 
is coupled to it finally in jy-coupling. Tables of g factors for L^-coupling 
are given in the Appendix. For jy-coupling there are so many possi 
bilities that Eq. (15.3) must be used. 

A graphical representation of the magnetic energy corresponding 
to the vector model, given by Eq. (15.1), is shown in Fig. 15.2 for a 
term. The vector J* is quantized with respect to the field direction H 
so that its projection AT = |, |, |, Multiplying 

J* by the g factor ^ and projecting on H we obtain the values of Mg. 
These are proportional to the magnetic energy. The result is eight 
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equally spaced levels each separated from the next by gr • L. If the Mg 
values are multiplied by He/ATHic^y the figure will give the intervals in 
cm"^ 


H 



Fly. 15.2.— Schemutic repreBontation of Zocinan Hplitiing for a *Di term in a weak magnetie 

field. 

16.2. The Calculation of Zeeman Patterns. — As an example of the 
calculation of Zeeman patterns we shall first consider the theoretical 
patterns of — T 2 . 3 . 4 , observed patterns for which appear in chromium 
(see Fig. 14.1). Since S and P terms never have more than one and 
three fine-structure levels, respectively, this multiplet contains but 
three lines. Although the lines look just like those of a principal-series 
triplet, the Zeeman patterns are entirely different from those shown in 



A I'l 1*1 


Fiq. 16.3. — Zeeman effect, theoretical and observed patterns, for a ''S 3 — multiplet. 

(Observed paiiems are from original spectrograms by H. D. Babcock.) 

Fig. 13.4. The intervals between the three lines indicate LiS-coupling 
with a ratio approximately 4:3. The g factors for ’Fj, and 

(see Appendix) are 2, J, and respectively. A graphical construe- 
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tion, such as that shown in Fig. 15.2, givOvS the intervals shown in Fig. 
15.3. 

With the selection rule that in any transition the magnetic quantum 
number M changes by +1, 0, or —1 only, the Zeeman patterns shown 
below in the same figure are obtained. Another method is to write 
down the Mg values for both the initial and final states of a given line 
with equal values of M directly above and below' each other, as follows: 


IT = 3 2 1 0 -1 -2 -3 



Vertical differences, AM ™ 0, give the p components at 
Av ■= 0, ± ,\L, and i cm 


Diagonal differences, AM - ±1, give the .s (‘oinponents at 
Ac == ± JL, ± ^L, ± |(L, ± JL, and ± jjL cm~ ^ 
Thcwse fractions for the whole pattern are written together as 


hS3 - 7^2, Av 


(0), (1), (2), 4, 5, G, 7, 8. 


Similarly the patterns for the tw'o other lines are calculated as 
v.o _ VP. ^ 2C. 22,_2:i,__24, 25, 20 


(0 ) , (1 ), (2), (5), 4, 5, 6, 7, 8, 9, , 



Av = 

VS3 - 7 %, 

Av = 


The observed patterns of these three lines, repnaiuced at the bottom 
of Fig. 15.3, are from original spiectrograms tuken by Babcock at the 
Mt. Wilson Observatory. The.sf* are some of the earliest anomalous 
Zeeman patterns to be photograjilH^d in any laboratory. 

16.3. Intensity Rules and Zeeman Patterns for Quartets, Quintets, 
and Sextets. — The intensity rules for the Zeeman effect in complex 
spectra are the same as those for one- and two-electron systems. These 
rules, derived from the classical orbital model of the atom and the sum 
rules, are given in Sec. 13.3. Since these rules involve only the /'s 
and M’s of the initial and final states they are valid for all coupling 
schemes. The relative intensities of the different components of a 
given pattern are usually represented by the heights of the lines in the 
schematic diagrams. It is to be noted that the component J « 0 to 
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y = 0 of ~ (Fij^. 15.3) i.s zero as given by the intensity formulas, 
i.c\, the transition is forbidden. 

A number of patterns typical of quartet and sextet multiplets m 
general are given in Fig 15.4 for vanadium. Patterns typical of (piintet 
multiplets are given in Fig. 15.5 for chromium. The calculated jiat terns 
are given above or belovv each observed pattern. 1'he fiv(‘ lines X\4352, 
1311, 4339, 4337, and 4340 are the five diagonal lines of a ''D — *7' 
multij)l('1. It IS to be noted that, as the number of components decreases 
in going from one pattern to the next, the separations increase. The line 
X1310, ' 7T - 7’i), although partly maskcHl by X4339, is of particular 
mtere.st in that it is one of the few spf'ctrum lines known whi(*h remains 
single* Hi all fi<4d strengths. reason for this is that the Mg values 

for l>ot}i tlie initial and final states are zero. Fnn'solved ])atterns like 
those* of X1352 and X4344 are called 

'Die pattern XU)13 in chromium has 2.5 times the separation of a 
normal trqilet. In general the Zeeman patterns for difT(*rent combina- 
tions are so <jifT(‘rent from one another that the assignim'iit of a completely 
r(‘s<'l\(*(l pattern to a d(‘finite niultiplet is unambiguous. Tin* imjiortance 
of re.solved jiatterns in making the analysis t)f an uncliarte'd spectrum, as 
w(‘ll as clieckmg the analysis v»f a s})ectrum already made, cannot be 
over(‘mphasiz(‘d. 

15.4. Paschen-Back Effect in Complex Spectra. So far as (*xpen- 
immtal obser\ations art* concerned the Pas(*hen-Ha(‘k (*ffect m conqilex 
sp(*c{ra is practically unknown. This is due in general t(» tlu* fact tliat 
even with the strongest magnetic fi(4d.s attainabh*, tin* inritipret separa- 
tions are many timers the Z(*eman sep.'irations of any oih* level, lliere 
IS litih* doubt, however, that if, and when, strong enough fields are 
oblairu'd the (diserved sjilitting will be vmy closely th;it [iredicted by 
tlu'ory There is some justification for this ;is we* shall se'c in tlie study 
of the* l\‘ische'n-Back (‘flee t of hyperfine stnn’iiuc in (3uqi Xl.\. 

In a wt'ak magnet n* helei a e*omple\ atom is epiantized with rcs}>ee*t 
‘i'» // more eir less as a rigid wliole. he*n tlie fi<‘ld bee’omc's strong 
enough .so tliat the Zeeman I(*v(*ls of each finc-st met nrt* level begin 
to ov(*rla[) the patterns of the* m'lghboring l(‘\els of tlie same multiplet. 
tlu* strong-field Pasch<‘n-Bae*k <‘tTt'ct .sets in and N* and L\ or and 
j*, lH‘(‘om(* (juantized se])arately witli the field dire(*tie)n IL 11ie eiuan- 
tum (*oiiditions under these (‘inmnisiaiices are the .same as those for two 
(’lect rons: the projections M of and /.*, or J* and take integnil 

or half integral values only, depending upon w'hether S and /., or .//> and 

are whole or half integral re.spe(*tively. When the field becomes 
still stronger and the magnetic lev(*ls of one multiplet begin to overlap 
those from the neighboring multiplets of the same configuration, the 
comjilete l^aschen-Back effect sets in and each s* and /* becomes quan- 
tized independently with the field //. The quantum conditions again 
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are just the same as those for two-electron systems. Each spin and 
each orbit has a component along H. The sum of these components 
-f gives the magnetic quantum number M of the entire 
atomic system in that state. 

When considering transitions between levels in weak, strong, and 
very strong fields, each multiplet in L*S-coupling in a strong field w ill 
go over to a pattern resembling a normal triplet (see Fig. 13.9). In 
a very strong field all the lines arising from the configuration of electrons 
will spread out into a pattern again resembling a normal triplet (see 
Fig. 13.11). Patterns similar to those of Figs. 13.11 and 13.15 will 
result in the case of Jy-coupling. We shall now' make use of the weak- 
arid strong-field and very strong field (luantum numbers to calculate 
the allowed spectral terms arising from given electron configurations. 



Fig. 15 . 6 . — CombinatHUi of v<*ry hItomk fiold <|u»ntuni numherH for the eloctn>n configura- 
tion dsp. 

16.6. Derivation of Spectral Terms by Use of Magnetic Quantum 
Numbers. In deriving spectral terms from magnetic quantum numbers, 
one may start wdth the very strong field where the coupling between 
all spins and orbits is broken dowm. Consider as a first example three 
arbitrary electrons, no two of wliich are equivalent, such as .s, d, and 
p. For these electrons we shall have .sq — 21 -''2 — ^^‘3 = 21 ^2 = 2, 

and Ia = 1, for which the magnetic quantum numbers are m,, = ±|, 
- d ], w,, = ±\, mi, = 0, mi, - 0, ±1, ±2, and mi, - 0, ±1. 
extending the scheme of Breit (see Sec 13.10), w'e first combine the 
spins .s, and s- as shown at the left in Fig. 15.6. The resultant values of 
Msr are cut aimrt by the L-shaped dotted line to form parent values for 
the third electron, t/'ombining each run of Msp values with we 
obtain thrc'c runs of 3/s values, "fhese correspond, as shown, to strong- 
field (]uantum numbers for doublet, (quartet, and doublet terms. In 
a similar fashion the Us are combined in the low'er arrays, m/, with mi, 
forniss the run M lp = 2, 1 , 0, -1, -2, to form the parent values for the 
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third electron. Combining these with mi the strong-field runs of 
values Ml, = 1 to ~1, 2 to —2, and 3 to —3, corresponding to /), 
and F terms, respectively, are obtained. In terms of the brandling 
rule these resultant values would be written down from the parent 
terms as follows: 


sd, 


sdp, 





2p 2D 


»Z> 



2/> 2D 2je 4/) 4p 


Parent terms 


Final terms 


The first and fourth arrays give the first row; and the second, third, 
and fifth arrays give the last row. If now ea(‘h final run of Ms values 
is combined with each run of Ml values, all of the weak-field (juantum 
numbers of the above final terms are obtained. This has been done 
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3 

2 

1 
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Fi(t. 15.7. — C^ornhination of the HlroriK-ficId (luantuni ounibern of a *F torni hIiowmik tho 
formation of rcaultant wcak-fioKi <juanttjm mimborH. 


for the term in Fig. 15.7. The others will be left as exercises for the 
reader. 

16.6. Equivalent Electrons and the Pauli Exclusion Principle. In 

the calculation of spectral terms arising from two or nuire e(|uivalent 
electrons we must take the Pauli exclusion princijile into account and 
start with the very strong field (juantum numbers (see Sec. 13.11). 
Consider as an example three etjui valent p electrons. We first write 
down the six possible states for a single p electron in a very strong field. 
They are; 

m, = ^- ^ \ 

mz = 1 0-1 1 0-1 (15.4) 

(a) (6) (c) {d) ie) if) 

Since the exclusion principle requires that no two electrons have 
all quantum numbers n, I, m, or W/ alike we collect all possible com- 
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binations of the above states three at a time, with no two alike. They 
are: 

Table 15.1 


abc 

acd 

adf 

hef 

ede 

abd 

ace 

aef 

bde 

cdf 

abe 

acf 

bed 

bdf 

cef 

abf 

ode 

bee 

bef 

def 


Writing Ms for 2m, and Ml for Sw?, the results are tabulated as follows: 
For Ms = i Ml == 0 

For Ms = Ml = 0, 2, 1, 1, 0,-1 

For Ms == -h Ml = 0, 2, 1, 0,-1, -2, 1, 0,-1 

For3fs=-i, M/. = 0 (16.5) 

These are just the strong-field values for ^S, ^D, and terms (see Table 
14.3). 

In a similar calculation for four equivalent p electrons we write 
down the same six possible states for one p electron [Eq. (15.4)] and 
take all possible combinations of four states at a time with no two alike. 
They are: 

Table 15.2 


abed 

abde 

aede 

adef 

beef 

abce 

abdf 

aedf 

bede 

hdef 

abef 

abef 

acef 

bedf 

edef 


When m, and mi values are summed for each combination and tabulated 
one finds: 

Forjlf^= 1, Ml 0,-1 

For Ms =0, Ml 1, 0,-1, 2, 1, 0,-1, -2, 0 

For Ms = —1, Ml = 1, 0,-1 

corresponding to ’P, and terms. These are exactly the terms 
arising from two similar p electrons (see Table 14.3). 

For five equivalent p electrons there are just six combinations, taking 
five states at a time. They are 

abode abcdf abcef abdef acdef bcdef 

When summed and tabulated as before one finds: 

For Ms = h Ml - 1 , 0,-1 

For Ms = — i, Ml = 1, 0,-1 

These are just the same values given in Eq. (15.4) for one electron and 
give rise to a ^P term. 

For six equivalent p electrons there is but one combination of the 
very strong field quantum numbers, taking six states at a time, with no 
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two alike, and that is ahcdef. The sum gives Ms = 0 and Ml = 0, a 
% term. Here we see that six p electrons with the same total quantum 
number, by Paulies exclusion principle, close a subshell and have zero 
as a resultant angular momentum (see Table 14.3). The table of 
p electrons is symmetrical about the center where the greatest multi- 
plicities and the greatest number of magnetic levels arise. 

In the calculation of terms arising from ecjuivalent electrons in 
j^-coupling we need only go to the strong-field (juantuin numbers. 
The reason for this is that here each electron is specified by four ({uantum 
numbers and it is not necessary to go to very strong fields to separate 
them as in /y>.S-coiipUng. As a single exani])le of the calculations let 
us consider three ecjuivalent p electrons. 'Fho six {)ossible states for 
a p electron in a strong field are 

? 5 3 5 5 i 

I ) -I -I I -I 

(a) {h) (r) {(i) ie) (f) 

Since the Pauli exclusion principle recpiires that no two electrons have 
all the quantum numbers n, /, and /a, alike, we collect all i)ossible 
combinations of the above given states three at a time, with no two alike. 
These will be just the combinations gi\<‘n in Table 15.1. Summing up 
the values of m, for each (»f the 20 combinations the results may be 
tabulated as follows: 
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- 2 ): 

, which 

go 
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/.*s'-c()uj>inig to ‘*7^, ' 

7',, ■lf„ ■/>,, iu)( 


(s£‘e Fig. J4.22). 

We shall now turn to the more complicated cases of (‘qui valent d 
electrons. Two ecjui valent d electrons ha\’e already ])e(‘n tnaited in 
Sec. 13.11 and shown to give rise to hS", 'V*, U), -‘F, and 't; terms. For 
three or more electrons we continue the same s(*heme hy first writing 
down the 10 possible states for one d electron: 

== ^ I 2 '2 i - ’j —zi 2 2 2 

nil ^ 2 1 0 -2 2 1 0 -1 -2 (15.0) 

(a) (b) (c) id) (c) (/) ig) (h) (0 U) 

For d* w’e take thevse three at a time with no two alike and find 120 
combinations that have to be eollecteil and segr'^gated. 'Jdie resullani 
sums will correspond exactly to the terms given in Table 14.3. i’or 

d*y taking four at a time with no tw'o alike, there are 210 possible com- 

binations to be evaluated. Such calculations become tediou.s and 
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cumbersome, to say the least, but fortunately a shorthand method 
has been discovered by Gibbs, Wilber, and White, ^ and by Russell.* 
We shall first apply this scheme to three equivalent d electrons. 

Referring to Eq. (15.6) take only those combinations of numbers 
three at a time where all three m, values are plus and those where all 
three are minus. These in terms of the letters are 

abc ace hde fgh fhj gij 
abd ode cde fgi fij hij 
abe bed fgj ghi 

acd bee fhi ghj 

Summing the corresponding values of the quantum numbers we 
obtain for the plus values 

Ms ^ I, =3, 2, 1,0, -1,-2, -3, 1, 0,-1 
and for the minus values (15 7) 

Ms^-h Mx,=3, 2, 1, 0,-l,-2,-3, 1, 0,-1. 

These correspond to parts of *P and *F terms, the rest of which 
will be obtained from the following process. Of the 100 remaining 
combinations to be made and summed each one will have two of the 

values plus and the other one minus, or vice versa. If in each of 
these 100 combinations the two values that are alike are considered 
alone, they will contain just the combinations that give triplets for two 
equivalent d electrons: these are and W. The third electron in all 
combinations has an opposite sign and corresponds to the values for a 
single d electron. Combining the triplets that arise from d* with the 
doublet that arises from d in all possible ways to form doublets, we 
obtain just the 100 combinations desired. This is done quickly by the 
branching rule as follows 

3p 

A 

zp zp zp 

This final set of terms has Ms values of and — i. Striking out 
one P and one F term to go with Eq. (15.7), we have left *P, *D, *I>, 

Hjj and The resultant terms for three equivalent d electrons are 

d\ W, *P, *Z), *(?, T, ^F. 

Assume, as another example, that the correct terms have been derived 
for d, d*, d^j and d^ and we wish to calculate the terms for d®. Referring 

1 Gibbs, R. C., D. T. Wilber, and H. E. White, Phys. Rev.y 29, 790, 1927. 

* Rttsbell. H. N.. Phvs. Rev., 29, 782, 1927. 


3p 



zp zp zp ZQ zp 
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to Eq. (15.6) we take only those combinations five at a time where all 
five m, values are plus, or all five minus. These are abode and fghij 
Summing these we have for the plus values 

Ms 4 , Ml = 0 
and for the minus values 

Ms = -i Ml = 0. (15.8) 

These are just one-third the values needed to form a term. 

There will now be a set of combinations from Eq. (15.6) in which 
four spins will be plus and the fifth one minus, or vice versa. That 
part of the combinations in which four of the spins add gives quintets. 
From Table 14.1 we find for one quintet only, The fifth electron 
with opposite sign corresponds to Combining these in all possible 
ways we get 





4p AJ) Ap AQ 


Striking out the S term to go with Eq. (15.8), we have left parts 
of ^Fy and terms. It should be pointed out here that we now 

have those parts of the term for which Ms = |, — |, and — and 

those parts of each quartet term for which Ms = I and — f. 

Again there will be a set of combinations from Eq. (15.6) in which 
three spins will be plus and the two others minus, or vice versa. The 
combinations of have already been shown to give and terms, 
and the combinations of d- to give and terms. Combining these 
in all possible ways to form doublets, 


4p 4p 4p 4p 



2^ 2p 22) 22) 2f 2(2 22> ^F W 2P 2Q 2JJ 2j 


Striking out one S term to complete the term above, and one 
each of P, P, P, and G, to complete the ^F, ^D, ^P, and ^ terms, respec- 
tively, we have the remaining terms as doublets. The resultant terms 
arising from five equivalent d electrons are, therefore, 

Wy ^Py Wy 2P, 2/7, 2^^ 22)^ 2p^ 2(2^ 2/^ 4p^ 4p^ Aj) ^ AQ ^ 6^^ 

Since a subshell of d electrons lacking n electrons to complete it 
will give rise to exactly the same terms as a configuration of n equivalent 
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electrons, written symbolically = c?”, the lower half of Table 14.3 
is symmetrical with the upper half. 

A continuation of this process for equivalent / electrons leads to 
the terms given in the tables in the Appendix. The number of possible 
combinations for each configuration of equivalent electrons is given in 
parentheses at the beginning of each row. These numbers are computed 
from the well-known combination-theory formula for p things taken q 
at a time. 

j ) ! 

Number of combinations = - (15.9) 

qKp - q)l 

This number is equal to the number of Zeeman levels for the entire 
configuration. For d-j for example, the terms are hS, and 

Ktj for which there are 1 + 9 + 5 + 21-1-9 = 45 Zeeman levels. 
Without the above presented shorthand pro(‘ess of making several 
thousand combinations, the calculations for equivalent / electrons would 
become very laborious. 

The largest number of Zeeman levels and the highest multiplicity to be 
derived from equivalent electrons are from half a subshell. Furthermore, 
the term of highest multiplicity is an S term and, wherever observed, 
always lies deepest. On the (juantum mechanics the configuration for 
an S term is sphericailly symmetrical about the nucleus (see ('hap. IV). 
This is j)art of the explanation of the increased binding of d electrons 
at the expense of s electrons at Cr and Ivio in the first and second long 
periods (see Fig. 14.18). An s electron removed from a spherically 
symmetrical shell leaves a spherically symmetrical distribution. 


Problems 

1. Compute and plot the Zeeman patterns (intervals and relative intensities) 

for tlie transitions ’‘Gj — — ’Fe, and "Fk — ^S]. 

2. Starling with the very strong field quantum numbers, derive the terms arising 
from the electron configurations 3d4p5p and ZdHp (see Rees. 15.5 and 13.11). 

3. Tsing the shorthand method outlined in Sec. 16.6, calculate the spectral t(*rm.s 
arising from (a) four equivalent d electrons, (b) two equivalent/ electrons. 



CHAPTER XVI 


X-RAY SPECTRA 

The story of how Rontscn* while oxperimentinp; with a Crookes 
vacuum tube in 1895 discovered a new kind of radiation now known as 
x-rays, or Rontgen-rays, is well known. So great was the import of 
R6ntg(*n's discovery that within 3 months x-rays were being used in 
surgical operations in Vienna. This, along with other practical uses to 
be made of a single scientific discovery within so short a time, is a good 
example of the role played by modern science in the rapid advancement 
‘Of civilization. In this introductory treatment of atomic spectra we 
are not so much concerned with the methods used in obtaining x-rays 
or with the uses to be made of them as with the atomic processi's giving 
rise to X radiation^ of which a brief account is here given. 

16.1. The Nature of X-rays. —Believing that a crystal is made up 
of regularly spaced atoms, Laue m 1912 suggested the possibility of 
using a crystal as a dilTraction grating. This idea w^as verified, at 
Lane’s suggestion, by Friedrich and Knipping.^ By passing a narrow' 
beam of x-rays through a crystal and then on to a photographic plate, 
a characteristic diffraction pattern, composed chiefly of small sym- 
metrically placed spots, is observed (see Fig. 16.1). These spots are 
called Laue spots and the entire pattern a Laue pattern. This experiment 
proved for the first time the w^ave nature of x-rays, although Haga 
and Wind"* had previously showm that a beam of x-rays passing through 
a Y-shaped sjilit was broadened more at the narrow end than would 
be expected from a corpuscular theory. 

The two Braggs’" next succeeded in showing that x-ray diffraction 
by a crystal could be treated as specular reflection from the crystal 
planes, the layers of regularly spaced atoms acting as reflecting surfaces. 
Knowing the distance d betw^een successive layers of atoms in the crystal 

' lloNTCiEN, Sitz-ber. Phys.-med, Ges.y Wurzburg, 1895; English translation, 
^'Jbclncian, Jan. 24, 1899, and April 24, 1896. 

for a more complete treatment of the general sut)ject of x-ray spectra and their 
)r()duction the reader is referred to M. Siegbahn, “Spektroskopie der Rontgen- 
trahlon,” 2d ed., 1931. 

^ l.AUE, M., and W. Friedrich and P. Knipping, Siih-bcr. Bayer. Akad. Wzss., 
\I(ith.-phy}^. Klasse, p. 303, 1912; Ann. d. Phys., 41 , 971, 1913. 

^ Haga, H., and C. H. Wind, Koninklijke Akad. Wetenschappen Amsterdam, 
11 , 350, 1902. 

* Bragg, W. H., and W. L. Bragg, ‘‘X-rays and Crystal Structure.” 
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and the equal angles of incidence and reflection 6 , the x-ray wave-length 
X is given by the well-known Bragg equation 

nX = 2dsin^. (16.1) 


Within the last decade Walter,^ Backlin,® Larsson,* Kellstrom,^ and 
others have obtained single-slit diffraction patterns of x-rays by sending 



Flo. 16.2a. — Single-slit diffraction, 8.33 A. {After Larason.) 

Fig. 16.26. — Diffraction at a thin wire, 8.33 A. {After Kellatrdm.) 


these extremely short waves through a narrow slit and then on to a 
photographic plate (see Fig. 16.2a). Interference fringes formed by 

1 Walter, B., Ann. d. Phya., 7i, 661, 1924; 76, 189, 1924. 

* BXcklin, E., Dissertation, Uppsala Univ, Arsskr., 1928. 

* Larsson, a., Dissertation, Uppsala Univ. Arsskr., 1929. 

* KxLisTR6Uf G., Dissertation, Uppsala Univ. Arsskr., 1932. 
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the reflection of x-rays at a grazing angle from plane polished mirrors 
(Lloyd mirror experiment) have also been photographed by Linnik^ 
and Kellstrom (see Fig. 16.3a). 

Bergen Davis and Slack,* and Siegbahn,* have been able to refract 
x-rays by passing them through prisms of various materials, and Comp- 
ton and Doan,^ Siegbahn, and others have diffracted x-rays from 
mechanically ruled gratings. It is with ruled gratings that Osgood,® 
Thibaud,® and Siegbahn and Magnusson^ and others have crossed 
the last gap in the electromagnetic wave chart by photographing and 



Fig. 3a- Fio. 3b. 


Fig. 16.3a. — Interference, Lloyd’s mirror experiment, 8.33 A. (A/ier Kellstr&m.) 

Fig. 16.36. — Diffraction at a straight edge, 8.33 A. {After Kellatrdm.) 

measuring the wave-lengths of spectrum lines in the region of 10 to 

200 A. 

Before the wave nature of x radiation was known with certainty, 
Barkla and Sadler* had shown by the absorption of x-rays in aluminum 
that the penetrating radiation consisted of two groups of rays differing 
in penetrating power superposed on a continuous background of radiation. 
The more penetrating or ‘‘hard radiation’^ is called K radiation and the 
less penetrating or ^^soft radiation” is called L radiation. 

Photographs of x-ray spectra diffracted by crystals and the measure- 
ment of their wave-lengths now show that the K radiation characteristic 
of a given element consists of short wave-lengths and the L radiation 
of longer wave-lengths. From the heavier elements in the periodic 
table “very soft radiations” can now be observed and their wave-lengths 
measured. These are called Af, Ny and 0 radiations. 

^Linntik, W., Zeits, J. Phys.y 66, 107, 1930. For other photographs of single-slit 
diffraction patterns see M. Siegbahn, “Spektroskopie der Eontgenstrahlen,” 2d ed. 
1931. 

* Davis Bsrobn, and C. M. Slack, Phys, Rev,y 26, 881, 1925. 

* SiBOBAHN, M., Jour, Phya.j 6, 228, 1926. 

* Compton, A. H., and R. L. Doan, Proc. Nat. Acad. Sri., 11, 598, 1926. 

‘ Osgood, T. H., Nature, 119, 817, 1927; Phys. Rev., 80, 667, 1927. 

* Thibaud, J., Jour, de phys. et radium, 8, 13, 1927; 8, 447, 1927; Phya, Zeita, 89, 
241, 1928. 

* SiBOBAHN, M., and T. Maqnxtsson, Zeita, /. Phya., 62, 435, 1930. 

* Babkla, C. G., and C. A. Sablbb, PhU, Mag,, 17, 739, 1909. 
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16.2. X-ray Emission Spectra and the Moseley Law. — In 1913 
Moseley/ from a systematic study of the K radiation of Ca 20, Sc 
21, Ti 22, V 23, Cr 24, Mn 25, Fe 26, Co 27, Ni 28, Cu 29, and Zn 30, 



X- Units 

Fig. 16.4. — Wave-lengths of iiT-series x-ray lines. {After MoseJey.) 


announced what is known as the Mot^eky law. In brief this law may be 
stated as follows: The frequency of ea(‘h corresponding x-ray line is 
approximately proportional to the square of the atomic number of the 



emitting element. A plot of the K lines observed and measured by 
Moseley is given in Fig. 16.4 to show that for each element investigated 
the K radiation consists of two strong spectrum lines. The gradual 

1 Moseley. H. G. J., Phil. Mag., 26 . 1024, 1913; 27 , 703, 1914. 
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change in separation of, and the stepwise shift of, corresponding wave- 
lengths in going from one element to the next are unmistakable in their 
meaning. For the first time one could say with certainty that the order 
of the chemical elements is as shown in Fig. 16.4, and also that the 
elements in the periodic table are constructed with extreme regularity. 
Prior to Moseley's discovery, cobalt and nickel, because of their atomic 



Fig. 16.6. — Photographs of x-ray L series lines. {After Richtmyer.) 


weights 58.9 and 58.7, respectively, were listed in the order nickel, cobalt. 
Moseley's x-ray photographs show without doubt that so far as structure 
is concerned, the order is cobalt, nickel. Optical spectra are also in com- 
plete agreement with this result. In Mosele/s work the x-rays were 
photographed in the second and third orders as diffracted from a crystal 
of potassium ferrocyanide (grating constant d « 8.408 A), 

A continuation of Moseley's early work by other investigators 
has shown that in the heavier elements each of the Ka and Kfi lines 
(see Fig. 16.4) is in itself a close doublet. These four lines are usually 
designated Ka , and iC^,. X-ray spectrograms of all available 

elements now show that Moseley's law continues throughout the periodic 
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table. From a graph similar to the one shown in Fig. 16.4o Moseley 
arrived at the expression 

= KRiZ - (16-2) 

where R is the Rydberg constant = 109737 cm"*, and <r and K are 
constants. For Ka, (t = 1 and K = h By analogy with hydrogen-like 
atoms and Balmer’s formula [see Eq. (1.24)], Moseley wrote 

y = RiZ- l)^(y\ - (16.3) 

In Moseley’s j&rst work \/ v was plotted against Z. The division of v 
by the quantity R to form a dimensionless constant is due to Sommerfeld. 

Like K radiation, the L radiation discovered by Barkla is also com- 
posed of a group of spectral lines. Photographs of some of the L lines 
of a group of elements are shown in Fig. 16.5 and their wave-lengths 
are given in the following table. These are the strong lines of the 
L series. 


Table 16 . 1 . — Wave-lengths of L Series X-ray Lines 
(X in X units) ^ 



The characteristic grouping of the observed lines for each element 
and the regular stepwise shift in the wave-length with atomic number 
suggest that the Moseley law also holds for L series lines. That it does 
is clearly seen in Fig. 16.6. 

In the photographs of Fig. 16.5 it is observed that La, is in each 
case a faint line on the long wave-length side of Lax. In addition it is 
to be observed that Lp, and L^, are strong lines in Sn 50, In 49, Cd 48, 
and Ag 47, whereas in the other elements they are faint. This is in 
agreement with the general observation (see Fig. 16.6), that in going 
to higher atomic numbers the number of observed lines increases. In 
the heaviest elements the L series is composed of as many as 20 lines. 

In plotting a graph similar to that given in Fig. 16.6, Moseley obtained 
the same relation for L radiation that he had for K radiation (see Fig. 
16.2). For the L/s, line, (t — 7.4 and K = which, by analogy with 
hydrogen-like orbits, is written 
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y^RiZ- 7.4)* • - 1) (16.4) 

In 1916 Siegbahn^ discovered in the heavier elements a so-called 
M radiaiion and 6 years later Dolejsek® discovered a still softer radiation 
called N radiaiion. Photographs® of M series lines from a group of 
six elements are shown in Fig. 16.7. Like the K and L series lines, 
the M series lines follow nearly straight lines on a Moseley diagram 
and may be represented by Eq. 16.2. It should be pointed out in passing 
that the M and L radiations arising from the heavy elements are harder 
(i.e., of shorter wave-length) than the K radiation of the light elements. 


Ka L'jf Lex 

I n n I 



Direct Silver Bromine 
Radiofion Edge Edge 


Fid. 16.8. — X-ray absorption edges of silver and bromine. {After de Broglie.) 

16.3. Absorption Spectra. — In the first x-ray spectrograms taken 
by de Broglie in 1916 a sudden change in blackening was always noted at 
two discrete positions on the photographic plate. It is now known 
that these abrupt changes are due to the selective absorption of the 
silver and bromine in the photographic emulsion and that the wave- 
lengths of the absorption edges are independent of the x-ray source 
used (see Fig. 16.8). Further investigation shows that, when a thin layer 
of some metal like Cu, Ag, Fe, or Sn, is placed just in front of the photo- 
graphic plate, other absorption edges appear as characteristic of the 
respective element used as an absorber. With successive elements 
in the periodic table used as absorbing screens a regular stepwise shift 
of the characteristic absorption edges is observed. This may be seen 
in Fig. 16.9 for the elements Ag, Cd, In, 8n, Sb, Te, and I. The differ- 
ence between the silver edge, which shows up on the right at the same 
point in each spectrum, and the other edges at the left is due to the silver 
absorption in the photographic plate itself (causing increased darkening) 
and the absorption of the radiation before reaching the plate, respectively. 


‘ SliOBAHN, M., Verh, d. DexiUch, Phys, Ges., 18, 278, 1916; Campt, rend., 162. 
787, 1916. 

* Doubjsbk, V., ZeiU. /. Phys., 10, 129, 236, 1922. 

* These photographs are reproduced from original negatives kindly loaned by 
F. R. Hirsch. 
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A search for absorption edges over the large range of x-ray wave- 
lengths reveals in the heavier elements, in particular, several different 
edges for each element. For a given element the absorption edge 
occurring at the shortest wave-length is called the K absorption limiL 
Beyond the K limit to longer wave-lengths three relatively close absorp- 
tion edges have been photographed for the elements starting at about 
Rb 37. These three edges are called the L limits, Li, Ln, and Lm, in 
the order of their wave-lengths.' 


Ag 

Ag 
C o 
In 
Sn 
Ss 

Te 
I 

Flo. 16.9. X-ray absorption edges of silver, cadmium, indium, tin, antimony, tellurium, 
and iodine. {After Erode and Burmann.) 

At still longer wave-lengths in the heaviest elements a group of five 
absorption edges has been observed. These are called the M limits, 
Ml, Mil, Mill, Miy, and My. 

Absorption limits are of very great importance in x-ray spectra, 
for they furnish the clue to the origin of x-rays within the atom. A 
very simple and plausible theory of this was first given by Kossel.® 
A sharp absorption edge for a given element indicates that incident 
x-rays having a frequency greater than a certain critical frequency 
Ve are largely absorbed, whereas those of lower frequency pass on through 
the absorption screen with little diminution in intensity. The absorbed 
energy hvc, or greater, taken from the x-ray beam is used up in ejecting 
an electron. Such ejected electrons are called photoelectrons. The 
several K, L, and M limits observed for each element correspond there- 
fore to the energies necessary to remove electrons from the different 
shells and subshells in the atom. The absorption limits thus provide 
a direct means by which the energy levels of an atom may be determined. 
This is the subject of the following section. 

' For references concerning L absorption limits see M. Siegbahn, *^Spektro8kopie 
der R6ntgenstrahlen/' 2d ed., p. 271, 1931. 

•Kossbl, W., Verh. d. DeuUch. Phys. Oes., 16 , 898, 963, 1914; 18, 339, 1916; 
ZeUs,f,Phys., 1, 119, 1920. 
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16.4. Energy Levels. — In the preceding chapters of this book we 
have been dealing with so-called optical spectra, i.e., with radiation 
arising from electron transitions in the outermost part of the atom. 
In this chapter on x-rays, however, we are dealing with high-frequency 
radiations known to arise from electron transitions between the inner 
electron shells of the atom. 

The condition for the excitation of an atom prior to its emission 
of X radiation consists in the complete removal of an electron from 
one of the completed inner subshells of electrons. This removal of 
an electron may be accomplished by the inelastic impact of a high-speed 
particle (an electron, proton, or atom), or by the absorption of a photon 
of energy hvc or greater. With an electron removed from an inner shell 
of the atom, an electron from one of the neighboring outer shells may 
jump into the unoccupied orbit, giving rise simultaneously to x radiation 
of energy hv given by the energy difference between the two stationary 
states. Another electron from a shell still farther out may now jump 
into the orbit just vacated giving rise to radiation of another frequency. 
This process of emission will finally cease when the positively charged 
ion captures an electron. With this explanation we see that the absorp- 
tion limits, briefly discussed in the preceding section, should theoretically 
give the x-ray energy levels of the atom. 

In order to formulate some comprehensive picture of the atomic 
processes just described and the energies involved in x-ray emission 
and absorption, let us consider a specific example, viz., the atomic system 
of cadmium, Z = 48. . Cadmium is here chosen for the reason that, 
like He, Ne, A, Kr, Rn, Be, Mg, Ca, Sr, Ba, Zn, and Hg, it contains 
in the normal state only completed subshells of electrons. The complete 
electron configuration is given in Table 16.2. 

Table 16.2. — Electron Configuration op Neutral Cadmium 



Shells K 

L 

M 

N 

0 

Subshells s 

l.s-2 

2.S-2 

3.s*2 

4.92 

5s2 

V 


2j)^ 


4p« 


d 







The x-ray notation K, L, M, N, • . . represents the main shells 
of electrons for which the total quantum number n = 1, 2, 3, 4, • • • , 
respectively. In cadmium there are five completed s subshells, three 
completed p subshells, and two completed d subshells. These shells 
and subshells are represented schematically in Fig. 16.10. In terms of a 
quantum-mechanical model, similar to that given for rubidium in Fig. 
7.1, each electron orbit in cadmium interpenetrates all other electron 
orbits. The circles may therefore be thought of as a sort of time average 
of the position of the electron in the atom (see Fig. 4.6). 
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Of all the 48 extranu clear electrons in cadmium the two Is electrons 
ere the most tightly bound to the atom, since for the greater part of the 
time they are inside all the remaining 46 electrons and in the field of the 
nucleus of charge 48e. Second in binding energy come the 26' electrons, 
screened partially from the nucleus by the two Is electrons. Third in 
binding energy come the six 2p electrons screened quite effectively from 
the nucleus by the four inner electrons Is^ and 26'^. Following the 
L electrons the order of binding, as seen from Fig. 16.10, is 3s, 3/?, 3d; 



Fig. 16.10. — Cadmium shells and subshells of electrons. 

4s, 4p, 4d; and 5s, respectively. Since these binding energies are meas- 
ured by the absorption edges, discussed in Sec. 16.3, an energy level 
diagram is obtained by plotting just the frequencies of the absorption 
limits. 

At the bottom of Fig. 16.11 the normal state of the cadmium atom 
with all of its electrons is represented by a ^So state, where aS = 0, L = 0, 
and J = 0. The removal from the atom of one of the 55 electrons 
raises the atom to the lowest state, where = ^, L = 0, and J — 
This ionized state is the single limit of the regular optical series of singlets 
and triplets (see Fig. 11.6). The notation 5s”^ means that a 5s electron 
has been removed from the neutral atom. This leaves the atom with an 
incompleted subshell, a 5s electron. 

The removal of a Is electron from the neutral atom, on the other 
hand, raises the atom to the highest energy state K shown at the top of 
the figure. The removed electron is represented by ls~b With but 
one electron remaining in the Is subshell this energy state is represented 
by in the notation used in optical spectra. The term values given 
at the left in the figure show that the binding energy of a Is electron is 
about 3000 times that of a 5s valence electron. 
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In a similar fashion the removal of a 2s electron, designated 2s~\ 
from the L shell raises the atom to the state Lj. In this state the atom 
with one 2s electron in an incompleted subshell is again in a state. 
Now the removal of a 2p electron, 2p-\ from the L shell leaves an 
incomplete subshell 2p^ which, as we have seen in Sec. 15.6, gives rise 
to an inverted T term,^ and These correspond to the two 

absorption limits Lm and Lu^ respectively. 


2 16 I0», K 
[2 55 10®1 




'3.2510' LI- 
30^•10"L^- 
28610'Lni- 
[632*101 


J2 
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1.0 10^ {Nr 
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N- Senes 
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■ 2 V 


25-* 


% 


3s-’ 

3p-' 

“ 3cl’ 5d-’ 


— — Normal optical levels 

Normal 

state ls'2s’2F^3sV3d”4sV4cl®5s^ 


-4^Sy2 4s 4s-' 
4d-' 

-5’S/2-5s- 
- 'So 


Fio. 16 . 11 .- X-ray energy level diagnim of caclmiuin. 


Again the removal of a 3«, 3p, or 3r/ electron leaves incomplete 
subshells 36*, 3p’, or 3(Py giving rise to a ‘^S term, two “P terms, or two 
terms, respectively. In optical notation these are '^P 
and ^Z>j, and in x-ray notation they are Afi, Afu, A/ju, A/iv, and M\, 
A continuation of this process for the N and O shells leads to the remaining 
doublet levels shown in the figure. It should be pointed out that in the 
heavier elements of the periodic table 4/ electrons are present and give 
rise to two more N levels, N\i and Nyn and ^Fj). With the exception 
of a very close structure, not yet mentioned, S terms in x-ray spectra 

^ Any subshell of electrons lacking but one electron to complete it gives rise to an 
inverted doublet level having an L value equal to the I value of the missing electron. 
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as in optical spectra are always single; other levels P, , ar 

double. 

Attempts oy Moseley and his successors to find a simple law governin 
the terms, or, what is the same thing, the absorption limits as a functio] 
of the atomic number Z, has led to the so-called Moseley diagram showi 



in Fig. 16.12.^ The regularities as well as the irregularities to be noted 
in this figure can, for the most part, be explained. This explanation will 
be undertaken in the following sections. 

16.6. Selection and Intensity Rules. — The selection rules derived 
from theoretical considerations and found to hold in optical spectra 
also apply in x-ray spectra. These rules for the various quantum 
numbers n, L, and /, are^ 

^ Bohr, N., and D. Coster, Zeiis. f. Phys.j 12, 342, 1923. 

® These selection rules apply only to atoms of the cadmium type, z.e., to atoms in 
which the energy levels arise from the absence or presence of one electron in a subshell. 
Although they may be applied to the chief x-ray lines of all atoms, they are only a 
special case of a more general set of selection rules to be given in Sec. 16.10. 
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An arbitrary, 

AL = -Mor-l, (16.5) 

AJ = +1, 0, or —1. 

Transitions giving rise to the K and L series lines in cadmium are 
shown in Fig. 16.11. Photographs of some of the strongest L and M 
lines are given in Figs. 16.5 and 16.7 for a few of the elements. At the 
right in these figures the respective transitions are designated in x-ray 
notation and also in optical notation. It should be noted that not all 
transitions allowed by the above rules have been observed. In particular 
the transitions Li to Ln, and Li to Lm, although looked for by many 
investigators, have not been observed with certainty. These are the 
transitions for which An = 0. In optical spectra of the alkali metals 
such transitions give rise to the strongest lines in the neutral spectrum. 
In sodium the transitions Mi to Mu and Mi to Mm give rise to the first 
doublet of the principal series. A plausible explanation of the absence 
of these lines with an appreciable intensity in x-rays is that in the intensity 
formulas, derived from theoretical considerations by Einstein,^ there 
occurs a factor v^. For the transitions An = 0 this v* factor is extremely 
small, as compared with other allowed transitions starting from the same 
initial states, and should therefore give rise to very weak lines. It must 
be mentioned that, as in optical spectra, a few cases are known where 
forbidden transitions are observed.^ 

It should be noted that when an electron jumps from a 3p to a 2s state 
(for example. Mm — > Li), the atom goes from the higher energy state Li 
to the lower energy state Mm. For this reason the transitions on all 
energy level diagrams are shown as double arrows. The arrows pointing 
up represent electron transitions of the type given in the figure with a 
minus sign prefixed, and the arrows pointing down represent energy 
changes in the emission of radiation. 

The same intensity rules derived and fmmd to hold for optical spectra 
are also found to hold in x-ray spectra. For observed lines not greatly 
different in frequency the term in the intensity formulas may be 
neglected and the intensity rules applied to multiplets in Sec. 12.15 
may be used. According to these formulas the theoretical intensities 
for the Kai and Kai lines (in optical notation and — ^P^) 

have the ratio 2:1. Accurate intensity measurements on some 24 ele- 
ments are given in Table 16.3. The agreement between observation 
and theory for these lines is excellent. 

1 Einstein, A., Verh. d. Deutsch. Phys, Ges.j 18 , 318, 1916; Phys. Zeits., 18 , 121, 
1917; see also Dirac, Proc. Roy. Soc., 114 , 243, 1927. There is now some question 
whether the factor belongs in the intensity formulae for spectrum lines. 

2 Coster, D., Phil Mag., 43 , 1070, 1922; see also Kaufman, S., Phys. Rev., 40 , 
116, 1932. 
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Table 16.3. — Observed Relative Intensities for the K Series Lines 

(After Meyer)^ 


Element 

Ka, 

Ka, 

Element 


Aa(2 

Element 

Aa. 


V 23 

100 

52.1 

Ga 

31 

100 

50 6 

Zr 

40 

100 

49 1 

Cr 24 

100 

50.6 

Ge 

32 

100 

50 7 

Cb 

41 

100 

49.7 

Mn 25 

100 

54.9 

As 

33 

100 

49 2 

Mo 

42 

100 

50 6 

Fe 26 

100 

49 1 

Se 

34 

100 

50 3 

Ru 

44 

100 

51.1 

Co 27 

100 

53.2 

Br 

35 

100 

50 9 

Rh 

45 

100 

51 2 

Ni 28 

100 

47.6 

Rb 

37 

UK) 

49 3 

Pd 

46 

100 

52 3 

Cu 29 

100 

46 0 

Sr 

38 

100 

48 6 

Ak 

47 

100 

51 7 

Zn 30 

100 

48 9 

Yt 

39 

100 

50 0 

Cd 

48 

100 

53 8 


• Meyer, H T., Verh. a. d. Siemens Konzern, 7, 108, 1929, see hIso Williams, J. H., Pkys. 

Rev., 44 , 140, 1933. 


As a second example of the intensity rules consider the strongest 
L series lines L^i, La,, and L^,. These three lines arise from the transi- 
tions between the doublet levels and The predicted 

relative intensities are 




^Px 

1 


9 

0 

Mv 


1 

5 

Miv 


Am 

An 



The observed intensities for eight elements are given in Table 16.4. 


Table 16.4. — Observed Relative Intensities for the L Series Lines 
(After Jonsson^ and Allison^) 


Element 

ai 

0.2 


Element 


a2 

1 

1 . 

U* 92 

9 

1 

4.4 

Agi 47 

9 

1 

5.3 

Th2 90 

9 

1.1 

5.6 

Pdi 46 

9 

1 

5.3 

Pti 78 

9 

1 

4 6 

RIU 45 

‘9 

1 

2.8 

74 

9 

1 

4 7 

Mol 42 

9 

1 

2.8 


1 J5V880N, A., ZetU. /. Phys., 86 , 426, 1926; 46 , 383, 1928. 

2 Allison, S. K, Phys. Rev., 80 , 245, 1927; 82 , 1, 1928. 


Peculiarly enough when corrections are made for these lines they 
are far from being in agreement with theory. Bethe^ explains this on the 
basis of the fact that the measured intensity is not equal to the transition 
probability but to the product of the life time of the initial state and the 
transition probability. The measurements thus indicate simply that the 
life time of Li (due, e.g.^ to a greater probability of autoionization) is 


Bethe, H., Handbuch der Physik., Vol. 24, No. 1, p. 468, 1933. 
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shorter Ihfin tliiit of It imiy be seen thnt the lines in Fift* 10.5^ 

where resolved, are Quite faint as compared with the strongest line Z>ai- 
The Lff lines are taken from different plates and may not justly be 
compared. 

16.6. Fine Structure of X-ray Levels. — The three L levels, the five 
M levels, the seven N levels, etc., may be referred to as the fine structure 
of x-rays. Since a fairly satisfactory account of this fine structure may 
be given, a treatment of the splitting of each main energy level into 
2« - 1 .sublevels is made the object of this and the three succeeding 
sections. 

It has already been pointed out that the L electrons move in an approx- 
imately Coulomb field, the two K electrons acting very much as if they 
had coalesced with the nuclems. This screening of the nucleus by the 
K electrons reduces the nuclear charge by about two, so that, neglecting 
for the moment the fine structure, the energy should be given by the 
hydrogen-like formula 


RZlu ^ RjZ - .t)- 


(iii.e) 


where R is the Rydberg constant = 109737 cm-', the effective 
nuclear charge, Z the atomic nymber, and a the screening constant 
(equal to about two). 

In a similar manner one can expect the M series to be given by a 
formula of the same type. In this instance the M electrons are screened 
from the nucleus by the eight L and two K electrons, thus reducing the 
nuclear charge by roughly ten. 

In addition to this inttrnoi screening effect there is also a correction 
known as the external screening effect. This external screening is perhaps 
most easily pictured by imagining any given outer shell of Q electrons 
as distributed uniformly over the surface of a si)here of radiu-s r. The 
potential energy of an electron within this charged shell will thus be 
QeZIr. The sum of such energy terms taken over all external subshells 
must be subtracted from the energy of the hydrogen-like orbit within. 
Referring to Fig. 16.10, it is readily .seen that the energy necessary to 
carry an electron from the L .shell through the other shells to infinity 
is less than the energy required to do .so when the outer electrons arc 
absent. In general this external screening is small compared with the 
main energy, and, since the quantum-mechanical model has all orbits 
interpenetrating all other orbits, it is customary to include the external 
with the internal screening by means of the one screening constant a. 
This single constant it will therefore represent collectively both types of 
screening in the following treatment. 

In anticipation of the fact thai the x-ray energy levels wiU be almost 
hydrogen-like, it is now an easy step from Sommerfeld’s fine-structure 
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formula for hydrogen [see Eq. (9.6)] to his x-ray formula. Replacing 
Z by Z — (T, or Z — s, 

T = . /ea^(Z ^ sy (n _ 3\ 

\k 4/ 

n« 4 /c2 2A:*^8/ 

4- -U 4- 4- 4- J_ -i_ 

n* \8F ~W 8T ” 64/ 

(16.7) 

where = iw^eAfhV = 5.30 X 10“^ is the square of Sommerfeld’s 
fine-structure constant, R is the Rydberg constant, a and s are screening 
constants, n is the total quantum number, and k is Sommerfeld’s original 
azimuthal quantum number; /c = 1, 2, 3, • • * fors, p, d, • • • electrons, 
respectively. 

The application of this equation to observed x-ray energy levels, 
to be given in the three following sections, shows that the screening 
constants a and s are different from each other even though, a priori, they 
might be expected to be the same. This equation, without the screening 
constant, was first derived by Sommerfeld^ from the orbital model 
of hydrogen. Starting with 13irac^s (luantum-mechanical theory of 
the electron (Sec. 9.9), Gordon has arrived at exactly the same formula. 
With the screening constants included, the first term in the equation 
gives the main energy of each electron shell n, and the second, third, 
fourth, etc., terms give the fine-structure corrections. In Sommerfeld's 
early theory these latter corrections were due to the relativity change 
in mass of the electron, whereas, according to quantum-mechanical 
derivation from Dirac’s theory, they are due jointly to what has been 
called the electron spin-orbit interaction and to relativity. It is for this 
reason that the fine-structure term differences, accounted for by the 
second and succeeding terms of this equation, are called spin-relativity 
doublets. In x-ray notation these are the doublet intervals Ln — Lm, 
Mil — Mill, M IV ■“ Mv, Nil ~ Njii, * * * , for which Sommerfeld 
assigned quantum numbers = 1 for Ln, Mu, Nn, * • * , fc = 2 for 
Till, Afiii, Miv, Nni, Niy, ' * * , — 3 for My, Ny, Nyi, Oy, Ovi, * ‘ ; 

etc. It is now known that these are not the so-called azimuthal quantum 
numbers of the electron orbits but new quantum numbers given by 
the Dirac electron theory of hydrogen-like orbits. These new quantum 
numbers (see Sec. 9.9) are assigned the values shown on page 316. 

In Gordon’s derivation of the fine-structure formula, takes the 
place of Sommerfeld’s so that |/| becomes the analogue of the old k. 
One may therefore proceed to use Sommerfeld’s formula, as it is giver 

‘SoMMBBFBLD, A., Atombau,” 6th ed., p. 282. 
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in Eq. (16.7), for with his values of k we shall obtain the quantum- 
mechanical term values (see Sec. 9.9). 

Table 16.5 

Screening Spin-relativity Screening Spin-relativity 


Doublet 

Doublet 

Doublet 

Doublet 





^D, 

.9 = i 


I 

i 

I 

L = 0 

1 

1 

2 

2 

J = 1 


8 

2 

t 

1 

i' = 

+1 

-2 

+2 

-3 


The eifect of the screening constants a and s in shifting the energy 
levels from those of hydrogen-like atoms to the observed x-ray levels 
is illustrated in Fig. 16.13. At the left the Bohr term values are given 

by 

RZ^ 


Hydrogen Reduced Observed 


-like 

terms 

n-l 


terms terms 


T„ = 


(16.8) 


1-0 r 


k-i 


Introducing the screening constant a 
to account for the internal and external 
fSyz screening these levels are each split into 
n sublevels: 

r = (16.9) 


n-2 


k-1 


-wLy~T 




n-5 


k-1 

i-o 


where cr is different for the different 
sublevels s, p, d, . . . . Adding finally 
the second, third, fourth, etc., terms of 
Eq. (16.7) simultaneously, each level, 
with the exception of S levels, splits 
into two sublevels. It should be noted 
that the values of n and k are those 
of the electron that has been removed 
from the atom. These same n values 
are often used in front of 
etc., to distinguish them from each 
other. The intervals Li — Ln, Mi — 
Miiy Mm — MiYy • • • are generally 
called Screening doublets. In optical 
notation (see Table 16.5 above) these are the levels having the same n, 
Sj and J values but different L values. 

16.7. Spin-relativity Doublets (Regular Doublets). — ^The term spin- 
reHtiviiy doublet refers in general to each pair of energy levels having the 
same n, /S, and L values but different J values. In x-ray notation 
these are the intervals Ln — Lmt Mu — Mud Miv — ATv, ATn — Nuif 


Rq-ay 


•m'3> 

Normal 

state 


RP 

Fi<i. 10.13. — The splitting up of 
energy levels according to Sommerfeld’s 
formula. 
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Njv — iVv, .ATvi — N^viij Oil — Oiiij Oi\ — Ovy etc., wKich prior to th6 
quantum mechanics were called regular doublets. The intervals between 
each of these doublets in the various elements in the periodic table are 
known accurately from observed diiferences between a number of x-ray 
spectrum lines (see Figs. 16.5 and 16.7). 

The substitution in Sommerfeld^s formula of the known quantum 
numoers n and k for a given doublet leads to the so-called regular doublet 
law. Substituting in Eq. (16.7), one obtains two equations for each 
doublet. For the L doublet (22P^ - 22P^), 




- ay . Ra\Z 


"h 


2^ 


)U5 21 

"Y4 + ¥ 2 ^^^^ " 


s)^ 


, 429 , 


• • |> (16. 


10 ) 


T = 4- 

■* ^III 02 ' 


22 


2^ 


jy(i + 1 

\4 ^ 8 




8 2 

+ 1 1;(^ - + 


}■ 


(16.11) 


Now if Av represents the difference between tnese two equations, 
then 


Av = 




2^ 


(16.12) 


Although only the first term of the analogous Eq. (9.6) is required 
in describing the hydrogen fine structure, Sommerfeld^ has shown that 
the first term of this equation does not suffice to determine s and that 
higher terms are necessary. 

From the observed x-ray lines, shown in Fig. 16.5 and tabulated in 
Table 16.1, the following screening constants (Table 16.6) are computed: 


Table 16.6. — Screening Constants « for the Spin-relativity Doublet Lh — Lm 

{After SommerfeXd) 


Element Z 

Ai'/jR 1 

Z - s 


Cb 

41 i 

6.90 

37.53 

3.47 

Mo 

42 

7.70 

38.50 

3.50 

Ru 

44 

9.49 

40.54 

3.46 

Rh 

46 

10.48 

41.53 

3.47 

Pd 

46 

11.57 

42.55 

3.45 

Ag 

47 

12.69 

43.52 

3.48 

Cd 

48 

13.96 

44.52 

3.48 

In 

49 

15.29 

45.50 

3.50 

Sn 

60 

16 72 

46.61 1 

3.49 


' SoMMERFELD, A., *‘Atombau/* 5th ed., p. 300. 
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It is observed that s is practically a constant independent of Z. 
For some 40 elements from Z = 41 to Z = 92 Sommerfeld obtained an 
average value 

s = 3.50 ± 0.05. (16.13) 


In a similar fashion Eq. (16.7) gives for the Mn — Mm doublet 
(3^Pj -- 


^v = 


Ra\Z - 5)^(3 
3 ^ )2 


+ 


279«2 

‘288 


(Z - 8)^ + 


13059a^ 

20736 


{Z - s)^ + 


(16.14) 


From the observed doublet separations of the elements Z = 37 to 
Z = 92, WentzeU has shown that s is again constant throughout (see 
Table 16.7) and has the average value 

5 = 8.5 ± 0.4. (16.15) 


Table 16.7. — Screening Constants for the Spin-relativity Doublet Mn — Mm 

{After Wentzfl) 

Cb 41 Mo 42 Ru 44 Rh 45 Pd 46 Ak 47 Cd 48 In 49 Sn 50 

8.50 8.56 8.52 8.50 8.52 8.58 8.28 8.56 8.48 

Similar calculations carried out for other spin-relativity doublets 
have yielded the following average values for s. 


Table 16.8 . — Screening Constants s for Spin-relativity Doublets 
{After Sommerfeld and Wentzel) 


2*.Si 

22pj „ 22 Pj 

3^,8) 


3’Oj - 32/>! 


42Pj - 42/>3 

Li 

Ln — Lni 

Ml 

Mn Mill 

Mi\ Mv 


A^ii Niii 

2 0 

3 50 

6 8 

8.5 

13 1 

14 

17 


The method used in determining the screening constants for the 
single Li, Mi, and Ni levels is given in Sec. 16.8. Attempts to calculate 
5 from theory alone have been made by Pauling. ^ By a first-order 
perturbation treatment of the problem Pauling has been able to calculate 
values which, in general, are in quite good agreement with those given 
above. 

16.8. The Regular-doublet Law. — The regular-doublet law, well- 
known in x-ray spectra, refers to the apparent law governing the spin- 
relativity doublets Lii — Lm, Mn — Mm, Miv — Mv, Nu — Nm, etc. 
Neglecting higher terms in Eq. (16.12), or Eq. (16.14), the law may 
be expressed by the first term of the equation as follows: The doublet 
separation, Av in wave numbers, for any spin-relativity doublet is approxi- 
mately proportional to the fourth power of the effective atomic number 


1 See Wentzel, G., ZeiLs. f. Phys.^ 16 , 46, 1923. 

2 Pauling, L., Zeits. f. Pkys.y 40 , 344, 1927. 
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Z — s. As an example of the validity of this law consider the Ln — Lm 
doublet. For this doublet (see Table 16.8) s = 3.5, and Ap, to a first 
approximation, is given by 

A. = ~iZ - 3.5)^ (16.16) 

Now the values of Ap for some 70 elements are known quite accurately 
from the average of several observed x-ray doublet intervals Ka^ ~ Ka„ 
— La„ Lyj — L/, L/s, — and the absorption limits Ln — Lm. 
The average values of Ap are plotted in Fig. 16.14 with four different sets 
of ordinates -^ApfRy ^ Ap/Ry -^Ap/Ry and \/^/R. The -^^fApIR 



Fig. 16.14. — The regular-doublet law for L doublets in x-ray spectra. 

curve, with an intercept at 3.5, shows that the fourth power law' [Eq. 
(16.16)] gives the best agreement. 

16.9. Screening Doublets and the Irregular -doublet Law. — Making a 
systematic; study of L series lines, Hertz^ in 1920 announced w^hat is known 
as the irregular-doublet law. This law applies to those pairs of energy 
levels having the same n, >S, and J values but different L values and 
states that the difference between the square roots of the term values of a 
given doublet is a constant independent of the atomic number Z. This 
law found by Hertz to hold for the Li and Ln levels of the six elements 
Cs, Ba, La, Ce, Pr, and Nd is now knowm to hold for all doublets Li ~ Ln, 
All — Miiy Aim — Alivy Ni — Nuy Nni — Nivy and Nv — Avi (see 
Fig. 16.12). T hat the law is only approximately true is shown by the 
values of A\/T/R given in the last column of Table 16.9. A general 
widening of the interval with increasing Z is observed. 

In formulating the irregular-doublet law Hertz began with the 
equation 

1 Hertz, G., Zeits. /. Phys.y 3, 19, 1920. 
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T = 


R(Z - a)\ 


(16.17) 


Transposing R and taking the square root, this equation becomes 



(16.18) 


If now ai and <72 are the screening constants for the two levels of a doublet, 
the difference is written 

^ = ^ = constant. (16.19) 

\ R n n 

Referring to Fig. 16.16 the factor ai ~ cr^ is seen to be practically 
a constant for the two levels forming an irregular doublet. This is 


Table 16.9. — The Ihkeoular-doublet Law for the X-ray 1..evels Li and Lii 


Element 

Vt/R 

(ii) 

Vt/R 

(in) 

A^/T/R 

Cs 55 

20.538 

19 873 

0.665 

Ba 56 

21.022 1 

20.355 

0.667 

La 57 

21 514 

20 837 

0.677 

Ce 58 

21 984 

21.310 

0.674 

Pr 59 

22 456 ! 

21.785 

0 671 

Nd 60 

22 939 1 

22 260 ! 

0 679 

Tb 65 

25 349 

24 664 

0 685 

Yb 70 

27 830 

27.120 

0 710 

Re 75 

30 381 

29 667 

0 714 

Hg 80 

33 051 

32 349 

0 702 

Th 90 

38 844 

38 055 

0 789 

U 92 

40.053 

39 25() 

0 797 


the irregular-doublet law more recently referred to as the screening- 
doublet law. 

Sommerfeld has showm that a refinement of the irregular-doublet 
law is brought about by the use of the so-called reduced terms [Eq. (16.9)] 
rather than the observed terms (see Fig. 16.13). With values of the 
screening constants s determined from the spin-relativity doublets 
of the preceding section, the higher terms of Eq. (16.7) can be calculated 
and the corrected, or reduced, terms 

T' = (16.20) 


evaluated. Dropping all but the first two terms in Eq. (16.7), and 
substituting the value of T', we obtain 
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Here T represents the observed term values given directly by the absorp- 
tion limits. 


45 

40 

35 

30 

25 

20 

15 

10 

5 

0 

0 10 20 50 4 0 5 j ) 60 70 80 SO 

Fig. 1C. 15. — Moseley diagram for reduced x-ray terms. 

A Moseley diagram of reduced terms is shown in Fig. 16.15. For 
given n the resultant curves are now quite parallel to each other. The 
parallelism is more accurately shown by the following Table 16.10. 


Table 16.10. — The Irregular-doublet T.-aw for Reduced Teumh 
{After Sommcrfeld) 



Cs 55 

Ba 56 

La 57 

Ce68 

Pr 59 

Nd 60 

Sa 62 

Gd 64 

Dy 6t) 

Er 68 

2^S - 2^P 

0 59 

0 59 

0 60 

0.59 

1 

0.59 

0.59 

0.59 

1 

0.58 

() 58 

0.58 

Ay/TTR 
3*S - 3^P 

0.54 

0.54 

0.51 

0 54 

0 56 

0 51 

0.51 

0 53 

0 54 

0 53 

Ay/T /R 
3»F - 3*D 

1 

1.21 

1.19 

1 .20 

1 19 

1.19 

1.19 

1.20 

1.19 

1 

1 18 

1.19 
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Although the values shown here are quite constant, some of the values, 
for elements not given in the table, deviate slightly more from the 
average value. It should be pointed out that there are no spin-relativity 
doublets from which to calculate s and a for the levels, ^^entzel,^ 
however, making the assumption that the irregular-doublet law is valid 
for the reduced terms, has adjusted the screening constants ,s‘ for these 

levels until the curves for 3‘’>S, 
and (see Fig. 16.15) are parallel 
center cur\'es as show n. These 
values of S have been included in 
Table 16.8. 

Ill Fig. 16.15 the dashed lines 
1 hroiigh t he origin represent hydrogen- 
like atoms for which there is no 
screening. The difference between 
these ideal curves and the corres- 
!-n Lm ( Z Z — a\ 

jionding reduf'cd curves I h 

multiplied liy gives directly the 
t'v ^f*r('<uung constant a- plotted in big 
16 16. Th(‘ sudden change in th(‘ 
slop(‘ of th(' M and N curves at approx- 
Fi<i. 1(’> 10 Sn.-fiuuK «.(,r,htant.s imatcl\ Z-C)l uiid Z = 71 shows 
ut//M Sornrn , increased screeudng (‘ffect of the 

4/ electrons added m the rare-earth elements, ddieir addition causes 
an iiicr('ase in the external screening discussed in Sec*. 16.6. As Soinmer- 
feld“ sliows, tlie corresporidiiig iTicr(‘asc in the S('r(‘eTiirig constant foi- 
a state of totjd <iuantum number n is directly pnjportional to and 
inversely proportional to the effective nuclear charge; lienee the effect 
's relatively slight for states of low quantum numlxux as is, indeed, borne 
)ut by the figure. Similar screening eff(‘cts an^ show’ii by the ]\los(‘loy 
diagram of Fig. 16.12 for the se(juenco of elements wdiere 3d and 4d 
electrons are added. 

Th(‘ irregular-doublet huv has an asyiect otlier than that of the 
paralh*lisni of Li and Ln on a Moseley diagram, viz., the fro(iuency 
difference Nv = Tl^ - ''^ry nearly a linear function of the atomic 

number Z. Although the x-ray transitions Lw to Li have not yet beem 
observed, this law is of considerable importance in optical spectra where 

1 Wentzel, G., Zrits. J. Phys., 16, 40, 1923. 

2 SoMMERFELD, A., “Atombau,” 5th ed., p. 427. 

These seepjerK OS of eh'inents and the .screening effect due to the addition of 3d 
and 4d electrons have been treated theoretically by b. Pauling, Zeits. f. Phys., 40, 
344, 1927. See also L. Pauling and S. Goudainit, “Structure of Line Spectra,^’ p. 187. 
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the corresponding transitions are observed. Let us start with Hertz’s 
Eq. (16.17), 

A. = at = ?‘-MZ - - (Z - (16.22) 

71 “ 

Upon multiplying out, one obtains 

= c,{Z - c). (16.23) 

Plots of ^v/R for the intervals L i — Lu, Mi — Afn, Mm — Miv, Ni — iVn, 
and Nin — N\y given in Fig. 16.17 show, at least over short ranges of 
Z, how closely this law applies. 

These curves are to be compared 
with the law for the regular 
doublet (Fig. 16.14). 

16.10. A Predicted Multiple! 

Structure in X-rays.— In Sec. 16.1 
the cadmium atom was <‘hosen as a 30 
suitable exauiple for the discussK 'i \ 
of the origin of x-ray energy levels ^ 
for the reason that all subshclls of 20 
electrons are complete in the neutral 
atom and the resultant angular 
iiioiiientum of all the extranuclear 
elect rolls is zero. The removal of an 
inner electron from the atom in this 
simple case would leave the atom ® 
with the same angular momen- 
tum as that of the removed electron, 
either I + ^ or Z If, on the other hand, an atom with an incomplete 

valence-electron subshell is considered, the resultant angular momentum 
J 1 of this outer shell must be combined with the resultant angular momen- 
tum J 2 of the ifirier shell to give the resultant angular momentum J of 
the atom. This, by analogy with optical spectra, may be accomplished 
in such a w^ay as to give several different J's for the same x-ray level J 2 . 
The energy difference between the various possible J*s will depend on the 
type of coupling that may arise between the two Ji's. For heavy ele- 
ments, in general, intermediate shells of electrons will screen quite 
effectively the inner shell from the outer shell, and the coupling will be 
closely JJ. For the lighter elements, where the two shells are not 
screened from each other, the electron spins may interact strongly and 
the coupling will then be closely LS. X-ray energy levels for most 
elements are therefore expected to show a multiplet fine structure similar 
to that observed in optical spectra. 



Flu. 10.17. — The irregular-doublet law. 
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Attempts to observe this predicted structure in x-ray lines have 
been made by a number of investigators. Coster and Druyvesteyn/ 
and Van der Tuuk,^ for example, have observed complicated structures 
in the N levels of the rare-earth elements. Because of the lack of 
sufficient resolving power in x-ray apparatus detailed studies of these 
multiplet structures have not yet been made. This multiplet structure 
is not to be confused with the x-ray satellites to be discussed in the 
following section. The selection and intensity rules for these more 
complex atoms may be given here since they are the same as those used 
in optical spectra (see Secs. 12.14 and 12.15). 

The selection rules for x-rays are: 

LiS-coupling JJ-coupling 

AS - 0 AJi = 0 

AL - +1, 0, -1 AJ 2 = +h 0, -1 

AJ = +1, 0, -1 AJ = -f 1, 0, -1 

subject to the further restriction that odd terms combine only with even 
terms. 

Since the splitting of x-ray energy levels, due to a resultant angular 
momentum of the valence electrons, is in general very small, a number 
of the radiated lines will fall together as a single line. For this reason, 
and by virtue of the fact that the sum rules are valid for multiplets, the 
selection and intensity rules given in Sec. 16.5 will, when applied to the 
one-electron jumping in the inner part of the atom, describe adequately 
the observed lines. 

16.11. X-ray Satellites. — X-ray satellites are those relatively weak 
lines often observed close to and on the high-frequency side of the chief 
x-ray diagram lines. These satellites, sometimes called non-diagram 
lines, were first discovered by Siegbahn and Stenstrdm^ on the high- 
frequency side of the K series lines of the elements Na 11 through Zn 30. 
Since their discovery an extensive investigation of the L series lines by 
Richtmyer and Richtmyer^ and others has shown that a number of 
satellites appear on the high-frequency side of the chief L lines of most of 
the elements frona Cu 29 through U 92. Similarly, Hirsch^ and others have 
shown that M series satellites are to be found in the elements Yb 70 
through U 92. The regions of a number of these satellites are marked 
in Figs. 16.5 and 16.7 and may in some of the reproductions be traced 
from one element to the next. Semi-Moseley plots of the satellites of 

^ Coster, D., and M. J. Druyvesteyn, Zeifs. /. Phijs., 40 , 765, 1927. 

- Van der Tuuk, J. H., Zeits. /. Phys., 44 , 737, 1927. 

^ Siegbahn, M., and W. Stenstrom, Phys. Zeitfi., 17 , 48, 318, 1916. 

* Richtmyer, F. K., and R. I). Richtmyer, Phya, Rev., 34 , 574, 1929; see also 
Richtmyer, F. K., and S. Kaufman, Phys. Rev., 44 , 605, 1933. 

5 Hirsch, F. R., Phys. Rev., 38 , 914, 1931. 


>or vice versa 
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some of the more prominent x-ray lines are given in Fig. 16.18. The 
square roots of Xv/R (the difference in frequency between satellite 
and nearest chief x-ray line, divided by the Rydberg constant R = 
109737 cm~^) are plotted as ordinates against the atomic number Z. 

The first attempt to explain x-ray satellites was made by Wentzel' 
in 1921. Wentzel’s hypothesis requires essentially a double ionization 
of the atom by high-speed electrons followed by a single electron 
jump and the simultaneous emission of a radiated frequency Vg. Because 
of certain apparent defects in WentzePs theory as it was first proposed, 



Ford.) 

Richtmyer^ advanced the theory that in a doubly ionized atom double 
electron jumps probably occur giving rise simultaneously to a single 
radiated frequency v^. In view of recent developments in atomic spectra 
it would appear that both theories are plausible and that together they 
explain with some satisfaction the observed satellites. 

Consider first WentzeFs theory, extended by Druyvesteyn,^ as it 
has been applied to the satellites of the x-ray line in the elements 
A1 13 to Fe 26. The parent line K^i of the ordinary x-ray spectrum is 
due to the transition K — Mn.m which, neglecting the fine structure 
Mil — Mm, will be written K — M. The w^ell-known satellite 
has been assigned by Druyvesteyn to the transition KL — LM. This 
last notation indicates that in the initial state of the atom one K and one L 
electron is missing and that the transition of an M electron into th?, 
vacant K shell leaves the atom in a final state with one L and one M elec- 
tron missing. Now the term KL is somewhat greater than the sum of the 

‘ Wentzel, G., Ann, d. Phys.y 66, 437, 1921; Zeits. f, Phys., 31, 445, 1925. 

* Richtmyer, F. K., Phil. Mag., 6, 64, 1928; Jour. Franklin Inst., 203, 325, 1929. 

’ Druyvesteyn, M. .T., Zeits. f. Phys., 43, 707, 1927; Dissertation, Groningen, 
1928. 
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K and L terms of the ordinary x-ray-term scheme and the term LM is 
greater than the sum of the L and M terms. This follows directly from 
the assumption that the energy necessary to remove an L electron fronx 
an atom in which a K electron is missing is greater than that necessary 
to remove the same electron from a normal atom. When a K electron 
is missing, the inner screening is smaller by unity than in the case of the 
normal atom so that the binding energy of the L electron is approximately 
that for the corresponding electron in the clement with the next higher 
atomic number. It therefore follows that 


and 


(KL), = (16.24) 

{LM)z = Lz -h (16.25) 


The difference in frequency between the satellite (KL — LM)z and the 
parent line (A — M) z becomes 

Ar = (ALz - LMz) - (Kz - Mz) = (Lz4i - Lz) - (M z-,i - Mz). 

(16.26) 


With these known differences^ on the right Druyvesteyn obtained for 
A/ 3 '" — A/ 3 i the following values of Ay/R. 


Table 16.11. — Observed and Calculated Positions or the Satellites. 

Values of Ay/R 
( A fter Dr u yveste yn ) 


Element 

Z 

Observed 

Ay/R 

Caici 

dated 

Li 

A1 13 

1 79 2 23 

1 82 

2 34 

Si 14 

2 07 2 74 

2.11 

2 63 

P 15 

2 38 2.97 

2 40 

2 92 

S 16 

2 97 

2 70 

3 22 

Cl 17 

3.27 

2 97 

3 49 

K 19 

3.59 

3 55 

4 07 

Ca 20 

3 83 

3 84 

4 36 

Sc 21 

3.77 

3 53 

4 05 

Ti 22 

3*72 

3 73 

4 25 

V 23 

3 92 

3 95 

4 47 

Cr 24 

4 00 

4 16 

4 68 

Mn 25 

4 34 

4 38 

4 90 

Fe 26 

4 69 

4 58 

5 10 


When one takes the fine structure of the L levels and neglects the 
relatively smaller fine structure of the M levels, Eq. (16.26) predicts a 

^ The L differences being always greater than tiie M differences, Eq. (16.25) 
indicates that the satellites will appear on the high-frequency side of the parent 
x-ray line (see Fig. 16.5). 
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fine structure for Since the Ln — Lm interval is small as compared 

with Li — Liij the observed fine structure should first reveal itself as a 
doublet. This splitting is observed in the first three elements, Al, Si, P. 

It should be pointed out that, if the fine structure of both the initial 
and final states is considered in the above example, many different 
transitions become possible. The satellites should therefore be 
composed of a number of lines. Consider, for example, the possible 
ways in which satellite transitions KL ~ LM may take place. All 
of the possible terms and transitions are shown in the following scheme 
(Table 16.12). 

Table 16.12 

Even Odd 


K Li 
Is-i 2 . S --1 





ip zp ip 3p 

26-1 3^^-i 2p-i 3s-i 2p-^ 

Cl iUiijn -^11,111 I'll. HI ^h\,\ 


Odd 


K Cii,iu 
Is'i 2p~^ 
ip BP 


26-1 36-1 26-1 3^-1 2p-i 3;;-i 

Li Ml Li Mjy y I'll, III -Hii.iri 



Even 


The configurations are given in terms of the missing electrons and the 
levels in L5-coupling. Regardless of the type of coupling to be expected 
between two adjacent incompleted subshells, the number of terms will be 
the same as that given in the table above. Of the many allowed transi- 
tions it should be noted that those given by KLi — Lu.mAfiv.v involve 
the double electron jump 2p3d to ls2s.^ All double electron jumps are 
shown by dotted lines. In this diagram we see that both single and 
double electron jumps are possible. Although the double jumps are 
possible, they should give rise to weaker lines. ^ 

Langer^ and Wolfe have suggested that the five well-known satellites 
of Ka (see Fig. 16.18) are to be attributed to the transitions KL—^LL. 
Following Wolfe’s assignments, based upon quantitative calculations 
of the electron-interaction energies in a Hartree field for the potassium 
atom (see Fig. 7.2), a schematic energy-level diagram has been con- 
structed in Fig. 16.19. The parent K and L levels are shown at the left 
with the unresolved doublet below. The removal of a second 

electron from the atom splits these levels (neglecting valence electrons if 

^ The selection rules for double electron jun«ps are Ah = 1, Ah = 0, 2. 

2 A treatment of double electron jumps in x-ray spectra has been given by E. G. 
Ramberg, Phys. Rev., 46, 389, 1934. 

"'Langer, R M., Phys. Rev., 37, 457, 1931. 

* Wolfe, H. C., Phys. Rev., 43, 221, 1933. 
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here are any in unclosed subshells) into singlets and triplets as shown. 
As pointed out by Wolfe, L>S-coupling is to be expected in these levels 
since the spin-orbit interaction energy (shown by the Ln — Lm interval) 
is small compared with the interaction between the two electrons (shown 
by the satellite separations). Five of the six allowed transitions account 
for the five observed satellites. The sixth allowed transition, shown 
as a dotted line, is a double electron transition and should give rise to a 
relatively weak fine on the low-frequency side of Kac'. The results show 



I I II II ' 

Kaj 2 Ka' q^cxq 

Via. 16.19. — Splitting up of x-ray levels due to the removal of a second electron from the 
atom. Illustrating a possible explanation of x-ray Kcz satellites. 

chat Wolfe’s assignments give a reasonable explanation of the Ka satel- 
lites. The Kp satellites may also be assigned in the same way to the 
transitions shown in Table 16.12. 

Although the existing data for checking this theory are somewhat 
limited, double ionization followed by single, or less frequently by 
double, electron transitions accompanied by the simultaneous emission 
of a single radiated frequency appears to be a very plausible explanation 
of x-ray satellites in general. 

There appears to be, at first sight, two processes by which double 
ionization of an atom may be brought about: (1) a single high-speed 
particle may remove both electrons, and (2) two high-speed particles 
may collide successively with the atom and remove one electron after 
the other. Du Mond and Hoyt, and others, have shown experimentally 
that the latter tandem process must be ruled out. From the theoretical 
standpoint the probability that two collisions will occur within the life 
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time of the excited state is far too small to account for the observed 
satellites. 

Although few quantitative data are to be found on the excita- 
tion potentials of x-ray satellites, observation supports the theory 
of double ionization by a single impact. Druyvesteyn has shown for 
example that while the parent x-ray lines in vanadium appear at 
5.45 kv., the satellites Xa*.* appear only at potentials above 6.09 ±0.1 kv. 
This is not in agreement with Wentzeks early suggestion that two 
K electrons have been removed from the atom. Assuming Wolfe’s 
assignments are correct for (see Fig. 16.19), the removal of one 
K and one Ln,ni electron from vanadium requires about the same 
energy as that necessary to remove a K (Is) electron from vanadium, 
Z = 23, and an Lu.m (2p) electron from chromium, Z — 24. The 
sum of these two ionization potentials is 5.450 -h 0.586 = 6.036 kv., 
in excellent agreement with observation. In a similar manner the 
line (due to the transition Lm — N\) in Ag 47 has an excitation potential 
of 3.34 kv., and the satellites should, if attributed to the allowed 
transitions LmMi ~ Af ,iVv, appear at about 20 per cent higher voltages, 
f.e., 4.00 kv. This likewise is in good agreement with experiment. 

16.12. Explanation of X-ray Absorption Spectra. — In photographing 
x-ray absorption edges, it often happens that absorption lines are found 
close to and on both sides of the absorption edge. Under high dispersion 
and resolving power the lines on the low-frequency sides appear as 
absorption lines, w'hereas those on the high-frequency side appear as 
subsidiary absorption edges. In 1920 KosseP made the suggestion 
that an inner electron, as the result of the absorption of a photon hv, need 
not be completely removed from the atom but instead be simply excited 
to one of the outer unoccupied states. The lowest possible frequency 
to be absorbed therefore would be given by the energy necessary to 
carry an inner electron to the most tightly bound but unoccupied electron 
orbit. These transitions are governed by the same selection rules valid 
in emission spectra and lie within only a few volts of the absorption 
edges- which would correspond to complete removal of the electron. 

A detailed study by Kievit and Lindsey^ of the subsidiary absorption 
edges, observed on the high-frequency side of the A edges of the elements 
Ca 20 to Zn 30, appears to confirm the theory already postulated, that 
they are due to the removal of more than one electron from the atom. 
Kronig^ has, however, been able to explain this extended structure 
more satisfactorily on the basis of the existence of prohibited zones 
in the velocity spectrum of free electrons in ciystals. 

^ Kossel, W., Zeits. f. Phys., 1, 124, 1920. 

* Siege AHN, M., Zeits. /. Phys., 67 , 567, 1931. 

® Kievit, B., and G. Lindsey, Phys. Rev., 36 , 648, 1930. 

* Kronig, R. de L., Zeits. f. Phys., 70 , 317, 1931; 76 , 191, 1932. 
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It should be mentioned that for a given element the chief absorption 
edges are not always found at the same wave-length but vary somewhat 
by an amount that depends upon the chemical composition of the 
substance used in producing the edge. This shifting of the edge has 
been attributed by Pauling^ to the difference in the electrostatic fields 
within the material used as a screen. As an example of the magnitude 
of the shift, the K limit of sulphur, as measured from 50 different com- 
pounds, lies between X = 4987.3 and X = 5011.7 X units, a maximum 
variation of 34.4 X units. ^ 

^ Pauling, L , Phys. Rev., 34 , 954, 1929. 

’ SiEGBAHN, M., “ Spekiroskopic der Rontgenstrahlen,” 2d ed., p. 284, 1931. 
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ISOELECTRONIC SEQUENCES 

The term isoelectronic sequence as it is commonly used refers to a 
sequence of atoms having the same number of extranuclear electrons. 
In general such a sequence starts with any element in the periodic table 
and is followed by other elements in the order of their atomic number. 
Sin(‘e each neutral element contains one more electron than the one 
just preceding it in the periodic table, each atom must be stripped, 
i.e.y ionized, of just the right number of electrons to leave it isoelectronic 
with the first element in the sequence. Suppose, for example, that a 
sequence starts with potassium, Z — 19. The following elements, 
calcium, Z — 20, scandium, Z = 21, titanium, Z = 22, etc., are all 
made isoelectronic with neutral potassium (K I) by removing one 
electron from calcium, yielding Ca II; two electrons from scandium, 
yii^lding Sc III; three electrons from titanium, yielding Ti IV, etc. 
Because each atom in such a sequence contains the same number of 
extranuclear electrons the energy levels and the spectrum lines arising 
from each atom will show' remarkable similarities from element to 
element. Moreover, the empirical rules discovered from a study of 
these energy levels and spectrum lines are closely associated with the 
well-known x-ray doublet laws treated in the preceding chapter. 

In 1928 Paschen^ and Fowder^ identified series of sodium-like doublets 
in Mg II, A1 HI, and Si IV. 

Not long afterward, Lande pointed out the similarity betw'een 
tlic first- doublet of the principal series of these elements and the spin 
relativity or regular doublets Ln — Luif Mu — Afm, • • * of x-ray 
spectra.** This correlation betw^een x-ray and optical spectra in turn led 
him to the correct assignment of the quantum numbers k and j to the 
x-ray levels Ky Li.ri.m, Mi.nju.iv.v, etc. Similarly, de Broglie and 
Dauvillier'* pointed out that the Lu — Lm doublet is analogous to the 
P doublet of the alkalies and that these two doublets therefore must 
have the same azimuthal quantum numbers. At about the same time 

^ Paschen, F., Ann, d. Phya.y 71, 142, 1923. 

^ Fow ler, A., Proc. Roy. Soc.y A, 103, 413, 1923; Phil. Trans. Roy. Soc., 225, 1, 
1925. 

3 Land6, a., Zeiis. f. Phys.y 16, 391, 1923. 

* De Broglie, L., and A. Dauvillier, Jour, dt phys. et radium^ 6, 1, 1924. 
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Millikan and Bowen/ quite independently, were able to go further and 
show that the regular- and irregular-doublet laws of x-rays may be 
applied to optical doublets. Somewhat later an extension of these same 
laws to complex spectra was made by Gibbs and White. ^ 

17.1. Isoelectronic Sequences of Atoms Containing One Valence 

Electron. — As an example of the sim- 
plest type of isoelectronic sequence, let 
us consider the group of alkali-like 
atoms that are isoelectronic with neu- 
tral potassium, Z = 19, viz,: K I, Ca 
II, Sc III, Ti IV, V V, Cr VI, . . . . 
In this sequence each atom contains in 
addition to the closed shells of electrons 
one single valence electron. With a 
similar core of 18 electrons (Is^ 

3s*" and one valence electron, the 
syst (‘m of energy levels and the radiated 
series of spectrum lines characteristic 
of each element will consist of doublets. 

Photographs of the first member of 
the principal series of the first five 
elements K I, Ca II, Sc III, Ti IV, 
and V V are reproduced in Fig. 17.1. 
The potassium doublet, in the far red 
end of the visible spectrum, and the 
ionized calcium doublet, in the violet, 
are the strongest lines in K I and Ca 
II. From these and other observed 
doublets, energy level diagrams are 
easily formulated for each element in 
the sequence. It is with these energy levels and the laws governing 
them that we are now concerned. 

By analogy with x-ray doublets [see Eq. (16.17)], term values are 
given by Hertz’s formula 

T = (17.1) 



1679.36 


1715 . 8 ? 


Fig. 17.1. — Photographs of the {irin- 
cipal -series doublets — 4p, 

for the isoelectronic sequence K I, Ca II, 
Sc 111, Ti IV, and V V. 


From the theory of penetrating orbits on the other hand they may 
also be represented by (see Sec. 7.4) 


T = 


RZl 
(n - 


(17.2) 


' Millikan, R. A., and I. 8. Bowen, Phys. Rev., 24 , 209, 1924; 26 , 295, 1925; 
26 , 150, 1925; 27 , 144, 1926. 

2 Gibbs, R. C., and H. E. White, PAyg. Rev., 29 , 426, 1927; 29 , 655, 1927; Proc. Nat. 
Aceul. Sci.. 13 . 525. 1927. 
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In the first formula, Z is the atomic number, n is the principal quan- 
tum number and tr is a screening constant. In the second formula 
Zo is the effective nuclear charge outside the atom and m is the quantum 
defect. {Zo takes the values, unity for neutral atoms, two for singly 
ionized atoms, three for doubly ionized atoms, etc.) The differences 
between the term values of all atoms as given by the first formula and 
those of hydrogen-like atoms as given by 


T = 


RZ^ 


(17.3) 


are accounted for by the screening constant cr, whereas in the second 
formula the differences are attributed to the quantum defect ix. We 



Fi(J. 17.2. — Moseley diagram of the isoelec tronic sequenee K I, Ca II, Sc III, . . . The 

slopes are closely 1, a. 


shall now see how both of these formulas apply separately to the doublets 
of an isoelectronic sequence. Transposing R in the first formula [Eq. 
(17.1)] and taking the square root. 



(17.4) 


In Table 17.1 and in Fig. 17.2 the observed term values for the potassium- 
like doublets are given, as is customary in x-rays, in terms of y/ T/R, 
It is observed from the difference columns in Table 17.1 and from 
the Moseley diagram that levels with the same principal quantum 
number (n = 4) run nearly parallel. It is to be noted further that 
the slopes of the curves, as shown by the dotted lines, are in agreement 
with Eq. (17.4), ix., they are very nearly equal to 1/n. If the dotted 
lines are drawn through the zero-zero origin of coordinates, as they 
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should be for hydrogen-like atoms, the ordinate differences between 
them and the plotted points will, when multiplied by n, give (t, the 
screening value of the 18 extranuclear electrons. These screening 


Table 17 . 1 .— Values of \/TfR for the Potassium-like Isoelectronic Sequence 
K I, Ca II, Sc III, Ti IV, . . . ^ 


Term j 

K I 

Dig. 

Ca II 

Diff, 

Sc III 

1 Diff. 

Ti IV 

Diff. 

V V 


0 350 

0 616 

0.865 

0.484 

1 349 

0.4S4 

1.783 

0 407 

2 190 

4t^S 

0 565 

O.S6\9 1 

0.934 

0 326 

1 260 

0.305 

1 565 

0.292 

1 857 

42P 

0.448 

0.363 

0.801 

0.319 

1.120 

0.298 

1.418 

0.288 

1.706 


0 263 

0 334 

0.597 ; 

0 296 

0 893 

0.284 

1.177 

0.279 

1 456 

42P 

0.250 

0.263 

0.502 

0.256 

0 757 

0.267 

1 014 

0.258 

1.272 


» Term values T for a Moseley diagram are always computed with respect to the senes limit as zero. 


constants have been calculated and are given in Table 17.2. Since 
the doublet fine-structure separations of and are small as 

compared with '^D - or separations, they are neglected 

in the figures and in the tables. 


Table 17 . 2 .— Values of the Screening Constant a for the Isoelectronic 
Sequence or Potassium-like Atoms 


Electron 

configuration 

Term 

i 

K I 

Ca II 

Sc III 

! Ti IV 

V V 

Zd 

3"D 

17 95 

17 40 

16 95 

16 65 

16 43 

4s ; 

425 

16 74 

16 26 

15 96 

15 74 

15 58 

4p 

4*F 

17 21 

16 80 

16.52 

16 33 

16 18 

4cf 

4*D 

17.95 

17 61 

17 43 

17 29 

17,18 

4/ 

42 /? 

18 00 

17.99 

17 97 

17.94 

17 91 


In general it is observed, as would be expected from any of the 
atomic models, that the screening by 18 core electrons is not so complete 
for penetrating s and p electrons as it is for the nonpenetrating 4/ elec- 
trons. In the particular sequence chosen it should be noted that after 
K I the states have considerably larger a values (see Fig. 17.2). It 
is this change in the binding of 3d electrons that brings about an inter- 
ruption at potassium in the building up of the elements of the periodic 
table. 

A more general study of the electron-binding energies and the applica- 
tion of the x-ray laws to the alkali-like doublets throughout the periodic 
table is brought out in the Moseley diagram of Fig. 17.3. In this figure 
of five isoelectronic sequences it is observed (1) that levels with the same 
n value are closely parallel, (2) that the slopes of the curves for the first 
sequence are quite accurately 1/n, (3) that the slopes of most curves 
deviate more and more from 1/n in going to heavier and heavier elements, 
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(4) that the curves start at approximately the same value for all 

sequences and toward heavier elements curve slightly upward, (5) 
that the and curves for heavier elements curve downward, 



JPiG. 17.3.— Moseley diagrams of the doublet levels in five periods of the periodic table. 

{AftiT Gibba and White.) 


and (6) that the curves change their slope abruptly between the 
Na and K sequences. 

Although little is known concerning the energy levels of the rare- 
earth elements, it is suspected that the curve in the last sequence 


0 

ioo 

?oo 

3 00 

4 00 

5 00 
600 
700 

aoo 


_f^Series_jg limits , r 



— Atomic number — ► 



Ffd. 17.4. — Energy level diagrams of the potassium-like atoms. A modified Moseley 

diagram. {After White.) 


should have a much steeper slope than that indicated in the figure. 
This seems necessary from the standpoint of the building on of / electrons 
in the 14 rare-earth elements starting with cerium. The figure as it is 
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now shown indicates that a M electron is more tightly bound to the 
triply ionized cerium atom, Ce lY, than is a 4/ electron. A comparison 
of Fig. 17.3 with the x-ray Moseley diagram of Fig. 16.15 brings out a 
number of interesting similarities. 

When values of \^ f~IR are plotted vertically upward as is done on a 
Moseley diagram, the normal state of each atom becomes the highest 
point on the curve. As an energy level diagram the figures are therefore 
inverted. By plotting \/TIR (or -s/T) downward, instead of upward, 
Fig. 17.2 may be transformed into a seouence of energy level diagrams 


KI Cal Scffi TiW VY H 



and a Moseley diagram combined (see Fig. 17.4). The observed transi- 
tions may now be shown in the usual manner by arrows pointing down. 

Let us now turn to the second formula |Eq. (17.2)] derived for pene- 
trating orbits and see how it applies to the energy levels of a typical 
isoelectronic sequence. Transposing, Eq. (17.2) may be written 


T _ R 


(17.5) 


Dividing each term value by and plotting T/ZJ in place of T, the 
energy level diagram of each element will be reduced to about the same 
order of magnitude. Consider, for example, the potassium-like sequence 
of Fig. 17.2 and Table 17.1 as it is replotted in Fig. 17.5. In this new 
figure the hydrogen-like states are represented by horizontal dotted 
lines (/X = 0). The difference between these dotted lines and the plotted 
observed terms now give, indirectly, the quantum defect /x. Values of /x 
are given in Table 17.3. 

■ Whether the differences between observed term values and those 
calculated for hydrogen-like atoms are to be attributed to a screening 
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constant a- [Eq. (17.1)] or a quantum defect m [Eq. (17.2)] depends upon 
the purpose for which these constants are to be used. In identifying 
higher members of a spectral series and in evaluating terms and series 
limits, the second formula is to be preferred. From the theoretical 
standpoint, on the other hand, the first formula is to be preferred in that 


Table 17.3. — Values of the Quantum Defect ju fob the Isoelectronic Sequence 

OF Pf)TASSIUM-LlKE AtOMS 


Electron 

configuration 

Term 

K 1 

Ca 11 1 

Sc III 

Ti IV 

V V. 

3d 

3’/) 

0 143 

0 688 

0 771) 

0.757 

0 717 

4.S- 

42y 

2 230 

1 858 

1 619 

1 444 

1 308 

4p 

4‘T" 

1 769 

1 504 

1 322 

1 179 

1 069 

4d 

4T> 

0 198 

0 ()40 1 

0 637 ! 

0 602 

0 566 

4/ 

4T 

000 

0 OK) 

0 037 

0 055 

0 069 


quantum numbers should take integral values only. Moreover the x-ray 
laws have been used so successfully in the analysis of the spectra of 
highly ionized atoms and in the extension of isoelectronic sequences in 
general that the screening formulas frequently can be used to greater 
advantage. 

17.2. Optical Doublets and the Irregular -doublet Law. — The irregu- 
lar-doublet law, extended from x-ray to iso(‘lectronic sequences in optical 



Fig. 17.6. — Illustrating the irregular-doublet law discovered in optical doublets by Millikan 
and Bowen. The law holds only for transitions where An = 0. 

spectra by Millikan and Bowen, may be stated in terms of the energy 
levels as follows: the difference between the square roots of the term values 
of the levels having the same principal quantum number n is independent oj 
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the atomic number Z. In other words such levels on a Moseley diagram 
run parallel to each other (see Fig. 16.15 and compare it with Figs. 17.2 
and 17.3 for optical doublets). 

As a consequence of the parallelism of any two curves on a Moseley 
diagram, the irregular-doublet law has another and a more useful form. 
In Sec. 16.9 it was shown (see Fig. 16.17) that the term differences 
between two levels having the same n value are linear functions of the 
atomic number Z, While corresponding transitions (An = 0) are not 
observed in x-ray spectra, they are observed in optical spectra. As an 
example of this form of the irregular-doublet law, a plot of the radiated 
frequencies due to the transitions np to ns have been plotted for five 
sequences of alkali-like atoms in Fig. 17.6. Such a graph sho'sws at a 
glance how remarkably exact this law holds in optical spectra. Ihe 
realization of this law furnishes a most reliable and accurate means for 
predicting the frequencies and wave-lengths of unidentified spectrum 
lines in multiply ionized atoms. 

17.3. Optical Doublets and the Regular -doublet Law. — The regular- 
doublet law, extended by Millikan and Bowen to optical doublets, is 
given by the x-ray formula (see Secs. 16.6, 16.7, and 16.8) 




Ra HZ - sY^ 


(17.6) 


where Av represents the fine-structure doublet separations in wave 
numbers, Z the atomic number, n the principal quantum number, 
R the Rydberg constant = 109737 cm~ \ — 5.3 X 10"% and 


i i = i - ^ == I 

ki kz ki fci + 1 ki{ki -f- 1) 


(17.7) 


In this formula ki and /c 2 are Sommerfeld’s quantum numbers, as 
used in x-ray formulas. The value of B fortunately remains the same 
if ki is replaced by the newly assigned quantum number Z, where I = 0, 
1, 2, 3, • • • for s, p, d,f, • • ^ electrons, respectively: 


Av — 


RaHZ - sy 
nH(l + 1) 


cm“ 


1 


(17.8) 


This is the same formula as that derived in Chap. VIII from a different 
treatment [Eq. (8.25)]. From the observed separations in the lithium- 
like sequence of nonpenetrating 2p orbits, screening constants s are 
calculated and given in the last column of Table 17.4. 

Assuming a complete screening by the two core electrons, t.e., s = 2, 
Z - s = 1, 2, 3, 4, 5, and 6 for Li I, Be II, B III, C IV, N V, O VI, the 
separations given in Col. 3 have been calculated. Still better calculated 
values are obtained by first computing values of Z — <7 from the observed 
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term values and Eq. (17.1), and substituting cr for s in Eq. (17.8). The 
values computed in this way are given in Col. 4. 


Table 17.4. — Doublet Separations for Lithium-like Atoms, 


z 

Atom 

A*/ 

(ohs.) 

Av 

(calc.) 

Ai/ 

(calc.) 

Z-a, 
from term 
values 

Z — Sf 
from doublet 
separations 

s 

3 

Li 

I 

0 338 

0 364 

0 395 

1 021 

0 98 

2.02 

4 

Bp 

11 

6 ()1 

5' 82 

6 39 

2 047 

2.06 

1 94 

5 

B 

111 

34 4 

29 4 

32 1 

3.064 

3 12 

1.88 

6 1 

C 

IV 

107 4 

93 0 

100 4 

4 076 

4 14 

1 86 

7 

N 

V 

259 1 

227 4 

243 1 

5 084 

5 16 i 

1 84 

8 

0 

VI 

533 8 

471 0 

500 8 

6 091 

6 18 

1.82 


Table 17.5.- -Screening Constants n. Calculated from the Observed Term 
Valines and L\ndk’s I^’ormula for Penetrating Orbits 
{After Gibbti and IVhite)^ 


Atom 

Aj' ( o 1 ) k . ) 

Z 

Zo 

^0 

z. 



Na 

I 

17 18 

n 

1 

10 

7 66 

3 34 


Mb 

11 

91 55 

12 

2 

10 

9 56 

2 44 


A1 

111 

234 0 

13 

3 

10 

10 91 

2 09 

Third period 

Si 

IV 

461 8 

14 

4 

10 

12 08 

1 92 

32Pj - 3'^Pj 

P 

V 

794 8 

15 

5 

10 

13 15 

1 85 


s 

VI 

1267 1 

16 

6 

10 

14 23 

1 77 


Cl 

\ III 

1SS9 5 

17 

7 

10 

15 29 

1 71 


K 

I 

57 7 

19 

1 

18 

14 85 

4 15 


Ca 

IJ 

222 8 

20 

2 

18 

17 24 

2 76 


Sc 

ill 

474 3 

21 

3 

18 

18 29 

2 71 

Fourth period 

Ti 

IV 

817 5 

22 

4 

18 

18 99 

3 01 

42Pj -* 4*P^ 



1264 7 

23 

5 

18 

19 54 

3 46 


Cr 

VI 

1821 5 

21 

6 

18 

19 98 

4 02 


Mil 

VII 

24(U 7 

25 

7 

18 

20 15 

4 85 


Hi) 

I 

237 6 

37 

1 

36 

31.23 

5 77 


Sr 

II 

801 5 

38 

2 

36 

34 81 

3 19 

Fifth period 

Vt 

III 

1553 7 

39 

3 

36 

36.29 

2 71 

6*Pi - 6*P| 

Zr 

IV 

2484 9 

40 

4 

36 

37 10 

2 90 


Cs 

1 

554 0 

55 

1 

54 

49 55 

5.45 


Ha 

11 

1690 9 

56 

2 

54 

53 88 

2.12 

Sixth period 

La 

111 

3095 7 

57 

3 

54 

55 52 

1.48 

72Pj _ 72pg 

Ce 

IV 

4707 0 

1 

58 

4 

! 

54 

56 05 

1.95 



» OiBBH, R. C., and H E White, Phj/s Rev., 33, 157, 1929. 


A refinement of ICq. (17.6) for penetrating orbits has been given 
by Lande (see Sec. 8.7), in which Z-* is split up into two parts, Zl and Zf 
where Zi - Z — Si, Zo - Z So, and Z is the atomic number. 
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Ap 


nll{l -f 1)' 


(17.9) 


Here Uo is the effective quantum number. Values of Zi and Si have been 
calculated for the first principal doublets of four isoelectronic sequences 
in Table 17.5. 

The large values of Zi indicate very deep penetration of the p orbits. 
Regardless of what physical significance can be attached to these screen- 


Cal 




ScD 

^02 


\6494 64 6 2 6439 .55989186 





Flo. 17.7. — Photographs of triplet multiplets for the isoelectronic sequence Ca I, Sc II, 

Ti III, and V IV. 


ing constants 5,-, Eq. (17.9) serves as an excellent guide in predicting new 
doublet separations for spectra not yet photographed or analyzed. 

17.4. Isoelectronic Sequences of Atoms Containing Two Valence 
Electrons. — In the previous sections of this chapter we have seen how 
the x-ray doublet laws apply to the optical doublets of atoms containing 
one valence electron. In this and the following sections we are con- 
cerned with the extension of these laws to the complex spectra of atoms 
containing a number of valence electrons. As a first step in this direc- 
tion, let us consider the isoelectronic sequence of seinicomplex atoms, 
viz.f neutral calcium (Ca I), singly ionized scandium (Sc II), doubly 
ionized titanium (Ti III), triply ionized vanadium (V IV), etc. In this 
intermediate case each atom contains, in addition to the closed subshells 
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of 18 electrons (Is^ 2s^ 2p^ 3s^ 3p®)> two valence electrons. With two 
electrons in incomplete subshells the energy level diagram of each atom 
is composed of a system of singlet and triplet levels and the spectrum 
of each atom is made up of groups of lines called singlets^ triplets^ and 
triplet multiplcts. 

Photographs of two sets of these triplet multiplets are shown in Fig. 
17.7 for the first four elements of the calcium-like sequence. A schematic 
representation of the triplet terms and intervals is given below each 
photograph. Upper states are shown on the left and lower states on the 
right. 



Fig. 1 7.S - Modified Moseley diagram of the isoeleetronic sequeneo Ca I, Sc II, Ti III, . . . 

A modified Moseley diagram of the type constructed in Fig. 17.4 
for the alkali-like atoms may also be constructed for the calcium-like 
sequence. To illustrate, term values of the first six elements, calcium 
to manganese, are plotted in Fig. 17.8. Due to the many terms arising 
from the four configurations shown, 3d^, 3d4s, 3d4p, and 3d4d, only the 
lowest and the highest terms for each configuration are drawn. Plotted 
in this way all allowed terms (listed at the right in the figure) fall within 
the upper and lower limits of each rectangle. Grouped as they are, 
smooth curves can be drawn through the levels of corresponding con- 
figurations. It is observed that configurations for which the total 
quantum numbers of the electrons are the same run nearly parallel to 
one another. This is the irregular-doublet law in complex spectra. 

A comparison of Fig. 17.8 and Fig. 17.4 indicates that the irregular- 
doublet law, as applied to radiated frequencies in Fig. 17.7, will also apply 
to two electron spectra. Briefly the irregular-doublet law in this, its 
most useful form, means that, in any transition involving no change in 
the principal quantum numbers of the electrons, the radiated frequencies 
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in going from one element to the next are displaced to higher and higher 
frequencies by very nearly equal frequency intervals. In the calcium-like 
sequence, two such sets of frequencies have been observed, first the set 
of lines arising from the electron transition ZdAd to 3rf4p and second the 
set of lines arising from the transition 3d4p to 3cf4s.^ The allowed terms 
for these transitions are as follows: 


Initial even states 

IS 'P 

If 

W Hd 

md 

Final odd states | 
Initial odd states? 

ipo ijy 

\po 

apo apo 3po 

Sdip 

Final even states 




3d4s 


Examples of the linear progression of v with Z are given in Table 17.6 
for the line as representative of the upper set of transitions and 

for the lines and 'D 2 — as representative of the second set 

of transitions. 


Table 17.6. — The Irregular-doublet Law Applied to Sinolets and Triplets 


Element 

3d4p - 

- 3d4d 

3d4s - 

- 3d4p 

3d4.s* - 

- Uip 


Diff. 

’Da - 

i 

IDs- 

Diff. 


Ca 1 

(13974) 

(18640) 

16626 

1MS7 

13986 

0521^ 

Sc II 

32614 

187CK) 

27663 

12070 

23540 

imf) i 

Ti III 

51314 

1878^ ! 

39733 

11828 

33404 

10578 

V IV 

70096 

18m 

51571 

11723 

44072 

10805 

Cr V 

88998 


63304 


54937 



None of the terms arising from the electron configuration 3d4d has 
as yet been determined for Ca I; however, an extrapolation by means 
of the second and third columns of Table 17.6 locates the — '*6'., 
transition not far from 13974 wave numbers. 

The almost linear displacement of frequency with atomic number, 
for all lines due to the transition 3d4p to 3d4s, is shown graphically 
in Fig. 17.9. The frequency scale for each element starts 11000 wave 
numbers higher than the preceding element. This type of diagram 
shows not only the successive displacement of each singlet and triplet 
group of lines toward the violet by about 11000 cm“^ but also magnifies 

^ The many spectrum lines arising from the transition ^tWl to 3</4p are 
shown schematically in Fig. 12 4 fjr singly ionized scandium (So ID. 
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many times the variations in this displacement for each individual 
spectrum line. 

Similar studies of other two-electron isoelectronic sequences show 
that the irregular-doublet law may always be expected to hold. In 
every sequence investigated the results may be summarized as follows: 
(1) Curves on a Moseley diagram are smooth and almost straight. (2) 
Curves on a Moseley diagram having the same principal quantum num- 
bers in the electrons run nearly parallel to each other. (3) Radiated 
fre(iuenc*ies arising from transitions involving no change in n increase 
almost linearly wit h the atomic number Z. 





Fkx. 1 7.9.- -IIlustratiiiK the irregular-doublet law for triplet multiplets arising from 
the eoiirigiiration rransitions 3(Ms — 3(/4p. The almost linear displaoement of frequency 
with atornie number holds only for An ~ 0. {After WhUe.) 


A number of interesting relations may be brought out by an extension 
of the regular-doublet law to complex spectra. Since these relations 
are seldom employed in the analysis of new spectra the regular-doublet 
law will not be treated here. 

17.6. Isoelectronic Sequences Containing Three or More Valence 
Electrons.^ — An extension of the x-ray doublet laws from the optical 
spectra of one and two valence-electron atoms to systems containing 
three or more valence electrons is now but an easy step. Consider, 
for example, the isoelectronic sequence starting with neutral scandium, 
Z = 21. Each atom in this sequence Sc I, Ti II, V III, Cr IV, Mn 
V, . . . contains, in addition to the closed subshells of 18 electrons 

* Gibbs, R. C., and H. E. White, Phys. RaK, 29 , 655, 1927; White, H. E., Phys. 
Rev., 33, 672, 1929; 33, 914, 1929. 
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(ls 2 2s^ 35* 3p®), three valence electrons. As seen by the energy level 

diagram of neutral scandium in the lower part of Fig. 14.8, each atom 
in this sequence will give rise to complex systems of doublet and quartet 
levels. 

Along with this group of elements we may also consider the iso- 
electronic sequence starting with neutral titanium, Z = 22. Each atom 
in this second sequence Ti I, V II, Cr III, MnlV, Fe V, . , . contains, 
in addition to the same closed subshells of 18 electrons, four valence 



Fig. 17 . 10 . — Modified Moseley diagram for doublets, triplets, quartets, and quintets 
in the first long period. (After White.) 

electrons. As seen by the energy level diagram of neutral titanium 
in Fig. 14.10, each atom in this sequence will give rise to complex systems 
of singlet, triplet, and quintet levels. 

The main features of the energy level diagram of each element 
in both of these sequences being known, Moseley diagrams of the type 
shown in Figs. 17.4 and 17.8 may be constructed. For this construction 
four of the lowest and most prominent electron configurations in each 
element have been selected: 

3d», 3d*45, Sd^Ap, SdHd for Sc I, Ti II, . . . . 

3d^ 3d»4s, 3dHp, SdHd for Ti I, V II, . . . . 

Since each configuration gives rise to many levels, the deepest l3ring 
level is chosen as representative of that configuration on the diagrams. 
In accord with Hund's rule, these are the levels of largest S and L 
‘values shown schematically in Fig. 17.10. The corresponding terms 
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of the one- and two-electron sequences of Figs. 17.4 and 17.8 are also 
given for comparison. It should be mentioned that if all possible 
levels for each configuration are known, the center of gravity of the 
configuration can be plotted in place of the lowest term. (Each level 
is assigned its quantum weight 2J + 1.) In cases where the terms are 
all known, the resultant diagrams are so little different from the type 
here shown that the essential features of the diagram as a whole remain 



\ 2405 2394 2385 2372 X 2355 2355 2332 2531 



Fig. 17.1 1.™ Pholograplis of (juartet multiplotH for the isoelectronio setfucnce Sc 1, Ti II, 

and V III. 


unchanged. For most purposes, one is interested in the deepest lying 
term of a configuration as that represents the most stable state of the 
atom in that electron configuration. 

Photographs of two strong quartet multiplets, and ^F — 

arising from the electron transition MHp to SdHs in Sc I, Ti II, and 

V III are shown in Fig. 17.11. Similar photographs of a quintet multiplet 
^F — arising from the electron transition ZdHp to ZdHs in Ti I, 

V II, and Cr III are shown in Fig. 17.12. The initial and final states 
and their intervals are represented schematically below each photograph. 
Considering that these multiplets arise from different elements, they 
show by their similarity the remarkable likeness of different atomic 
systems, one with the other. 

17.6. The Irregular-doublet Law in Complex Spectra. — A preliminary 
study of the modified Moseley diagrams in Fig. 17.10 shows that the 
curves for the configurations Sd^~Hpj and Sd^^Hd run nearly 

parallel to one another. This is the irregular-doublet law in complex 
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spectra. In contrast with this law, it is to be noted that the configura- 
tions 3 d” cut down across the others and become the lowest levels in 
the third and succeeding elements.^ As a consequence of the parallelism 
of certain curves on the Moseley diagram it was shown in Secs. 17.2 
and 17.4 that the related spectral frequencies increase linearly with the 



Fig. 17.12. — Photographs of quintet multiplets for the isoeleotronic sequence Ti I V II 

and Cr III. 


atomic number Z. The same lesult is found to apply to complex spectra. 
Consider, for example, the electron transition ZdHy to in the 

scandium sequence Sc I, Ti II, V III, .... The terms arising from 
these configurations are 

Init ial odd states 2^ 2p 2jj 2p 2p 2p 2j^ 2jr 2 q 2^ 2q 2jj 

MHp 

3f/H6 ‘^F 2p 2Q 

Final wen states 

Of the many allowed transitions between these levels, the strongest 
doublets and quartets will arise from the terms in heavy type. The 
doublet ternis ^ 0 ®, combining with give rise to a strong 

* The number n here refers to the number of valence electrons. 
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triad of doublets and the terms, combining with give 

rise to a strong triad of quartet multiplets. These two triads have been 



Fig, 17.13. — IllustrafinK the irregular-douhlet law for quartet multiplets arisiiiR 
from the transition.s in the isoeleetronir seiiiienee Se I, Ti II, V III, . . . 



Fu;. 17.14. — Show'ing the contrast between the irregular-doublet law (6) and (r), wliere 
An = 0, and the transitions (a) where An = 1. 


identified and plotted to frequency scales in Fig, 17.13, It is to be noted 
that each scale starts 12000 wave numbers farther along than that 
of the preceding element. In this way the successive displacement of 
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many lines toward the violet by almost equal frequency intervals is 
brought out most ejffectively. If any one particular line in this figure 
is plotted as a function of Z, the resultant curve, as in the case of the 
doublets in Fig. 17.6, is practically a straight line. Such curves are 
shown in Fig. 17.14 for a number of strong characteristic lines belonging 
to each of the four sequences starting with neutral potassium, calcium, 
scandium, and titanium. For transitions involving a change in the 
principal quantum number of one of the electrons, f.c., to 3g?”, 

the curves are by no means linear but curve rapidly upward for the first 
three or four elements and then begin to straighten out. 



Fia. 17.15.- Modified Moseley diagram and the irregular-doublet law extended to the 
energy levels and radiated frequencies of the same element, vanadium, in different stages 
of ionization. {After White.) 

17.7. Eaergy Relations for the Same Atom in Different Stages of 
Ionization.— A further study of the modified Moseley diagram in Fig. 
17.10 shows that smooth curves can be drawn through corresponding 
states of the same atom in different stages of ionization. Consider, 
for example, singly ionized vanadium (V II), doubly ionized vanadium 
(V III), triply ionized vanadium (V IV), etc. The points for these 
atomic systems when replotted as shown at the left in Fig. 17.15 reveal a 
diagram similar to Fig. 17.10 for an isoelcctronic sequence. With the 
discovery that certain curves in this figure run nearly parallel to each 
other, we now postulate that certain groups of spectrum lines arising 
from the same atom in successive stages of ionization are displaced to 
higher and higher frequencies by approximately equal frequency intervals. 
This is verified experimentally by the plot of two different electron 
transitions shown at the right in Fig. 17.15. Just as in the case of 
isoelectronic sequences these nearly straight curves involve transitions 
for which the total quantum numbers of the electrons do not change. 
The third set of transitions shown in the figure involve combinations 
for which the quantum number n of one of the electrons changes. In 
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constructing Fig. 17.15 there are many terms and spectrum lines from 
which to choose. From any one given electron configuration, for 
example, there may be as many as lOQ theoretically possible levels. 
Since all possible levels in complex spectra are seldom observed, the 
deepest lying term is conveniently chosen as representative of that 
configuration. This is quite general practice in predicting new terms 
and in making an analysis of a new spectrum. 



Fig. 17.16, — A. Ultra-violet spectrum of vanadium. Furnace spectra at (a) 2000* Abs., 
(6) 2300® Abs., (c) 2600® Abs. (W) Arc spectra, (c) Spark spectra. (After King.) B, 
Vanadium spectrum from a condensed spark discharge. (After White,) 

A small section of the visible spectrum of vanadium is reproduced 
in Fig. 17. 16 A . This set of five spectrograms, assembled by King,^ shows 
how lines and multiplets arising from transitions between low levels 
or between relatively high levels may be distinguished from each other 
as well as from lines arising from ionized atoms. At very low tempera- 
tures only the low-level lines of the neutral atom V I appear. As the 
temperature increases, the low-level lines of the ionized spectrum appear, 
first very weak, then stronger in the arc, reaching a maximum in the 
spark. Figure 17.1615 is another section of the vanadium spectrum 
taken with a high-voltage spark mounted parallel to the slit of a stig- 
matic spectrograph. From such a spectrogram lines arising from 
different stages of ionization are distinguished by the region of the spark 
from which they appear to come. Lines from the neutral and singly 
ionized atoms V I and V II appear with nearly the same intensity at 

^ Kinq» a. S., Astrophys, 60, 282, 1924. 
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all points along the spark. Lines from higher stages of ionization, V III 
and V IV, appear strong at the electrodes and very weak, if at all, in the 
middle. These are but a few of the criteria that are often employed 
in the unraveling of an unanalyzed spectrum. 

17.8. Centroid Diagrams. — The centroid diagram, introduced into 
atomic spectra by !Mack, Laporte, and Lang,^ i* often drawn for the 
purpose of showing just how the energy levels of a given electron con- 
figuration change in going from one element to the next. As illustrations 



sequence Pd I, Ag II. Cd III, la IV. and Sn V. {After J. E. Mack.) 


of this, two centroid diagrams for the levels arising from the electron 
configurations 4d®5s and 4d®5p in the sequence Pd I, Ag II, Cd III, 
In IV, and Sn V are given, following Mack,^ in Fig. 17.17. Term 
separations are plotted vertically against atomic number Z horizontally. 
The straight horizontal line serves as an origin and represents the center 
of gravity of each system of levels, each level being assigned the usual 
weight 2J + 1. Since the intervals increase rapidly from element 
to element the 4(i*5s, ^Di ~ interval is made the same for all elements, 
and all levels of the same element are plotted to that scale. Since the 
observed intervals show that the coupling is somewhere between L/S- 
and jj-coupling (see Fig. 14.20), the terms are given L^-coupling designa- 
tions on the left and jj-coupling designations on the right. 

1 Mack, J. E., O. Laporte, and R. J. Lang, Phys. Rev., 31, 748, 1928, 

2 Mack J. E., Phys. Rev.^ 34, 17, 1929. 
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From the Zeeman effect of various levels in the Pd I and Ag II 
spectra, as well as from the relative trends of the different levels across 
the aiagram, one finds that the coupling is becoming more nearly of the 
jj type with increasing Z. For good L<S-coupling the singlets should he 
far above the triplets, and the triplets should follow the interval rule. 
For good jj-vou\)\in^ the terms should form two groups for t*lu‘ first 
diagram, and four groups for the second diagram, around the i)oints 
shown at the right. These points may be obtained from the spectra 
of the on(*e more ionized atoms of these same elements, as well as those 
in the next low (a- state of ionization, v\here one can measure directly 
the interaction energy of and 5/;, as given by the doublet intervals 
and 

Similar diagrams constructed ff)r the corresponding secpiences of 
atoms in the first and third long periods of the periodic table show the 
same type of trends as are shown in Fig. 17.16. A comparison of the 
three periods shows that more nearly ./^-coupling arises in the heavier 
elements Pt T, An II, Ilg III, etc., whereas more nearly L*S-coupIing 
arises in the lighter elements Ni I, Cu II, Zn III, etc. ^see Fig. 14 20). 



CHAPTER XVIII 
HYPERFINE STRUCTURE 


18.1. Introduction. — It is indeed difficult to say just when, where, 
and by whom hyperfine structure was first observed. For want of a 
more exact starting point we may begin with Michelson,^ Fabry and 
Perot, 2 and Lummer and Gehrcke,® who constructed and employed 
various types of interferometers and successfully showed that many 



Fig, 18.1. —Photographs of hyperfine structure typical of many of the lines in praseo- 
dymium, reproduced from original negatives taken in the fourth order of the 76-ft. spectro- 
graph on Mt. Wilson. {After White.) 

spectrum lines are not single but made up of a number of components. 
In 1909 Janicki^ published an extensive account of his observations 
and discovery of hyperfine structure in the spectrum lines of a large 
number of elements. This structure was later verified in detail by 
Wali-Mohammed.® As an example of the appearance of hyperfine- 
structure patterns, photographs of a number of lines arising from the 
rare-earth element praseodymium are reproduced in Fig. 18.1. These 

1 Michelson, a. a., Phil Mag., 81, 338, 1891. 

* Fabry, C., and A. Perot, Ann, de chim. et phys. (7), 12, 469, 1897. 

* LtJMMER, 0., and E. Gehrcke, Ann. d. Phys., 10, 467, 1903. 

Uanicki, L., Ann. d. Phys., 29, 833, 1909. 

‘ Wau-Mohammed, Ch., Astrophys, Jour., 89, 186, 1914. 
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photograms represent one of the most commonly observed forms of 
hyperfine structure, known as flag patterns^ in which each line contains 
several components degrading in intensity and interval toward longer 
or shorter wave-lengths. The photographs are not to be interpreted 
to mean that all the lines of a given element are of the same flag-pattern 
type nor that each pattern contains the same number of components. 
On the contrary many line patterns in a gi\'en element are quite different 
from one another, both in spacing and in the number of components. 

In terms of energy level diagrams hyperfine structure in a spectrum 
line is interpreted to mean that either the initial state, the final state, 
or both the initial and final states of the atom are not single but contain 
a definite structure. Early in the development of this field of investiga- 
tion it was believed that each observed component of a pattern belonged 
to a different isotope of the same chemical element. Just as soon as 
hyperfine structure (hereafter to be abbreviated hfs) was discovered in 


Hyperfine- Structure Tointoilunn A 5997 



Isotope - Structure Tungsten \SZZB 


Flo. 18*2. — Photographs illustrating (a) hyperfine structure of a Hpeetruni line us 
observed in tantalum, and (h) isotope itructuro as observed in tungsten. (After Groce, 
More, MacMillan, and White.) 

elements known to have but one isotope this hypothesis was abandoned, 
as is always done in science, fur a newer and better theory. 

Apparently the first suggestion that hfs is to be attributed to a small 
magnetic moment associated with the nucleus was made by Pauli,' and 
later, but independently, by Russell,^ Experimentalists were not long 
in showing that this hypothesis, in most cases, is apparently correct. 
Since the time that this theory was accepted generally, an isotope effect 
has been observed in some spectra so that now there are two types of hfs 
to be distinguished from each other. First, there is a /i/s due to a nuclear 
magnetic and mechanical moment and, second, a hfs due to the different 
isotopes of the same chemical element. The first of these will be referred 
to as hfs and the second as isotope structure. In some elements hfs 
alone is observed, in others isotope structure alone is observed, and in 
still others both are observed, 

‘ Pauu, W., Nalurimsenschofien^ 13 , 741, 1924. The suggestion that hfs is duo 
probably to a spinning proton was suggested by H. N. Russell to W. F. Meggers and 
K. Bums, Jour, Opt, Soc, Amer,, 14 , 449, 1927, 
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Photographs of two spectrum lines are reproduced in Fig. 18.2. 
The tantulum line illustrates hfs of the flag-pattern type with eight 
components due to a large nuclear moment, and the tungsten line illus- 
trates isotope structure due to the three even isotopes of tungsten. 
Taken with Fabry- Perot etalons these pictures differ from direct photo- 
graphs of the type given in Fig. 18.1 in that each pattern is repeated 
several times for each line. Although there is yet much to be learned 
from an experimental and a theorelical standpoint, considerable progress 
has been made in the analysis and interpretation of We shall start 

therefore by giving the simple treatments of the subj(*ct, comparing as 
we go the pj*edicted results with observation. 

18.2. Hyperfine Structure and the Lande Interval Rule. — The \’ery 
excellent experimental observations by Back, of the hfs in the spectrum 
lines of bismuth, and its beautiful interpretation by Goudsmit,^ revealed 


Fk; 




18.3. “-Orl>ital and vortor models iliustratinn the ecmplin^r of a tnieloar moment 7* 
with an electron moment j* to form a resultant F.* 


for the first time that a new quantum vector should be added to the 
atom mod(‘l, and that the Lande inter\al rule for fine structure also 
applies to hfs. The model proposed is essentially the one shown in 
Fig. 18.3, w here the quantum vector j* of one electron, or J* representing 
the total mechanical moment of all the extranuclear electrons, is coupled 
with the quantum vector /*, repre.senting the total mechanical moment 
of the nucleus (I*h/2T) to form a resultant F*. It is this resultant F* 
that now represents F*h /27r, the total mechanical moment of the atom, 
in place of J* as previously stated. 

Goudsmit and Back have showm that just as the interaction energy 
between L* and aS* is proportional to the cosine of the angle betw^een 
them [see (lOq. 8.18)], so the interaction energy between the nuclear 
moment /* and the electron moment J* is given by 

r,. = cos (/V*), (18.1) 

1 Goudsmit, S., and E. Back, Znts.f 43 , 321, 1927; 47 , 174, 1928 . 
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where A'I*J* is constant for each given fine-structure level and 
yl' is a measure of the strength of coupling between I* and J *. Just 
as in fine structure the starred quantities are given by 

j* = V7(;r+T), I* = V/(fTlT, F* = v^Tl), (18.2} 

where I takes one value only and is half or whole integral valued, and 
F takes values differing from each other by unity from the value T ~ J 
to / + J when 1 ^ J, and from J — 7 to J + / when J I . The cosine 
term in Eq. (18.1) is evaluated by the use of Fig. 18.3 in exactly the same 
fashion as the cosine in 7^S-coupling for fine structure (see Sec. 12. G) and 
gives 

F/. - - J*“). CIS.3) 

This is the interval rule for hfs energy levels. 



Fni. IS 4.- V<‘('l()r diafiram illustratiuK Kriiphioally the interval rule for hyperfine struc- 
ture. Specific example of a "D\ level, where / is taken as K, 

As an exarn 7 )le of the application of Plq. (18.3), consider the ()p\ 
-D: term in the bismuth atom where J is I and the observed value of 
I is I- The allowed values of F are 2, 3, 4, o, 6, and 7, for which the 
F/. values are -h'A', -jA', +VA', and +V'A'. A 

graphical repre.sentation of this splitting is shown in Fig. 18.4. Drawn 
to scale, the projection of J* on I* gives J* cos (J*/*), which is pro- 
portional to IT. The differences between levels are seen to be 3A', 
4A', 5A', 6A', and 7A' values proi)ortional to the larger of the F values. 
This result may be derived in general by substituting first F + 1, then F , 
in Eq. (18.3) and taking the difference. Carried out, this gi\ es 

AF = A'(F-1- 1). 


(18.4) 
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The observed intervals in the “Di term of bismuth are 

^V - 0.563, 0.491, 0.385, 0.312, and 0.256 cm-*^ 
with ratios closely 7 : 6 : 5 :4 : 3. 

With each fine-structure term composed of several hfs terms, some 
means of identification or designation is desired to distinguish between 
the latter. Since the / value of a given atom is the same for all terms in 
all states of ionization, it is suggested that the new quantum number F 
be given by a small subscript to the left of the term type as shown in 
Fig. 18.4. The complete designation of the top term in the figure would 
therefore be in L/8-coupling and ji-(*^5upling. 

Leaving off the electron configuration, a hfs line would be designated for 
example by IP^ — p? in L>8-coupling and by 7(il?)s in 

jfj-coupling. The importance of this subscript lies in the fact that F 
repi csents the total angular momentum of the atom. 

In the analysis of many spectrum lines the hfs of some levels is found 
to be normal, i.e., smallest F value deepest, while in others it is inverted, 
i.e., largest F value deepest. In the first instance the coupling constant 
A' of Eq. (18.3) is 'positive and in the second instance negative. The ques- 
tion of how both positive and negative values of A' arise from the same 
element and often in the same multiple term will be taken up in the 
following sections. 

As an example of normal and inverted hfs a schematic diagram of 
the bismuth line X4722 is shown at the left in Fig. 18.5. The observed 
pattern of lines arising from transitions between the two sets of levels 
is shown below. The selection rules for F in hfs are just the same as 
those for J in fine structure, mz., 

AF-0, ±1. (18.5) 

Because of the ideal coupling between I and J in nearly all hfs, 
the intensity rules and formulas derived for L<S-coupling, and given 
in Eqs. (12.31) and (12.32), may be applied to hfs by replacing the 
electron-spin resultant S by the nuclear spin I, the orbital resultant 
L by the electron resultant /, and the electron resultant J by the atom 
resultant FA 

With a nuclear spin / = f and a J value of J, the initial state in Fig. 
18.5 is split into two levels F = 4 and 5, Again with / = f and J == f the 
final state is split into four levels F = 3, 4, 5, and 6. [The fine structure 
in Bi does not show L/S-coupling but very good jj-coupling (see Fig. 14.21). 
The transition 7s to 6p with J changing from ^ to | is an allowed transi- 
tion.] The observed line intensities are shown at the bottom of the 

^ For a derivation of hfs intensity rules see E. L. Hill, Proc, Nat. Acad. Sci., 

779, 1929. Intensity tables are given in the Appendix. 
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figure by means of the microphotometer curve, for comparison with the 
calculated intensities given just above. 

The second hfs pattern in Fig. 18.5 is drawn for one of the two reson- 
ance lines of manganese, an intercombination line, X5394. With an 
I value of I, each level J == | and | is split into six components as shown. 
Applying the relative intensity formulas to Ihe allowed transitions, the 
theoretical pattern shown near the bottom is obtained. For want of 
greater resolving power this very narrow pattern is only partially resolved 
as shown by the microphotometer curve at the bottom of the figure. 

In making an analysis of the /j/.s* of an uncharted spectrum, patterns 
such as we have shown here are all one has to work with. Where all 


Fkj 




Bismuth A 4722 


I-Va 



3cl^4s4p 

8p 



is ij SfhcMiKitip cliaKranis of fhe hfs iovcls and pai terns of (a) X4722 in bismuth 
{nftn Hark and (loudsm'it), and {h) X5304 in maiiKaiiese {aftrr Wfiitt' and Ritschl) 


components are completely resolved, as is easily accomplished in a simple 
and wide pattern like Bi, etiual fretpiency differences enable one to 
construct hfs energy levels for the initial and final states. If there 
are more than two levels, the interval rule may be applied and the F 
values written down from the interval ratios. Knowing the J values 
from the fine-strutdure analysis, the nuclear spin I is obtained directly. 
These are often the steps taken in the determination of the nuclear 
spin /. 

It should be noted that, if / ^ J, the level will be broken up into 
2/ + 1 hfs levels, whereas, if J ^ /, the level will be broken up into 
2/ + 1 hfs levels. This rule shows that, if the J values of a line arc 
known to be large, the nuclear spin may be determined directly from the 
number of lines or levels and in some cases from an incompletely resolved 
pattern. A good example of this is to be found in praseodymium (see 
Fig. 18.1) where all lines that have been resolved as shown are flag 
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patterns with six components. This can be ^interpreted to mean only 
that for Pr, I = 

18.3. Nuclear Interaction with One Valence Electron. — Calculations 
of the interaction energy between a single arbitrary electron and a 
nucleus with a mechanical and magnetic moment have been made by 
Fermi/ Casimir/ Hargreaves,*"* Breit/ and Goudsmit.^ The treatment 
to be given here is essentially the semiclassical treatment given by 
Goudsmit which leads, with suitable modifications, to the quantum- 
mechanical results obtained by the others. It should be pointed out at 
the outset that the treatment does not apply to the special case of an 
s electron. Suitable changes, however, will make the results applicable 
even hcr(‘. 

The interaction of a single electron with the nucleus (see Fig. 18.3) 
may be divided into two parts: (1) the interaction of the orbital motion 
with the nuclear moment /*, and (2) the interaction of the electron spin .s* 
with I*. Applying classical electromagnetic theory, as has been done 
in Sec. 8.6 for the spin-orbit interaction, the electric field at the nucleus 
due to the electron at a distance r is given by 



Similarly the magnetic field at the nucleus due to the orbital motion 
of the electron is 

H - 

c 

Substituting Bohr's relation for the angular momentum 
2'KV\r X V = 

the magnetic field becomes 

« - 

where m and e are the mass and charge on the electron, and r is the 
electron-nuclear distance. Since r is not constant in any orbit, either 
on the classical theory or on the quantum mechanics, (1/r®) must be 
averaged. Now the nucleus with a mechanical moment / *///27r and a 
magnetic moment m/ tends to c^arry out a Larmor precession around this 
field with an angular velocity wz, given (see Secs. 3.7 and 8.6) by the 

» Fermi, E., Zeits. /. Phys., 60, 320, 1930. 

* H. B. G. Casimir, quoted in L. Pauling and 8. A. Goudsmit, “The Structure of 
Line Spectra," p. 208. 

3 Hargreaves, J., Proc, Roy. Soc., A, 127, 141, 1930. 

^ Breit, G., Phys. Rev., 87, 61, 1931. 

* Goudsmit, S. A., Phys. Rev., 87, 663, 1931; see also Pauling, L., and S. A 
Goudsmit, “The Structure of Line Spectra," p. 204. 
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product of the field strength H and the ratio between the magnetic and 
the mechanical moment. For this latter ratio we write 


^'2mc 

2tc 


(18.7) 


where c/2mc is the classical ratio and gj is an unknown factor called the 
nuclear g factor. If the nuclear moment were due to a proton in an orbit, 
gi would be expected to be gVs orbital electron. If it is due 

to a spinning proton, gj should be b(‘twe(ui 4-2 and 7 times this.^ 

The processional angular velocity becomes therefore 


col = gir.—., T, 

2m-C'‘ 27r 


(18.8) 


The interaction energy is now given by the product of and the 
projection of the nuclear mechani(*al monuuit T*h/2Tr on 


11 i.i ~ Qk 


[V//1 


2)irc'- 27r\j 




r*^vi>s '(1*1*). 

Ztt 


(18.9) 


Since I* processes around j*, and j* and I* in turn precess around 
their resultant F*, the above cosine must be averaged. Since the 
first precession is very much more rapid than the latter, we may, in tlie 
usual manner, project P on /*, then j* on I* and get for the average 
cosine, 

cos (/*/*) - cos {I*p) cos (18.10) 

Substituting in Eq. (18.9) this gives 


Since both of these angles are fixed, the cosines are readily evaluated in 
terms of the quantum vectors s*, I*, j*, 7*, and F*. This will be done 
after we obtain the interaction energy for the electron spin 5* and the 
nuclear spin 7*. 

According to classical electromagnetic theory the mutual energy 
of two magnetic dipoles with moments ju/ and /i.s, and at a distance r apart, 
is equal to 


Wj,s = ^^{cos (i4i|*s) — 3 cos (ii/r) cos (ii«r)l. (18.12) 


^ Recent Stem-Gerlach and Breit-Rabi experiments with hydrogen have shown 
that the nuclear magnetic moment of hydrogen lies between 21 and 3^ nuclear 
magnetons; one nuclear magneton being defined as eh/^irMcj where M is the mass 
of the proton. Because the magnetic moment of a proton appears to be considerably 
larger than one nuclear magneton the term proton magneton frequenlly used for this 
same unit of magnetic moment is misleading. 
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The nuclear magnetic moment m/ is given by Eq. (18.7), and the 
magnetic moment of the spinning electron by 





(18.13) 


The mean value of the term in braces, Involving the electron-nuclear 
distance r, is readily shown by the use of direction cosines to be^ 

— \ cos (/*j*)jcos (j*s*) — 3 cos cos (s*Z*)). (18.14) 

Inserting these results in Eq. (18.12), 




(/V*)|r()M (>*«*) 


-3 cos (j*l*) ('(.s (.s-*/*)). (18.15) 

Adding the two inleraction energies [E(js. (18.11) and (18.15)], the total 
inieraction for spin and orbit becomes 

r,. = W,,i + Wj., = a'T*j* cos = WiF*^ - - J*^), (18.16) 

where the coefficient «' is gi\'en by 


a' = gi 


c 2/!2 

8ir^mV’“\r-y 


\J* 


cos 


HT) + 


'•‘>s (•'■V*) 

(s*Z*)|. 


(18.17) 


Upon substituting the quantum-mechanical value of (l/r*^) (see 
Secs. 4.9 and 8.6), 

, Rhca^Z^ f I 

" ^Vf(f + ^)(r+ i)i / 

For a given spectral term, i.e.j given s, Z, and /, a' is a constant. 

Ferrni, Hargreaves, and Breit have shown from a quantum-mechanical 
treatment, and Goudsmit has shown from the classical theory of energy 
sumsy that the terms in the braces of Eq. (18.17) are to be replaced by 
Z*Vi*^- This changes the a' coefficient of Eq. (18.18) to 


“ + ^)j(j + 1)' 

Dividing by he to obtain a' in cm~^ : 


a = gi 




n^{l + + 1 ) 


(18.19) 

(18.20) 


According to Eq. (18.7), the nuclear g factor is given by the ratio 
between the nuclear magnetic moment in Bohr magnetons, ehlAnmCy and 
the mechanical moment in units of Zi/27r. If gi is to be expressed in 
1 See Pauling, L., and S. A. Goudsmit, **The Structure of Line Spectra,*' p. 206. 
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nuclear magnetons (ehjATrMc)^ where M is the mass of a proton, Qi in 
Kq. (18.20) must be divided by 1838, the ratio of the mass of the proton 
to the mass of the electron. The result is 


, _ Qi 

1838 n-Hi + + 1) 




(18.21) 


This a' is the A' of Eqs. (18.1) and (18.3) for hydrogen-like atoms. If 
Oi is positive, a' is positive and the hfs terms will be narniaL If gj is 
negative, a' is negative and the hfs terms will be inverted. If the nuclear 
magnetic moment is due to a spinning proton, the gj factor would be 
expected to be b(‘twcen 4^ and 7.' 

As already pointed out, the above equations have been derived 
for hydrogen-like att)ms. Since hfs has not been observed in these 
simplest of atomic systems w^e must look to the more complex spectra 
and the heavier elements for a comparison of theory with experiment. 

18.4. Nuclear Interaction with a Penetrating Electron. — In a classical 
treatment of fine structure Lande showed, by the use of an idealized 
inochd, that Z^ in the result jint ecpiation should be replaced by ZJ times 
Zl. The alkali doublet separations, for example, are given by Ecj. (8.32), 


Av 


+ 1 ) 


(18.22) 


wdiere Z, is the effective nuclear charge inside the core of closed electron 
shells, and Zo the effective nuclear charge outside. By analogy with 
this eejuation and its derivation, Z^ in Eq. (18.21) is broken up into 
two parts so that the interaction energy of a single valence electron, 
screened from the nucleus by a shell of electrons, is given by [see Eq. (18.3)] 

IV = (18.23) 

where Ra^Z.Z^„ . ^4) 


a' = — . 

1838 


nl{l + DJU 4- 1) 


^ In any experiment performed fur the purpose of determining the magnetic and 
mechanical moments of the nucleus, fn and I*hf2Tr are so orienU^d with the field, as 
in the Zeeman effect, that what one measures is the component of m along the field H. 
From the experimental value of this component the moments tn and I*h/2T are calcu- 
lated from theory. In Frisch, Stern, and Estermanii’s experiments on the hydrogen 
molecule a magnetic moment of approximately 2^ ± 10 per cent nuclear magnetons 
has been measured for the proton. By a <hfferent method Rabi, Kellogg, and 
Zacharias find a value of 31 ±10 per cent nuclear magnetons. The agreement 
between these two values must be regarded as more important than their difference. 
Dividing by / == J gives a value of gi from 4^ to 7 fc'r the proton. This comes from 

Eq. (18.7), for, if the ratio gives the gi factor, then the ratio of their com- 

ponents along any line will also give the same ratio. 

See Frisch, R., and O. Stern, Zeits, f. Phys., 86, 4, 1933; Estermann, I., and 
0. Stern, Zeiis, f. Phys.f 86, 16, 1933. Rabi, 1, I., J. M. B. Kellogg, and J. K. 
ZXcH ARIAS, Phys. Rev.^ 46 , 157, 1934. 
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The latter equation is somewhat simplified by substituting the 
observed fine-structure doublet separation [Eq. (18.22)]. This gives 


Qr Aul(l -f 1) 
1838 ‘ Z.d + -Tl) 


(18.25) 


A graphical comparison of this equation with the observed hfs of 
the levels in doubly ionized thallium is made in Fig. 18.6. The 

calculated hfs separations are shown in Fig. 18.6.^, the observed separa- 
tions in Fig. 18.6/>. The relative intervals are not in good agreement. 
It should be noted that, since gi for the T1 nucleus is unknown from 
theory, the lower level in each part of the figure has been taken arbi- 
trarily to have the same separation as the observed. 
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Fig. 18,6." -rjraphifal romparison of calculated and observ^ed hfs in thallium 
Obfciorvod doulilet separation (R) Helativ'e .separations according to K(ia. (1K.28| 
08.25) (C) Relativity corrections added (D) Observed hfs sci>aration8. 


(A) 

and 


Breit^ and Racah^ have shown that relativity corrections are differ- 
ent for the two levels of a doublet and must be taken into account. The 
relativity corrections to be added to Eq. (18.25) are obtained by multi- 
plying a' by k/\ where 

* = = (18.26) 
X = [^-^-]ff(^ + 1)^ - (aZ-m. (18.27) 

Equation (18.25) becomes therefore 


gi Avl(l -f l)<c 

1838 Z,(Z -h DiC?- + 1)X 


(18.28) 


Substituting the known values in these equations and assuming the 
same separation for the hfs, the separation in Fig. 18.6C is 
obtained. Although there is better agreement with observation, the 
discrepancy is still rather large. 


1 G. Breit, eee Goudsmit, S. A., Phys. Rev.j 43, 636, 1933. 
aRACAH, G., Zeits.f. Phys,, 71, 431, 1931. 
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As stated above, the equations thus far developed should not apply 
to s orbits. M(rLennan, McLay, and Crawford^ have shown, however, 
that the ecjuations do seem to be approximately correct even for this 
special ease. Goudsmit has suggested that we write for s electrons, 


a = 


1838 


mcx^Z,Zl 


(18.28a) 


As e.xamples of the application of Kfjs. (18.28) and ('18.28^/), we 
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agrc'cinciit h(M \\ecn the values obtained in the table as well as in other ele* 
menis in the periodic tabk' indicatc's that the above presented theoretical 
ti'catinent of fifs is not complete and must still be modified further. Tor 
this reason too much weight should not be given to such calculations, 
it should be noted, however, tiiat the magnitude of the calculated gi 
factors should be about right and is about what one would e.xpeet if the 
nuclear nionienis are to be attributed to positively charged particles in 
lh(‘ nucleus, 

18.5. Classical Explanation of Normal and Inverted Bfs. — (dassically 
u IS not difficult to show that for each level of a fine-stru(dure doublet 
ai‘ising from a single valence electron the orbital interaction of the electron 
with the nucleus tends to produce a normal splitting of both levels, 
ddie electron-spin interaction with the nucleus, however, tends to invert 
the hfs of the term j ~ I + \ and to widen that of j = I — I, This 
may be s(‘eii from the elassical orbital model in Fig. 18.3. The orbital 
motion of the (‘lectron produces a magnetic field at the nucleus which 
IS opposite in direction to its mechanical moment l*h /27r. The most 
stable state for the nucleus in this field, and therefore the state of least 

’ McLennan, .1. C., A. B. McLay, and M. F. Crawford, Proc. Roy. Soc,^ A, 133, 
()52, 1931. 
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energy, will be the one for which the nuclear magnetic moment is most 
nearly parallel to the field of the electron. If this magnetic moment 
is due to something like an orbital or spinning proton, this will be the 
state for which the mechanical moments /* and J* are oppositely 
directed. These are the hfs states ?Pg and JPj in Fig. 18.6. 

If we now think of the spinning electron and the nucleus as small 
magnets acting on each other at some distance from each other, the 
most stable position of the two will be that for which their magnetic 
moments are in opposite directions and the mechanical moments are 
in the same direction. These correspond to the ll\ and states 
in Fig. 18.6. Since the orbital interaction with the nucleus is greater 
than the spin interaction, the hfa of both levels is normal. Although 
the greater splitting is observed in the level in T1 III (see Table 

18.1) the a' coefficient, which measures the total interaction with the 
nucleus, is greatest for the level. 

Fermi has shown from a quantum-mechanical treatment of s electrons 
that the interaction with the nucleus is opposite in sign to that of the 
spin of an arbitrary electron, i.c., it has the same sign as an orbital 
interaction. Classically, therefore, an « electron may be thought of 
as a cloud of negative charge, distributed as shown in Figs. 4.6 and 4.7 
and rotating about the nucleus. A positive charge rotating at the 
center of this spinning negative cloud is most stable when the magnetic 
moments are parallel and the mechanical moments are opposite. This 
shows that s electrons also give rise to normal hfs, as obser\'ed. Be(‘ause 
of the deep penetration of an s electron on the classical theory, or the 
large probability density near the nucleus on the quantum-mechanical 
model, the interaction between s* and 1* and hence the hfa for states 
should be very large. 

18.6. Hyperfine Structure in Atoms with Two or More Valence 
Electrons. — In 1927 Meggers and Burns^ published an account of the hfs 
in the lanthanum spectrum, at which time they pointed out that the 
largest structures were always observed for configurations involving a 
single unbalanced s electron. They also pointed out at the same time 
that, while certain levels revealed wide structures, others of the same 
multiplet were either single or else very narrow and unresolved. In 
the 655d,®Di.2.3 terms of La II, for example, the twm outer levels 
and ^Dz show a wide splitting, w^hereas the middle level shows 
practically none. An explanation of this anomaly in terms of the vector 
model has been given by White,* and equations for the splitting have 
been given by Goudsmit and Bacher.® 

^ Meggers, W. F., and K. Burns, Jour. Opt. Soc. Amer., 14 , 449. 1927. 

» White, H. E., Phya. Rev., 34 , 1288, 1929; 34 , 1397, 1404, 1929; 36 , 441, 1930; 
Proc. Nat. Acad. Sci., 16 , 68, 1930. 

•Goudsmit, S. A., and R. F. Bachee, Phys. Rev., 34 , 1499, 1501, 1929. 
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In Fig. 18.7 we picture, on both the classical model and on the 
quantum-mechanical model, an atom with two valence electrons, one in 
a penetratirig s orbit and the other in a nonpenetrating d orbit. A vector 
diagram for the same atom in L/S-coupling is drawm schematically at 
the left. From this picture it is easy to see how the penetrating electron 
has an opportunity of coupling strongly with the outer electron when 
it is outside the core and also with the nucleus when it is inside the core. 
Thus the s electron may greatly strengthen the coupling between the 
electron resultant J* and the inner nuclear resultant I*. Due to the 
screening of the nucleus by the core electrons, the interaction between 
the nucleus and the d electron is small compared with that between 
s* and I*. For strong coupling with the nucleus the electron must 
not only be deeply penetrating but also tightly hound. All s orbits, for 



Fio. 18.7. — V'cetor and orbital model for the interaction of a penetrating s electron and 
a nonpenetrating d electron with a nuclear moment. 

example, will be deeply penetrating, but only those that spend a con- 
siderable amount of their time near the nucleus will couple strongly with 
I* and give wide hfs. 

Due to the large spin-spin interaction of the electrons in LS-coupling, 
5 * and si precess rapidly around their mechanical resultant S*. Due 
to the somewhat weaker coupling betw^een the spin si and the orbit 
II of the d electron, S* and ll precess more slowly around their mechanical 
resultant Finally J* and I* are coupled weakly together and 
precess slowly around their mechanical resultant F*. The relative 
frequencies of these precessions are given by, and follow directly from, 
the observed energy differences, i.e.y by the singlet-triplet intervals, the 
triplet fine-structure intervals, and the hfs intervals, respectively. 

The well-known general relation that the energy of interaction 
between any two magnetic moments is proportional to the cosine of the 
angle between them (see Sec. 8.6) enables one to write 

If = a'I*s* cos' (/♦sf) (18.29) 

for the energy of interaction between an s electron and the nucleai 
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moment. Owing to the above mentioned classical precessions, cos 
(/*s*) must be averaged. Projecting the rapidly processing sf on S*, 
then the less rapidly precessing S* on J*, and finally the slowly precessing 
J* on /*, we obtain 

= cos il*j*) cos iJ*S*) cos (18.30) 

giving for Eq. (18.29), 

IV = a’I*s* cos iT*J*) cos (J*S*) cos (18.31) 

This may be written in the generally ob.servcd form of Eq. (18.1): 

r,. = A'I*J* cos (18.32) 


where 


A' = a 


cos cos (8*.s-f). 

J* 


(18.33) 


Since each of the angles is constant, all three cosine terms are readily 
evaluated in terms of the mechanical moment vectors to give for LS- 
coupling 

Ff = IA'(F*'^ - r- - J*-), (18.34) 


where 


A' = a 


,J*-‘ + 8*2 - /r . 8*2 + s*2 - s*\ 


(18.35) 


2J*- 28*2 

One interesting result regarding this equation is that A', as shown by 
Goudsmit and Bacher, may be simplified by expressing it in terms of the 
electron g factor. Substituting ^ for .s*, and for .vg and the value of g .is 
given by Eq. (13.8), the A' factor for 7.8-coupling reduces to 

A' = \a'(g — 1) (18.36) 

If the coupling between the s electron and the outer electron is 
jjf the average cosine is obtained in a similar fashion by piojecting 
7* on J*, then J* on sf, to give 

= cos (7*7*) cos (7*.s'*). (18.37) 

This again leads to Eqs. (18.32) and (18.34), where, for j>-coupling, 
,sf 


.7*2 + sf2 - 7.*2 

A' = a'^ cos (J*.s*) = a'- ^ ‘ 


27* 


(18.38) 


As an example of the application of these equations let us fiist con- 
sider an sd electron configuration in L8-coupling and calculate the ielati\ e 
.separations of the hfs in each of the *7) terms. Graphically this has 
been done in Fig. 18.8 for the case where 7 = ^. The first step is to 
calculate the A’ coefficient for each of the three terms. The quantum 
values to be substituted in Eq. (18.35) are: Si = Si — S = 1, I ^ 2, 
7 = 1, 2, and 3. These give the values A' = — ia', -^a' , and \a' for 
‘Du ^D 2 , and ‘D 3 , respectively. The same values of A' can be calculated 
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more quickly from the g factors and and Eq. (18.36) (see Table IV 
in the Appendix). Substituting in Eq. (18.34), along with / = ^ and 
the J values 1, 2, and 3, the relative separations shown in the center of 
Fig. 18.8 are obtained. The observed levels plotted at the right are 



Fji.. is S.- C';ik-ulato(l an<l ol)serve(l hfs intervals for an sJ confiKuration term in 

thallium. 

those of the configuration Qs7d in singly ionized thallium (T1 II). The 
observation of normal splitting in and of inverted splitting in ^Di 
substantiates here, as it does in many other eases, the supposition that 
the penetrating electron is responsible for the strong coupling of J* 
with the nucleus. 


T.\BLE 18.2 ■ COUI'LIN(J COEFFICIE.VT n' FOR A 6« ELECTRON IN Tl II; CALCULATED 

FROM THE Observed Separations 


Confij^uni- 

tion 

Turin ' 

1 

1 


A' 

i 

Configura- 

tion 

Term 

A^'CobB.) 

A' 

g' 



-13 33 

+0.95 

-1-5.70 



-h3 31 

f 0 735 

+5 88 

(>.s(W 


-]-() 55 

+0 22 

-t-2 64 

6.s5/ 


-0 68 

-0 194 

+4 66 


d). 

-2 12| 

-1 41 

+5 04 



-2 49 

-0.996 

+5 97 



+3 39 

+0 97 

+5.82 

1 

^F, 

-t-3 35 

+0 745 

+5 90 

().v7J * 

■VJ, 

-fO 78 

+0 31 

+3 72 

G>0/ 


-2 24 

-0 640 

+15 4 



-2 21 

-1 47 

+5 88 



-2 58 

-1 030 

+6 18 


nh 

+3 45 

+0 99 

+5 04 






r> 


-fl GO 

+0.00 

+7.92 







dh \ 

-2 25 

-1 50 

+6 00 

1 

ii 

\ 





Referring to Eq. (18.33) we find that for a given multiple term 
like the coefficient a', the spin sj, and cos are constants for 

all values of J. The splitting factor A' is therefore proportional to 
1/J* cos The vector diagrams at the right in Fig. 18.8 are 

drawn to show this relation. As the J* value decreases, the cosine of the 
angle goes from a positive to a negative value. That the splitting in 
Tl II is due chiefly to the 6s electron may be shown by substituting the 
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observed separations of many different levels in Eqs. (18.34) and (18.35) 
and calculating the coefficient a'. This has been done in Table 18.2. 

It is seen that the lower level of each triplet shows inverted hfs. 
At the same time the values of a' for the lower and upper level of each 
triplet are closely the same. The center level in each case is in poor 
agreement with the others. This latter is to be expected since the 
fine-structure intervals of the triplet show departures from the Land6 
interval rule for triplets. Because the two outside levels have the same 
g factors in all coupling schemes, they should show agreement if our 
assumptions are correct. Goudsmit has pointed out that by taking 
all levels with the same J value into account the energy sum rules will 
apply to those levels of the same configuration. This has been verified 
experimentally by McLennan, McLay and Crawford^ for T1 II. Taking 
into account only the outside triplet separations in Table 18.1, an average 
value a' = 5.90 cm~^ is calculated as the coupling coefficient for a 
6s electron in thallium. 

If for a two-electron system both electrons are in s orbits, both 
may couple strongly with the nucleus and contribute appreciably to the 
splitting. In such cases the vector model of Fig. 18.7 is greatly simplified 
and the interaction of ^ach electron with the nucleus will be given by 
Eq. (18.29). The two energies when added together and the cosines 
averaged and evaluated in the usual fashion give again Eq. (18.34) as the 
resultant interaction energy, where 

A' = + (18.39) 

Here is the coupling coefficient for one of the s electrons and 
a', the coefficient for the other. The derivation of this equation will 
be left as an exercise for the reader. If the electrons are in s orbits with 
the same total quantum number, there will be but one term, viz.j ^*So, 
and this cannot possibly show any splitting with J = 0. The only 
possibility of observing hfs due to the coupling of two s electrons with I* 
will arise in ^Si terms where the total quantum numbers are different. 
In Tl II the series of terms arising from the configurations 6sns, 
where n = 7, 8, 9, • • • , has been observed to have hfs. Assuming 
the value a' = 5.90 cm~^ as the coupling coefficient of the 6s electron 
common to each configuration (see Table 18.2), the following values 
are calculated for 75 and 95 electrons: 


Configuration 

Term 

Ay 

A' 



6s7s 


4.97 

3 31 

5.90 

0.72 

6*9s 

^Si 

4.52 

3 01 

5.90 

0.12 


1 McLennan, J. C., A. B. McLat, and M. F. Crawford, Proc. Roy. Soc., A, 133, 
652, 1931. 
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A comparison of the three values 5.90 for 6s, 0.72 for 7s, and 0.12 
for 9s indicates the rapid decrease in the coupling with the nucleus 
with increasing total quantum number. The conditions for wide /i/s 
therefore specify that at least one electron be not only deeply penetrating, 
as all s orbits are, but that it also be tightly bound to the atom. 

18.7. Hyperfine Structure in Complex Spectra. — Attempts to corre- 
late observed hfa in complex spectra with theory have in some respects 
been more successful than in the simpler cases of one-electron systems. 
As shown in the last section this is due largely to the general observation 
that nearly all wide structures and patterns arise from configurations in 
which Ihore is a single tightly bound .s electron. The classical and 
quant um-mechani(*al model for a complex atom may be represented by 
Fig. 18.7. This figure is generalized by letting the s, Z, and j of the 
nonpenetrating electron represent, the resultant S, L, and J of several 
nonpenetrating electrons. In such a system the penetrating s electron 
(‘ouples strongly with the out(‘r elect ron| wlum it is outside the core 
and with t he niK'leus wlnai it is inside the core. The treatment for several 
electrons an ill therefore be esscmtially the same as that given in the preced- 
ing section for two \ alenci* electrons. Keplacing I*, s*, and in 
Kqs. (18 35) and (18 38) is A*, and JJi, the interaction energy for 
comph'x spectra boi^ornes 


Vr - ]A'(F^-^ - T*~ - J*'), 

(18.40) 

where, for /.N-coupling, 


-f >8*2 -f 6‘*2 - ^*2 

■ " 2J*2 2S*^- 

(18.41) 

and, for ./j-coupliiig;, 


,, ,./*- + if — J,*-’ 

A a 

(18.42) 


Here Sr, Lr, and Jr represent the resultants of the nonpenetrating 
electrons, ,s‘i the spin of the penetrating s electron, and S and J the 
total resultants of all the electrons together. 

Let us now appl}'^ these equations to a specific example where hfs 
separations have been observed. In the neutral spectrum of lanthanum 
the first excited state is a term arising from 5cZ“6s. Three of the 
four levels in this term have quite wide hfs whereas the fourth is rela- 
tively narrow. The observed intervals are shown at the right in Fig. 18.9. 
To calculate relative splittings for each level, we first evaluate A' coeffi- 
cients for each. The observed fine-structure intervals of 341.8, 484.6, 
and 627.0 cm“^ have the ratios | : ‘L revealing good L>S-coupling between 
electrons. From the configuration and term bd^Sj*F w^e have the quan- 
tum values S = I, Si = >Sp = 1, Lp == 3, and J ^ and 

Substituted in Eq. (18.41), we obtain A' = ^o', and 
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for ^Fii, and respectively. Substituting these in Eq. (18.40) 

the over-all separations M'y and shown at the left 

in Fig. (18.9), are obtained. The calculated intervals in the first column 
are obtained by computing a constant a' from and using this for all 
four levels. Better agreement between calculated and observed iiiter\'iils 
is obtained by taking the orbital motions of the 5d electrons into acciount.* 
Assuming that the interaction will be given to a first approximation by 
a"L*/* cos (L*/*), the energy will be given by Eq. (18.40), where 
A' = Substituting the ‘F quantum num- 
bers, the energy contributions ’’a", ^ are obtained. 

The intervals in the middle column are obtained by calculating constants 
a' and a" from ^Fj and ^F. and using these for the other two le\'(4s. 



Fig. lS.9.--Calriilute(l and ol»HiTved hfa intervals for d-a, *F. in ianthanuin. 


Although agreement with experiment is not so good as one would like, 
it is certain from the above considerations that the orbital motion of 
the two 5d electrons contributes considerably to the coupling of the 
electron resultant J with the nuclear moment I. The vector diagrams 
at the right in Fig. 18.9 show graphically how the stronger (coupling of th(' 
s electron, acting through the spin resultant inverts the hp of ’F.. 

Not all wide kfs patterns arise from configurations involving a singh* 
tightly bound s electron. This fact is illustrated by the ^ terms 

of copper and the | 5)^,5 terms of bismuth. In all such cases the 

binding of the 7 ), d, or / electrons, as the case may be, will be large for at 
least one electron. This is shown by the fact that the terms lie deep 
on the energy level diagram and the electrons contribute equally to the 
coupling of J* with 7*. Equations for the interaction of two or more 

1 Anderson, 0. E., Phys. Rev., Vol. 46, 1934. 
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arbitrary electrons with a nucleus have been derived by Goudsmit using 
the principle of energy sunis.^ Although the calculations from these 
ecpiations are in good agreement with some A/.s terms, Goudsmit points 
out that there are unaccountable discrepancies in others. Breit and 
Wills- have brought some of these discrepancies into agreement with 
experiment by a (luantum-mechaiiical treatment of the same problem 
for coupling intermediate between LS and jj. For these rather com- 
plicated cases of nuclear interaction the reader is referred to the original 
articles. 

18.8. Nuclear g/ Factors. — A nuclear Qi factor is a number expressing 
the ratio between the magnetic moment of the nucleus in nudenr vmgnetonH 
{ch /X ttMc) and the mechanical moment of the nucleus in (piantum 
units of ///27r. From Ecis. (18.28) and (18.28a), the following may be 
written: 

For arbitrary electron orbits. 


_ * ) 1838 ^ X. 

and for .s eU‘clrons,‘^ 

_ 3a'??;;iS38 1 
“ SUa-Z.Zl ' K 


(18.43) 

(18.44) 


As an example of the application of these equations we shall first 
a{)i)ly E(j. '18.44) to the ///.s* of T1 II, \\here the very large .separations 
are due chiefly to the penetrating s electron. The average value of a' 
for the O.s* electron is calculated for the values given in Table 18.2 Using 
only the outside triplet separations a' = 5.90 cm“h As pointed out in 
Sec. 18.4, for s electrons is about equal to the atomic number Z. Zo, 
the effective charge outside the core, is taken as one for T1 1, two for 
T1 II, and three for T1 III. The effective quantum number no is given 
by the term value of 6.s,-»8 in T1 III, where the 6.^ electron is the only 
valence electron. The relation T = RZl/nl^ applied to this state, with 
T — 240600 cm~ ‘ and Z„ = 3, jdelds iio = 2.02. Substituting these 
values in Kq. (18.44), 


3 X 5.9 X 8.3 X 1838 1 

8 X 5.8 X 81 X 9 ’ 2.31 


(18.45) 


Although the exact value obtained here may not be correct, it is 
significant that the value is of the right order of magnitude on the 
assumption that nuclear moments arise from protons in the nucleus. 
Values of gj comp)uted for a number of elements by Breit, Wills, and 


1 OouDSMTT, S., Phgs. Rev., 37 , 603, 1931. 

2 Breit, (1., jiiul L. A. Wills, Phys. Rev., 44 , 470, 1933. 

‘‘ Tlu'sc (‘(Illations have bo('n given ])y S. A. Goudsmit as fair approximations for 
tlie Of factors, Phi/s. Rev., 43 , 630, 1933. 
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Goudsmit, and independently by Fermi and Segr6 by a some^^hat 
different method, are given in Table 18.3, along with values of niieloar 
moments. The values of I determined from band-speetrum intensities 
alone are given in parentheses. In many (‘ases, only a lower limit for / 
has been set. A negative Qi factor suggests the possi])ility that the 
nuclear spin is due to negative charges, although this is not necessary. 


Table 18 . 3 . — Table ok Nucleah Moments 



Just how far the above equations can be expected to give correct gi 
factors is a question that will be answered when we know more con- 
cerning the structure of the nucleus. From the recent experiments of 
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Frisch, Stern, and Estermann a.s well as Rabi, Kellogg, and Zacharias^ 
thiTc is some evidence that the magnetic moment of the neutron is 
n(‘gative. This should play an important role in any new theory of 
nuclear structure. 

18.9. Zeeman Effect in Hyperfine Structure. — We now turn to the 
Zeeman effcad of hfs, a subject which had its beginning with a study 
of the hisnuilh speetrum by Back and Goudsmit. The paper published 
by them in 1928 is considered a classic in the annals of spectroscopy. ^ 
At this early stage in the develoimient of /?/.s-, in general, it was shown 
by Back and Goudsmit that ail of the simple classical derivations and 
formulas for the anomalous Zeeman effect and the Paschen-Back effect 
could be carried over to ///.v by making the following substitutions: 

7, J, E, < 7 /, giy Qf, Mi, Mj, and Mf 
for S, L, J, (js, (jL, gj, Msi Mr., and Mj, respectively. 

Unfortunately the so-called Zeeman effect of hfs has not j’^et been 
observed, chiefly bocamse of the lack of sufficient resolving power in 
the optical instruments thus far employed. AVhat has been observed 
by Back and Goudsmit, however, is an effect similar to the so-called 
Pasehen-Baek effect in fine structure. Since there is good reason to 
believe that the hfs Zeeman effect will be observed and studied in the 
near future, a simple treatment of the subject 
will be given liere. 

In a very weak magnetic field the atom 
may be thought of as precessing as a whole 
around the field direction H subject to the 
(quantum conditions that the projection of 
the mechanical resultant /27r on II is equal 
to MFh/2w. The magnetic quantum number 
Mf takes values differing from each other by 
unity ranging from Mf == —F to Mf == +E. 

A classical vector model for very weak field 
is shown in Fig. 18.10. To calculate the mag- 
netic energy it is necessary that we first com- 
pute the magnetic moment of the atom as 
a whole. This moment will be made up of 
two parts or components: /jlj, the magnetic 
moment of the extranuclear electrons, and ijli, the magnetic moment 
of the nucleus. These moments [see Eqs. (13.1) and (13.6)] should be 
given by 

1 Frisch, R., and O. Stern, Zeits. / Phijs., 86, 4, 1933; Estermann, I., and 0. 
Stern, Zeits. /. Phjs., 86, 17, 1933; Rabt, 1. 1., J. M. B. Kellogg, and J. R. 
Zacharias, Rev.y 46, 769, 1934; 46, 157, 1934. 

* Back, E., and S. A. Goudsmit, Zeits. f. Phys., 47, 174, 1928. 


H 



Fig. 18.10. — Vector model 
of an atom with a nuclear 
spin in a very weak magnetic 
field {hfs Zeeman effect). 
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Since it is the mechanical moments /* and J* that are quantized, 
the total magnetic* moment of the atom is just the projecttion of these 
magnetic moments on F* (see Sec. 10.3). As m/ Jmd /* arc parallel to 
each other, and m/ are oppositely directed, the resultant atomic 

magnetic moment /x> becomes 

fiF = fJLj cos — fjLi cos (18.47) 

Upon substituting from Eq. (18.46), 

/i>- = \gjJ* cos {J*F*) - g.I* cm (18 48) 

As in the Zeeman effect of fine structure, the term in brackets is placed 
e(iual to F* times a constant f.c., 

= gjJ* cos {J*F^) - gj* cos {I*F*). (18.49) 

This gives 


Referring to the vector model again, we may now evaluate the cosines 
in terms of the mechanical vectors and obtain, for Eq. (18.49), 

F*2J^J*2^l*2 p*2^J*2^J*2 

Qf Qj 2 /^*^ 2F*^ 


Because of the general observation that hfs separations are many times 
smaller than the fine structure the gi factor for the nucleus must also 
be very small compared with the gj factor for the extranuclear electrons. 
If we make the assumption that gt << gjy we may write 


gy = gj- 


2F*2 - 


(18.52) 


If the nuclear spin is due to one or more particles wdth the mass 
of protons, the nuclear gi factors should be in the neighborhood of one 
or two thousandths of those for electrons. By Eq. (18.50) the ratio 
between the magnetic and mechanical moments of the entire atom is 
therefore closely represented by 

HF _ e _ c - 7*2 

F*h ^^2mc ^'2mc. ' 2F*® ’ (18.53) 

27r 


According to Larmor’s theorem, F* in a very weak field will carry 
out a classical precession around the field direction, the angular velocity 
of which 'should be given by H times the ratio between the magnetic 
and mechanical moments: 
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= ( 18 . 54 ) 

The energy of this precession is given by c^f times the component of the 
mechanical resultant F*h/27r along H : 

F*h p F*h 

AW = oj/’ cos (F*H) = H • cos {F*H). (18 55) 

In terms of the magnetic quantum number M f, 

Dividing by he, the energy in wave numbers becomes 

He 

— ATf = qf • cm~^ = Qf ‘ Mf • L cm”h (18.57) 

As an example of the magnetic splitting given by these equations, 
consider the transition in an atom where the nuclear spi.. 



Fig. 18 . 11 . — Zeeman effect of hfs in a very weak magnetic field. 


I = i. Specifically the fine structure arising from the transition 7s, 
^Si — 7p,^P^ in doubly ionized thallium is shown at the left in Fig. 18.11. 
The gj factor for is which substituted in Eq. (18.52) gives the 
two values Qf = 1 for and ge = ^ for JPg. Similarly the gj factor 
of two for gives gp = I for and gp = ? for Multiplying 

each gp by the possible values of Mf [see Eq. (18.57)], the magnetic 
splitting shown at the extreme right in the figure is obtained. For any 
given field strength, L is a constant. 

By analogy with fine structure the selection rules for hfs are 

AM F = 0 for p components, 

AMf = ± 1 for s components. 


(18.58) 
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Similarly the relative intensities should be given by the fine-structure 
equations (13.21), by replacing J by F and M by 

In a very weak field the hfs lines each break up into symmetrical 
patterns similar to the anomalous Zeeman patterns of fine structure 
in a weak jield. Because the complete resolution of hjs patterns in 
zero field is accomplished only for the very widest and simplest structures, 
it is now quite clear why the so-called Zeeman effect of hJs has not been 
observed. 

If now the field is increased to a point where the ordinary anomalous 
patterns of fine structure would be observed, each of the hfs patterns, 
like those in the figure, will begin to overlap and something analogous 
to the Paschen-Back effect sets in. This is the subject to be treated 
in the next section. 

18.10. Back-Goudsmit Effect in Hyperfine Structure. — If the mag- 
netic field strengths commonly used in studying the Zeeman effect are 
employed in a study of the spectrum of an 
element having a nuclear magnetic and mechani- 
cal moment, a phenomenon analogous to the 
Paschen-Back effect in fine structure is observed. 
Because this effect was first observed and ac- 
counted for by Back and Goudsmit^ the phe- 
nomena will here be referred to as the Back- 
Goudsmit effect. 

A magnetic field that is called a weak field 
for fine structure is in reality a strong field for 
hfs. In such a weak field the coupling between 
the nuclear moment /* and the electron re- 
sultant J* will be broken down, and each 
will be quantized separately with the field 
direction, (dassically each will process sepa- 
rately around H as shown in Fig. 18.12. Under 
and® etoro" conditions the magnetic energy will be 

momeat J*, in a weak mag- made Up of the sum of the following energies; 
effect) (Back-Goudsmit energy due to the interaction between 

I* and H; (2) the energy due to the interac- 
tion between J* and H; (3) the energy due to the interaction between 
I* and J*. By Larmor^s theorem the two processional angular veloci- 
ties are given by H times the ratio between the magnetic and mechanical 
moments [see Eqs. (3.58), (10.23), and (13.23)]: 

* For hfs intensity formulas derived by the quantum mechanics, see E. L. Hill, 
Proc. Nat. Acad. Sd., 16, 779, 1929. 

* Back, E., and S. A. Goudsmit. Zeits. /. Phys., 47, 174, 1928. 


H 
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Multiplying each of these angular velocities by the corresponding 
angular-momentum components along Hy the following two energy 
contributions are obtained: 


= -H 


= H-gj 


— • cos (J*//) 
me 2t 


e n/T h 

2mc ^2Tr 


H-gj - ; 


(18.60) 


The sum of these two energies gives the main energy shift from the 
fine-structure term from which it sprang, ^.c., from the center of gravity 
of the hfs terms arising from a given fine-structure term. This sum 
may be written 

AW„ = + 9jMj)rr~- (18.61) 


Dividing by Ac, the energy in wave numbers becomes 
-AT,, = = (-!7/V + 9 J^h)L cm"'. (18.62) 


The third interaction mentioned above has still to be added to this 
equation. By exactly the same treatment as that given for a single 
electron in Sec. 10.7, and for several electrons in Sec. 13.7, this energy 
is given by 

r = .47*J* cos (/*/*) cni-h (18.63) 

Referring to Fig. 18.12 it is .seen that the angle between /* and 
is continually changing so that it must be a\eraged. In the uisual 
manner the average cosine is given hy 


cos (/V*) = cos (/*//) cos (18.64) 

Substituting in Ecj. (18.63), 

r = A7* cos (J*//) • J* cos (18.65) 

In terms of the magnetic quantum numbers these projections are 

T = A'MjMj. (18.66) 

Adding this to Eq. (18.62), the total magnetic* energy in a weak field 
becomes 

-AT = (-gjMr 4- gjMj)L + A'MjMj. (18.67) 

Now the gi factor for the nucleus is so small compared with gj for 
the external electrons that the first term in the parentheses may be 
dropped. Neglecting this term, 

-AT = gjMjL + A'MjMj cm"b (18.68) 

Let us now apply this equation to the specific example of one of the 
resonance lines of thallium, X = 5349, 7sy^S\ (see Fig. 8.1). 
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For the lower level gj = and Mi — \ and 

The energies in very weak and in weak fields are readily ealciilated by 
tabulating them as in Table 18.4. Starting at the left the values of 
each column are written down in the order given. 


Table 18.4. — Magnetic-energy Factors for the Terms and ^aSj, in an Atom 
Where the Nuclear Spin / — i 


No field 

Very wc'jik field 
(hfs Zeeman effect) 

W(‘ak fi(‘l(l 

(B.ack-Cloudsmit eff(‘(‘l) 

Term 

Vf 

Mf 

gy 

QfMi 

Ml 

Mj 


gj Mj 




2 


2 

1 

2 

3 


3 

:a" 



1 


1 

1 

'i 

1 

2 


j 

•A" 



0 

1 

0 

1 

•i 

2 


j 

- M" 



-1 


-1 

I 

■i 


d 

3 

• 1-1" 



— 2 


— 2 

1 

3 



-l.l" 






1 

1 


2, 

.11" 



1 



2 

-2 

2 

1 

2 


“ *> 

4 * * 
1*1" 

iPi 


0 

j 

'> ! 


- 2 


n 

M" 


I 

i 

[ 

“■ 3 • 








] 1 


1 1 

i 1 

\ 


i 1 

' lA' 

1 * 


+\A' ; 

0 1 

1 

0 

i 1 

' 2 


-1 

IT 



-1 1 


- 1 ; 

-j ! 

1 

2 

1 j 

2 i 

1 

- 1 

-Id' 

1*1' 


- lA' , 

n 1 

0 ' 


u I 

2 j 

^ j 

j 




After the table is completed, the energies are plotted as shown in 
Fig. 18.13 starting with the field-free levels on the left and ending with 
weak-field levels on the right. Calculations of the interaction energies 
for field strengths between the two extreme cases of weak and very 
weak fields have been carried out by Goudsmit and Bacher,^ and by 
Inglis.2 Their calculations show that the following rules can be applied 
for the transitions between very weak and weak fields: fl) the total 
projection of the mechanical moment of the entire atom on II remain^ 
the same in all field strengths, f.c., 

M, = Af, + Mj 

and (2) levels with the same value of Mf never cross. 

Selection rules for hfs transitions between levels in a weak field 
are similar to those for fine structure in strong fields and may be written 


AM I =■■ 0, 


AMj 


j 0 for p components, 
) ± 1 for s components. 


(18.70; 


1 Goudsmit, S. A., and R. F. Bacher, Phi/s. Rev., 34 , 1499, 1929. 
* iNGLis, D. R., Zeits. f. Phys., 84 , 466, 1933. 



Sec. 18.10] 


HYFERFINE STRUCTURE 


379 


The schematic diagram of the T1 I hfs pattern X5349 is shown in 
Fig. 18.14. In a very weak field each hfs line breaks up into an anoma- 
lous but symmetrical pattern. (These have not been observed.) In 






I’ic. IK. 11. Sclu'iiuitir* diagram of tlio chango in the* TI hfs pattern \5.‘149 from no 
field to very irrak fi('l(l to vuuik fioltl Baek-Goud.sniit effert). (Observed juittern after 
Wuljf). In reproducing the rnierophotometer eurve the field-free lines have been left 
out as shown by the break at the center of the figure. 

the weak field where the coupling between I and J is broken down, the 
lines have ciossed ea(*h other to form a pattern resembling closely the 
Zeeman pattern of the same transition in an atom where the nuclear 
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moment is zero (see Fig. 10.8). A comparison of Fig. 18.14 with Fig. 
13.11 for the Paschen-Back effect of the fine structure in ^/-coupling 
is of interest. With I ^ | it is to be noted that each line of the Zeeman 
pattern should theoretically be double, and that the separations should 
be of the same order of magnitude as the field-free kfs. The micro- 
pho tome ter curve at the bottom of the figure has been obtained in a 
field of 43350 gauss by WulfF.^ 

A similar calculation for any spectral line where 1 has an integral 
or half-integral value will lead to a pattern resembling closely the Zeeman 
pattern for the same line if / were zero. Due 
to the interaction energy term A'MjMj in Eq. 
(18.68) ea(‘h of the Zeeman terms will be split 
up into 2/ + 1 equally spaced levels, and 
each line in the observed Zeeman pattern will 
be split into 2/ + 1 equally spaced lines. This 
may be seen to better advantage from the 
following description of an atom where I is 
large. In weak field, I* and J* precess inde- 
pendently around //. For each orientation of 
J*, as shown in Fig. 18.15, there will be 
2/ + 1 orientations of the nuclear moment I*. 
In Fig. 18.15 the I value, as in bismuth, is 
taken as Since the coupling of with 
Hj as measured by the energy factor giM,j 
is negligibly small, /* is coupled to, and pre- 
eesscs around, the magnetic component of J* 
along H. Like the ordinary Zeeman effect 
this energy of interaction is proportional to M;. 
Since the field for the precession of /* is fur- 
nished by J*, and its magnitude by AT/, the 
energy of the splitting will be proportional to MiMj, or equal to A'MiMj, 
as already shown. 

As an example of this effect a diagram of a weak-field pattern observed 
by Back and Goudsmit in bismuth is reproduced in Fig. 18.16. Each 
of the four middle groups has been resolved by Back and Goudsmit and 
found to have exactly 10 components. The two center groups of lines 
marked a have been reproduced and published by Zeeman, Back, and 
Goudsmit.2 Figure 18.17 has been enlarged and reproduced from the 
halftone reproduction in their published paper. To obtain the lower half 
of the figure, the photographic paper was moved parallel to the lines 

1 WuLFr, J., Zeils. /. Phys., 69, 74, 1931; see also Green, J. B., and J. Wulff, 
Phy8, Rev., S8, 2176, 1931; 38, 2186, 1931. 

* Zeeman, P., E. Back, and S. A, Goudsmit, Zeiia.f. Phys., 66, 11, 1930. 


H 



Fig. 18,15. — dia- 
gram showing the 2/ -f 1 
orientations of the nuclear 
moment I* for a fixed orienta- 
tion of the electron moment 
J*. Drawn for the special 
case where J | (Back- 
Goudsmit effect)* 
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during exposure thus enabling the 10 components to be easily distin- 
guished. The effect is much the same as a microphotometer trace. 
That there are 10 components in each group furnishes conclusive evidence 
that, for the Bi nucleus, / = 


Qbs. Hyperfihe- Structure 

No Field 

111 .1 



Bismuth 




1.4crrH 



Fiq. 18.16. — Calculated pattern for the bismuth line X4722 in a weak field (Back-GoudsmrV 

effect) . 



Fiq. 18.17. — Observed patterns, by Back and Goudsmit, of the two center components 
marked (o) in Fig. 18.16. (A) Enlarged from the halftone reproduction in the published 

paper of Zeeman, Back, and Goudamit. (B) Photographic paper moved parallel to the 
lines during enlargement. 


Intensity rules for hfa in weak fields are the same as those for the 
Zeeman effect in weak fields and are given by Eq. (13.21). From the 
assumption that Mi does not change in any transition the intensities 
will be independent of the value of Mi, This means that for each 
component of an ordinary Zeeman pattern the intensity will be divided 
equally between the 2/ + 1 components due to the nuclear moment. 
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This means that Eq. (13.21) should be valid and that Af, as given there, 
is the Mj as given here. This is in fair agreement with the observations in 
Tl. In Bi the appearance of so-called /orhfdden transitions (j^Mj = ±1) 
shows that the field is not strong enough for these simple rules to hold. 
Calculated intervals and intensities have been shown by Goudsmit and 
Bacher,^ and by Back and Wulff^ to be in excellent agreement with 
observed patterns in Tl and Bi in different intermediate field strengths. 

18.11. Isotope Structure. — It is now known with certainty that the 
hfs observed in the spectrum lines of some elements is due to small 
differences in the energy levels of two or more isotopes and not to a 



Fig. 18.18. — Isotope structure observed in. the spectrum lines of tungsten. {Aftep Orace, 

More, and White.) 

nuclear spin of one isotope. A good example of such structure is to be 
found in the spectrum of tungsten, one section of which, taken with 
Fabry and Perot ^talons, is reproduced in Fig. 18,18. Each line, it is 
noted, shows three components, each of which corresponds, respectively, 
to one of the isotopes of even mass 182, 184, and 186. Although these 
patterns are distinctly different from the very commonly observed 
hfs flag patterns as shown in Fig. 18.1, one cannot always distinguish 
isotope structure from hfs by appearances. Some hfs patterns and some 
isotope patterns look much alike. 

In tungsten as in other elements where isotope structure predom- 
inates, many lines appear to be sharp, t.e., the lines arising from the 
different isotopes fall on top of each other. This fact indicates that 
the relative shifts of a set of terms belonging to one isotope are practically 
the same as the relative shifts of the same levels in another isotope. 
Where isotope structure is observed the relative shifts are materially 
different. This latter means that the nucleus by itself is not entirely 
responsible for the structure and that the interaction between the 

> OotTDSMiT, S. A., and R. F. Backer, Zeits. f. Phya.f 66, 13, 1930. 

* Back, E., and J. Wulit, Zeita. f. Phya., 66, 31, 1930. 
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nucleus and the extranuelear electrons must be taken into account. 
Because there are no combinations between the levels of one isotope and 
those of another one cannot say how much one system has been shifted 
from the other but only how levels shift relative to others. As shown by 
the tungsten lines, as well as the lines in other elements, the relative 
shifts, where observed, are found to be approximately proportional to the 
mass differences. 

The suggestion that isotope shift may be due to a change in the 
Rydberg constant (see Sec. 2.13) is occasionally but not always in 
agreement with observation. In singly ionized lithium, for example, 
the observed shift of Li^’ l.v2p and l.s‘2.v from Li^ \s2p and l6‘2.s‘ is several 
times that expect<‘d. Hughes and lOckarti have shown, however, that 
with two electrons a <*hange in the nuclear mass may alter the energy 
i)y a greater amount than in the case when there is but one electron, as 
in hydrogen. Their (‘alculations for Li^* and Li^ are in excellent agree- 
ment with experimental observations. 

Attempts to calculate isotope displacements in heavy elements 
have been made by Breit." These calculations, based upon a change 
in the size of the nucleus, are in fair agreement with the relative shifts 
observevi in Hg, ’’ll, and Pb. 

The slight differences in the relative intensities of the tungsten 
isotope lines in each pattern of Fig. 18.18 are due to the presence of a 
fourth isotope of odd mass Having a nuclear spin, this isotope 

gives rise to hjs which divides into components differently in different 
patterns. This subject of isotope structure and hfs together is taken 
up in the next section. As a matter of fact isotope structure is seldom 
observed in an eiement alone. 

18.12. Isotope Structure and Hyperfine Structure Combined.- -Per- 
haps the most complicated line patterns in all the periodic table are 
tho.se observed in the spectrum of mercury. Since mercury is a heavy 
element, and since the mercury arc is a convenient light source for the 
adjustment and demonstration of interferometers, the mercury lines 
have been investigated by many experimenters. In such elements with 
high atomic weight, the Doppler broadening does not interfere in ordinary 
light sources to the extent that some lines were known over twm decades 
ago to contain as many as 10 to 15 components. 

In the very excellent hands of Schuler, Keyston and Jones, ^ these 
patterns have now been analyzed. Their analysis shows that of the six 

I Hughes, D. S., and C. Eckart, Pkys. Rev., 36, 694, 1930. 

* Breit, G., Pkys. Rev., 42, 348, 1933; sec also Rosenthal, J. E., and G. Breit, 
Phys. Rev., 41, 459, 1932; and Racaii, G., Nature, 129, 723, 1932. 

’ScHiiLEu, H., N atmwissenschafteii, 19, 950, 1931; SchOler, H., and J. E. Key- 
ston, Zeits.f. Pkys., 72, 423, 1931; SchCler, H., and E. G. Jones, Zeits.f. Phys., 74, 
631, 1932; 77, 801, 1932. 
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mercury isotopes, 

Mass 196 198 199 200 201 202 204 

Abundance 0.10 9.89 16.45 23.77 13.67 29.27 6.85 per cent, 

the five with even mass have either a zero magnetic or a zero mechanical 
moment,^ and the two with odd mass have mechanical moments as 
follows: for Hg 199, 7 = ^ and for Hg 201, I = |. The magnetic 
moments of these two isotopes are opposite in sign and quite different 
in magnitude. For Hg 199, gi = 1.1 and for Hg 201, gj = —0.41 nuclear 
magnetons 



Fi(i. 18.19. -“Hyperftne structure* of the mercury isotopes a.s t>h8erv'ed in the transitiem 
6«6p, *7^2 — 6a6^i, *I>i, X3662. (After Schuler, Westmeyer, and Jones.) 

Hfs terms for two energy levels in mercury are shown in Fig. 18.19. 
The heavy lines near the center of both the upper and lower levels 
represent the even isotopes 196, 198, 200, 202, and 204. The very light 
lines represent the levels of the odd isotope 201, and the remaining levels 
belong to 199. The observed pattern is shown at the bottom, and the 
corresponding transitions are given directly above. The relative 
abundance of the isotopes as given by Aston^s mass-spectrograph meas- 
urements is in agreement with the observed hfs in that the center line 
contains about 70 per cent of the total intensity. If there were an 

^ Since we know relatively little about nuclear structure at the present time, it is 
difficult to say whether one, or both, of the nuclear moments, magnetic or mechanical, 
is zero. If a nucleus has a large magnetic moment, but no mechanical moment, 
there can be no space quantization with J* and hence no hfs. If a mechanical moment 
exists, but no magnetic moment, there will be quantization but no splitting. Such 
cases of one or the other moment equal to zero are known to exist in extranuclear 
electron structure. 
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appreciably different isotope shift in the initial or final states, as there 
is in the resonance line ^>So — at X2536, this line would not be single 
as observed but would reveal five components. The relative positions 
of the levels belonging to different isotopes are arbitrary, for, if one system 
of levels is moved up or down, the radiated lines remain unchanged. 

Returning to Eqs. (18.34) and (18.35), the observed hfs in mercury 
may be used to calculate the coupling coefficient for the deeply penetrat- 
ing and tightly bound 6s electron. For the ^p 2 state the calculated 
values are as follows: 


Hg 199 
A' = +0.303 
a' = +1.212 


Hg 201 
A' = -0.114 
a' = -0.456 


Since a' is negative for Hg 201, the gi factor [by Eq. (18.24)] is negative. 
For Hg 199, the Qi factor is positive and by the ratio of the a' coefficients 
is about 2.66 times as large. If the same calculations are made for the 
upper term a smaller ratio is obtained. This may be attributed 
to perturbations of certain of the hfs terms by those of a term, only 
three wave numbers away. When the perturbation corrections shown 
in Fig. 19.15 are made, the ratio of the a’s, and hence the ratio of the 
gi factors, comes out to be 2.79, in very good agreement with similar 
calculations for six or more other terms. 

In addition to mercury, line patterns of a number of other elements 
have been sufficiently analyzed to show the presence of both isotope 
structure and hfs. In Cd, for example, there are six isotopes of mass 
110, 111, 112, 113, 114, and 116. Like mercury the even isotopes are 
observed to have a nuclear moment of zero, and both of the odd isotopes 
to have the same mechanical moment / = ^ and the same magnetic 
moment gi == —1.0. 


Problems 

1. Show that the interaction energy of two « electrons with a nuclear moment / 
is given by Eq. (18.38). 

2. Construct a diagram similar to Fig. 18.9 for the term d^Sj^F, Assume a' — 
2 cm~^ and I — 

3. Construct a diagram similar to Fig. 18.13 for the Bi levels given in Fig. 18.5. 
Assume gj factors of 2 and | for the upper and lower levels, respectively. Calcula- 
tions are most easily made by tabulating as in Table 18.4. Note that, for the lower 
level, A' is negative. 

4 . From the levels derived in Prob. 3, construct a diagram simiUr to Fig. 18.14. 
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SERIES PERTURBATIONS AND AUTOIONIZATION 

It was pointed out in Cdiap. I that (‘ortain welhestablished sja'ctral 
series show abnormalities of one kind or anotlier. Of particular iin})()r- 
tance arc the anomalies of the type found in one of the caleium sei’ies 
shown in Fi^. 1.13. In this one instance the diffuse sei-ies ladiaves in 
the usual fashion by contracting after the first member to vt'iy naii’o^v 
patterns. 3diis contraction is soon (list ui bed, liowever, and tla^ i)atl('i-ns 
expand anomalously reachinii: an aj^parcnt maximum at th(‘ s('\('nth 
meiuber; then decreasing’ aj’ain to narrow ]>at terns, they ai)i)roa('h th(‘ 
series limit. 




In terms of the enerji^y levels, themselves, this anomaly is to be 
attributed to the series of initial '^Di. 2.3 states and not in [iny way to the 
common final ^Po,i ,2 states. Of the surprising!;! y hr'^e niimbca of well- 
known anomalous series found in other elements, those of aluminum 
and copper are particularly notable. 

19.1. Observed Abnormal Series. To start with, let us consider 
several observed .series where the causes of the irreji;ularities are now 
w^ell knowm. Althcjugh it is the anomalous pro‘!;ression of spectral 
lines that is observed, we arc here concerned with the derived enerp^y 
levels themselves. In Figs. 19.1, 19.2, 19.3, and 19.4, the fine struetures 

38 (> 
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of four series of terms are shown for cadmium, calcium, copper, and 
aluminum, respectively. In each figure the fine structure is plotted 
vertically and the term values horizontally. The dotted center lines 
represent the center of gravity of each series member, each level being 
assigned the quantum weight 2J + 1. The cadmium series in the first 
figure ref)resents a series of triplets approaching in a regular fashion 
the series limit . 

The series in singly ionized aluminum, like the series 

in ciilciuni, expands abnormally and contracts again as it approaches 
the single limit. 'I'lie copper series discovered by Shenstone^ is of 
particular interest: the first term is right side up above the second 
term i^ very narrow (both terms falling practically together), the third 
term is inverted, the fourth term is right side up and very wide, and the 
fiflli term is inveitc'd. ^fhe beautiful way in which each of these anoma- 
lous seri(\s has ))een explained by Shenstone and Russell- is the subject 
of the following sections t)f this chapter. 

19.2. Energy Level Perturbations. —In the early chapters of this book 
^\e liave se(‘n that th(‘ term values of hydrogen-like atoms are given by 
the sinii)le Bohr formula 



Tn = 


(19.2) 


\\here Z is the nuclear cdiarge, 7? the Rydberg constant = 109737 cm-^ 
and n the total (plant um number. If Z is rephmod by the effective 
nuclear charge Z. (see Sec. 7.4) and t\ by the effective (iuantum number 
one obtain.^ Rydberg's general formula for series of many electron 
at(jiiis, 

RZl ^ RZl 

/p- — /x)“ 

the integral valued (piantum number n is retained by writing 
n — jji, wliere m is the so-called quantum defect. For all neutral 
Z. ^ 1, for singly ioniz(‘(l atoms Z, == 2, etc. Using this formula, 
lhr(‘(‘ aluminum series are shown in P'ig. 19.5 with values of n = n — n* 
plott(‘d \er1ically and the term values plcjtted horizontally. Series 
following Rydberg’s formula [Imi- (19.2)] are represented on such a 
diagram by a straight horizontal line. A refinement of Rydberg's 
formula hy Hitz in which /P is rcphicc'd by n — — aTn is necessary 

for a series like 

RZl ^ RZl 


Here 

atom 


T 

J H 


(19..3) 


{n — ^ — oiTnY 

On the diagram such a scries is represented by a straight line with inter- 
c(‘pt M and a slope given by a. 


’ Shenstone, A. O., Phya. Rev., 34, 1023, 1929. 

2 Shenstone, A. (»., and H. N. Rvsseel, Phys. Rev.^ 39 , 415, 1932. 
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Now in the anomalous series of aluminum the fourth term is a 
foreign term and rightfully belongs to another series.^ When this 
term is omitted, the n values of the following terms will all be low^ed 
by one. A replot of the series with corrected n values is shown in Fig. 
19.6, along with the anomalous series of calcium in Fig. 19.7. The 




turbations. turbationa. 


resemblance between these curves and anomalous dispersion curves is 
quite striking. 

A generalized form of the Rydberg-Ritz formula, derived from 
perturbation theory and the quantum mechanics, has been given by 
Langer.^ 


Tn 


RZl 


n + 


(19.4) 


1 In a study of this series Schrddinger attributed the anomalous behavior to a sort 
of polarization of the atom and assigned the third and fourth members of the series 
to the same total quantum number; Ann. d. Phys., 77, 43, 1925. 

*Lanqeb, R. M., Phys. Rev., 36, 649, 1930. 
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Here Tn represents as usual the successive terms of the series and T* a 
foreign perturbing term not belonging to the series. Although Langer^s 
formula does not adequately account for all series details, it does account 
for the existing anomalies in many series and its success is much beyond 
the expectations of a first approximation. 

Langer^s formula, modified by Shenstone and Russell to fit the 
anomalous series taken up in this and the last section, takes the form 


rp ^ 

where the effective quantum number is 

* ^ 0 
n* = n - M + ocTn + Y~ZrY 


(19.5) 


(19.6) 


This equation postulates that under certain conditions (to be specified 
later) a term To foreign to the series in question will perturb the series, 
causing it to deviate from the ordinary progression expected. Because 
of the form of the perturbation term 0/(Tn — To), this formula is analo- 
gous to the formula used in anomalous dispersion theory. This analogy, 
as seen in Fig. 19.6, is closer than might at first be expected. 

As an example of the use of Eqs. (19.5) and (19.6), the observed 
term values and the computed constants of the ^Di series of calcium 
are given in the following table. 

Table 19.1. — Series Calculations for the Anomalous 4snrf,®Di, Series of 

Calcium 

{After Shenstone and Russell) 


Term value 
observed 

Configuration 

n 

n* 

n — n* 

Term value 
calculation 

r(ob8.) - T 
(calc.) 

28969 1 

453d 

3 

1.9463 

1 0537 

26465 

2504 

11556.4 

454d 

4 

3.0815 

0 9185 

11566 

0 

6561 4 

\sbd 

5 

4 0896 

0 9104 

6562 

-1 

4255 5 

456d 

6 

5.0780 

0.9220 

4262 

+3 

3002 4 

457d 

7 

6 0456 

0 9544 

3002 

0 

2268 3 

4s8d 

8 

6.9552 

1.0448 

2287 

-19 

1848.9 

3d55 

Foreign term 

1551 3 

459d 

9 

8 4105 

0.5895 

1661 

0 

1273.1 

45l0d 

10 

9.2840 

0 7160 

1276 

-3 

1045.6 

4slld 

11 

10.2446 

0.7556 

1048 

-2 

869.8 

4sl2d 

12 

11.2323 

0 7677 

873 

-3 

734 0 

4sl3d 

13 

12.2273 

0.7727 

737 

-3 

628.0 

48l4d 

14 

13.2190 

0.7810 

630 

-2 


M - 0.8705, a = 0.00000339, /3 « -85, To = 1848.9. 
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With the exception of the first series member, the agreement between 
the observed and calculated term values is very good. The origin of 
the foreign term is discussed in Sec. 19.5. 

19.3. The Nature of and Conditions for Term Perturbations. — A 
first-order perturbation treatment and calculation of atomic energy 
levels have been given by Slater^ and by ('ondon.*-* Including electron 
spin in the calculations, Condon shows that under certain conditions 
terms belonging to different electron configurations will perturb each 
other. If two levels have the same characteristic (luantiim numbers, 
and lie close together, second-order terms of the perturbation correction 
become large and cannot be neglected in the (‘alculation of the energy ( f 
either le\'el. A large second-order corn'd ion implies that the eigen- 
functions for each of the respective levels contain components of tlai 
eiiitaifunctioTi of the other l<‘\el. Thus both levels belong in ])art to 
both electron configurations. The assignment of a given level to a 
definite electron configuration is therefore only approximate and becomes 
more exact when the levels ar<‘ fur apart. 

The nature of the perturbation bet\Neen the two levels in (piestiiui 
reveals itself essentially as a repulsion. This ap])arent repulsion n ay 
be thought of as being clue to a sort of resonance phenomenon, tti(‘ie 
being a certain probability that the atom will jump ba(*k and forth 
between the two characteristic states without the radiation of eneigy 
The freciuency of this interchange, and hen(‘e the repulsion, increases 
as the interval between the le\'els dc'cretises. 

The quannirn conditions for term xierturbations may be stated as 
follows: Two Jcvrls hdongifiq to the .sn//n- or fo (h'Jf( rent vUciroH nmfigurniiof.s 
will perturb each other when <1) both electron conjigurationa are of the mtne 
parity, i.e., both even or both odd,^ and (2) both levels have the same J value. 
In addition to tliesc necessary conditions, observation shoAVs that th(^ 
greatest effect is to be exfiected when the two levels have the same 
L and S values in L.S-coupling, or (he same Ji and js values in i;-eoup- 
iing. For intermediate (U)upliiig schemes tfie more nearly alike the 
coupling schemes the greater will be the effect. 

Oinsider as a simple example two neighboring sets of •'*Di.2.3 terms 
arising from different electron configurations of different parity, i.e., 
one configuration odd and the other even. In the ideal case of L^S-coup 
ling these levels will be represented as showTi at the left in hig. 19.8. 
If now the configurations are of the same parity, i.e., both even or both 
odd, a sort of resonance will be set up tending to repel correvsponding 
levels. These are shown at the right in the figure. The nearer two 

1 Slater, J. C., Phya. Rev., 34, 1293, 1929. 

* Condon, E. U., Phys. Rev., 36, 1121, 1930. 

* An electron configuration or term is said to be odd when the sum of the I values 
of the electrons is odd, and even when the sum is even. 
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corresponding levels are to each other, the greater is the repelling effect 
(see Figs. 19.6 and 19.7). In Fig. 

19.8 the terms, being the nearest 
to each other, undergo the greatest 
displacement, with the result that the jp 
narrow triplet is widened and the wide 3 d 2 
triplet is narrowed. This same result 
is t () be expected when the unperturbed 
wide triplet is above t he narrow triplet. 

19.4. The Anomalous Diffuse 
Series of Calcium. — We now return to 
the anomalous ^I) series of 

neutral calcium discussed in the 
preceding section. Referring to the 
calcium energy level diagram in Fig. ^^2 
11.0, it is seen that the first member 
of the diffuse series 4snd is also the 3^^ 
first member of another series 
3d/i.s. Now the seventh member of unperturbed perturbed 
the anomalous serifs is without doubt l«-«- ■^■ hematic r..prm-ntation of 

term porturhsitioua. 

an extra member and should be 

called the second member of the Sdns series. If this assignment is 
correct the first two terms of the latttT series should have as a limit the 
first excited 'D state (3d) of the ionized atom. Term \'alues taken with 
respect to -Z> as a limit give Rydberg denominators 1.60 and 2.64, in good 
agreement with the assignment. 

A more detailed study of the fine structure of the two series is to 
be seen in Fig. 19.9. At the extreme left and right in this figure the two 
series are shown as they would occur without perturbation. In the 
center the observed series is shenvn. It should be pointed out that the 
unperturbed Sdns triplets should have a total separation of approxi- 
mately 60 wave numbers, the same as that of the series limit ‘D (see 
Sec. 11.5), and that the higher members of the Asrid series should be very 
narrow. The effect of the perturbation is to widen the triplets on the 
left and to narrow those on the right, as observed. The third member 
of the right-hand series, shown by dotted lines, because it lies above the 
first series limit, should nut be observed. This will be discussed in 
Sec. 19.9. 

19.6. The Anomalous Principal Series in Copper. — The fine structure 
of the anomalous series in copper is shown in Fig. 19.3. This very 
irregular series, probably the most distorted series known, was discovered 
by Shenstone and now has a very beautiful and simple explanation. 
Although the first term of the series, jn combination with 

gives rise to the strongest lines in the copper arc spectrum, 
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Unperfurted ftrturijd WuriwJ Unperfuriifd 


Unperfuribed Ra^urbed Perturbed Unpcrhjrbd 


Zl Hir' — ~ — 

% — tsj % •»>' 

Fig. 19.9. — Perturbed diffuse series in Fiq. 19.10. — Perturbed principal series in 
calcium. copper. 



Term Values 

Fig. 19.11. Showing perturbs tioiui in the principal series of copper. 
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it was not until the spectrum had been so thoroughly analyzed and every- 
thing else was accounted for, that the higher members of the series were 
definitely identified. 

It is now known that the irregularities in this series are due to the 
perturbing influences of a foreign, widely spaced, inverted T term. 
As shown in Fig. 19.10 these two fine-structure terms, 3952 cm~i and 
5973 cm~‘, respectively, are due to the odd electron configuration 3d®4s4p, 
and the perturbed series of terms are due to the odd configurations 
Plotting the quantum defect n — against the term values, 
Fig. 19.11 results. It is observed that, as the series approaches the 
perturbing terms from either side, the mutual repulsions between cor- 
responding terms (i.e., terms with the same J values) increase slowly at 
first, then more rapidly. 

19.6. The Inverted Alkali Doublets. — It may be shown from the 
quantum mechanics or from the classical model of the atom that the 
doublet levels of the alkali metals should be normal, ?.e., of the two levels 
i = Z -f 2 j — I — \ the level j — I — \ should lie deeper. While 
this is observed to be generally true, it is well known that the ^Z) and 
terms of some of the alkalies are inverted. In caesium, for example, the 
first and terms are normal and 
the second term is inverted.^ In 
rubidium the terms are normal and 
the ^Z) and ^F terms are inverted.^ 

In potassium the terms are normal 
and the terms are inverted.^ In 
view of the anomalous turning over 
of the normal copper doublets, dis- 
cussed in the preceding section, it 
seems highly probable that the inver- 
sion of the narrow^ alkali doublets 
might be due to the perturbing influ- 
ence of widely spaced inverted doub- 
let terms lying high above the series 
limit.'* This inverting effect is shown 
schematically in Fig. 19.12. 

Inverted doublet terms arise in 
general from electron shells lacking 
but one electron to complete them. 


•V 








UNPERTURBED PERTURBED 

Flo. 19.12. — Possible explanation of the 
inversion of alkali doublets. 


■ 


Consequently the excitation 
of an electron from one of the completed electron shells to an outer 
orbit may give rise to several of the desired doublets. Consider, for 


» Meissner, K. W., Ann. d. Fhys., 60, 713, 1916; 66, 378, 1921. 

» Ramb, R., Ann. d. Phys., 10, 311, 1931. 

* Meissner, K. W., and 0. Masaki, Ann, d. Phys., 10, 326, 1931. 

* White, H. E., Phys. Rev., 40, 316, 1932. 
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example, the normal rubidium atom with the electron configuration 

Rb 37, (19.7) 

The excitation of the 5s valence electron to any of the unoccupied 
d orbits 4d, 5d, 6d, cic., should give rise to a series of very narrow but 
normal levels. The excitation of a 4p electron from the completed 
subshell to a 5p orbit, on the other hand, will result in the even 
configuration {Iraving off the completed suhshells) 4p^5s5p, giving rise 
among other terms to one inverted -/> term and one normal "D term. 
Similarly a double excitation of two electrons to the even configuration 
4p^4d5p gives rise to three inverted ‘*D terms and three normal -I) terms. 
Due to the spin-orbit interaction of the 4p^ subshell these levels, whatever 
the coupling scheme, will be very wide. Furthermore the inverted 
doublets should lie deepest. Although these terms have not been 
observed in the alkali spectra, they certainly do exist and their position 
may be predicted fairly a(‘curately from x~ray spectra to be high ab(‘\T 
the regular series limit of the chief optical series. iOven at so gieat 
a distance, the inverted terms tend to invert the narrow doublet terms 
far below and the normal terms tend to restore them. The net s(‘i-ond- 
order effect of these two ox^posing actions, although small, is great 
enough to cause inversion.^ 

19.7. Autoionization. — The atomic process of autf)ionizati(m ])ut foj- 
ward by Wentzel and Shenstone- is of consicicrable imjiortance in atomic 
spectra, for it clears up a great many of the difficulties previously uik'X- 
plained. Above the limit of any series (see the calcium senes in Fig. 19.9 ) 
lies a continuum of possible (‘nergy states charact(‘rized by the saim* 
quantum numbers as the seri(*s of discontinuous levels below ihe limit, 
be., the same L, S, and J values and the .<ame odd or even parity of 
the electron configuration. An atom excited to a hypot lictical energy 
state like the even ’V> (H/'/tb-) state of calcium, above the first scries 
limit and into a region accompanied by an even V; continuum, is in 
a condition for resonance of th(‘ tyj>e discussed in Sec. 10.3. Ihdoia 
the atom has time to r<‘ach any stationary state and n‘lurn to a lowei 
state giving rise to radiaticm hv, there will be a sjKintaiK'oiis transition 
into the continuum equivalent to tlie ejection of j^n electron with kinetic 
energy 2 / 7 ^;^ and the*, n'turn of the atom to llu* s(*ries limit ‘bST 3 liis 
prficess of autoionization clearly shows why the third and succeeding 
members of the calcium series :F//ns‘ are not, observed imd postulates 

* These act, ions at so great a (hstance have hc‘(*a ealculated by M. Phillips, Ptiys. 
Rev.j 44, 644, 1933, and shown to he great enougli to produce the observed inversion. 

® Autoionization has long been known for x-rays as the Auyer effect. In giving a 
qiiantuia-meehanieal tn‘atineiit of the efTeel, Cl. Wentzed {Zeits. f. Phys.j 43, 524, 
1927), first suggest(‘d its possible application to optical speelra. Direct application to 
optical spectra w as made hy Shenstone, Phys. Rev., 38, S73, 1931. 
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that these hypothetical levels are not discrete in the usual sense but are 
spread out over the continuum. 

In some instances the quantum condition for resonance between a 
given discrete level and continuum are only partly satisfied there is 
a weak resonance coupling between the discrete state and the continuum, 
see Sec. 19.3) so that the process of either speciral emission or autoioniza- 
twn may take place. This is the subject of the following sections. 

19.8. Autoionization in Copper. — It has long been known that the 
copper arc spectrum, unlike most spectra, consists of many spectrum 


Even Odd Even 



lines half of which are sharp and the other half unusually broad and 
diffuse. A thorough investigation of these lines by Allen^ has shown 
that the diffuseness is not due to a pressure or temperature effect but 
to a natural breadth of the energy levels. Such broad levels immediately 
suggest that we are dealing with short mean lives and with the process 
of autoionization. 

A thorough analysis of the copper arc spectrum by Shenstone^ reveals, 
in addition to the well-known series of normal doublets, a system of 
inverted doublet and quartet levels. From the energy level diagram 
of copper in Fig, 19.13 it is observed that several of the inverted doublet 

’ Allen, C. W., Phys. Rev., 39, 42, 55, 1932. 

2 Shenstone, a. G. PhiLs . Rfni . 28 . 449 1926: 34 , 1623, 1929. 
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and qiiartet levels lie above the series limit of the normal doublets 
and in the continua of even and *Z) and odd *P and terms. Of 
these high levels the inverted terms (3d*4fi55) are of particular 

interest. In combination with a number of lower levels it is observed 
that all lines with or ^D\ as initial levels are narrow sharp lines 
whereas those with or as initial levels are very broad and diffuse. 
Photographs of the combinations (3d®4s4p — 3d®455«) 

are shown in Fig. 19.14 and the wave-lengths are given in Table 19.2. 



Flo. 19.14. — Broad and netrrow lines in the same multiplet in the arc spectrum of copper. 


The intervals between the *D terms, as well as the intercombinatiors 
with lower doublet levels, show that the coupling is not Russell-Saunders 
but something between LS- and jj-coupling. Now the two broad 
levels ^Z)j and *2)| are not strictly quartet levels with S =» f but are 
nearly enough hke */>| and terms to permit, at times, autoionization. 
The and levels, on the other hand, are strictly quartet levels, 
for with 3dHs58 the spins of each of the s electrons and the S of 3d® 
muBt take the so-called parallel positions to produce, with the L value 2, 
the J values ^ and respectively. The observed and calculated 
g factors of 0 and ^ from the Zeeman effect confirm this. In this latter 
^ase autoionization is not to be expected, and the sharp lines arising 
firom ttose two levels indicate that it does not occur. 
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Table 19 . 2 . — Quartet Multiplet in Copper 



•Di 646 0 

*Z), 636. S 

887.8 

•Di 


100 





4651 . 13 

21404-^ 




2U.S 

22 

67 U 



'Fi 

4704 60 

4586.97 




21249.9 

21794.8 



409.4 

2 

21 U 

30 U 


•F, 

4797.04 

4674.76 

4539.70 



208 40. 4 

21385.5 

22021.7 


739.7 

\ 

2 U 

13 U 

12 

•F, 


4842.20 

4697 49 

4509.39 



20646.0 

21282.0 

22169.8 


For want of a picture of the spreading out of an energy level, the 
following process is suggested. By the absorption of energy the atom 
is raised toward an excited state, c.^., toward of the above given 
example. Because of the resonance phenomenon discussed in Sec. 19.3 
there will be a certain probability that the atom will go over into the 
continuum and selfdonize before it has time to reach any stationary 
state. Thus in absorption the energy level in question will not be 
discrete but will be broadened by an amount depending upon the proba- 
bility of self-ionization. The emission of radiation being the reverse 
of absorption, the observed spectral lines are broad. 

The other diffuse lines in the copper spectrum all start from initial 
states that lie above the first series limit and have, without doubt, the 
same explanation as that given above for the states of 3dHs5s, 

19.9. Autoionization in Calcium, Strontium, and Barium. — In the 
early development of complex-spectrum analysis, Russell and Saunders' 
discovered the now famous series of p' terms. These terms which they 
designated as np'1,2.3, where n = 2, 3, 4, and 5, are now designated as 
•To. 1.2 and are attributed by RusselP to the electron configurations 
3d3d, 3d4df 3d5d, and 3d6d, All but the first member of this series 
(see Fig. 11.9) lie above the first series limit 4^S of the four chief series of 
singlets and triplets. The continuum above these four chief series 
corresponds to even S and D terms and to odd P and F terms. RusselPs 
T terms {3dmd)f being characteristically even, enable the electron in any 
one of these states to have a mean life sufficiently great to combine 
normally with odd lower terms and give rise to the respectably sharp 

1 Kusbell, H. N., and F. A. Saunders, Astrophys. Jour., 61, 38, 1925, 

* Russell, H. N., Astrophys. Jour., 66, 13, 1927. 
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spectrum lines observed. The even term 3d4d combining with 
4s4p in a double electron jump gives rise to three hazy lines at X 2757.40, 
X 2749.34, and X 2745.49. The broadness of these lines is due to the 
broad ^Si level and indicates that (1) the quantum conditions for auto- 
ionization are not fai from satisfied (with respect to the ^Si continuum), 
(2) the mean life of the atom is long enough to permit some atoms to 
return to lower levels giving rise to radiation, and (3) that some of 
the atoms starting toward this state go over into the continuum and 
self-ionize. 

In strontium a term 4d6p [the corresponding term in calcium 
(see Fig. 11.9) is 3d5p] lies just above the 5\S limit and, as in calcium, 
is in a continuum of ^F° terms 5smf. These negative ^F^ 2 ja terms 
4d6p combine with lower ^/>i. 2.3 terms 5,s‘4d, giving rise to five very diffuse 
lines fsee Table 19.3). 


Table 19.3 


Strontium, hazy lines (short mean life) 

( 

j Barium, sharp lines (long mean life') 

Interval 

1 

X 

1 

l)(‘signation 

i Interval 

f 1 


Designation 

4n 1 

3189 23 

Hh - ■’/'’I 

1 ■« 

3580 50 

u), ~ 

3n 

3189 93 

^ih - 

i 10 

1 3561.94 

! ^D, ~ f; 

2n 

3198.99 


10 

3566 66 

2/;, - F] 

2n 

3200 22 

1 ’D, - 

15 

3610 96 


In 

I 3205 13 

H), - 

! 3 

3589 95 

> 0 , - ^Fl 



I 

i ^ 

3639 72 

- ^Fl 


1 White, H. E , Phu«. Pev., S8, 2010. J931 


In barium these same ¥^^ 2 . 3.4 terms bdlp lie just below the series 
limit 6^*S so that autoionization is not possible. Combining with lower 
^ 1 ^ 12.3 terms 6s5d, six relatively sharp lines are expected and observed 
(see Table 19.3). Where the mean life in a given state is long the lines 
will have a very narrow^ natural breadth, and where the mean life is 
relatively small the lines wdll have wide natural breadth. This question 
of the breadths of spectral lines will be taken up in Chap. XXL 

19.10. H 3 rperfine-structure Term Perturbations. — In the early 
development of kfs and nuclear spin it was observed that the Land6 
interval rule was always valid. This observation is in complete agree- 
ment with the present-day atomic models, and, were it not for one 
fairly well-established case in mercury, found by Schuller and Jones,^ 
the rule might be laid down as infallible. Since the one known departure 
from the interval rule is attributed by them to the same type of pertur- 
bation phenomena as those discussed in the first sections of this chapter, 
a discussion of this single known example is not out of place here. 

1 SchUlek, H. and E. G. Jones, Zeita, f Phya,, 74, 631, 1932; 77, 801, 1932. 
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The first member of the diffuse series in mercury consists of four 
terms and ^ 1 ) 2 , arising from the electron configuration 

6s6d (see Fig. 11.6). Contrary to what one would expect from LS- or 
jj-couplinQf the ^ 7)2 term lies about three wave numbers below *Di. 
Since the triplet intervals 60 and 35 cm~^ have the ratio 5:3 in place of 
2:3 for L/S-coupling, only the ^Di and levels can be assigned definite 
S and L values. Due to the close proximity of the two levels and 


l’ ^ I-O 

Hgl99 Hg 198.200, 202, ?04 Mg 201 



l-F 




3 

2 


I 


1 

Z 


Flu. 19 15. Hyperfine-structure term perturbations in the are spectrum of mercury. 

After Schuler and Jones.) 


^Z> 2 , their respective hfs terms perceptibly perturb each other. These 
perturbations are shown schematically in Fig. 19.15. 

Due to the relatively large number of mercury isotopes (198, 199, 
200, 201, 202, and 204) the hfs patterns of a majority of the spectrum 
lines are veiy complex. As stated in Sec. 18.12 the very interesting and 
praiseworthy analysis of many of these patterns by Schuler and Jones has 
led to the assignment of different nuclear spins to the different isotopes: 

/Isotope 198 199 200 201 202 204 
y (Nuclear spin 0^0^00 
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Starting with the even isotop^es with zero spin in the center column 
of Fig. 19.15, the two terms and will, for the 199 isotope, each 
be split into two hyperfine levels. The same two terms for the 201 iso- 
tope will be split into three and four hyperfine levels, respectively. The 
dotted lines represent the centers of gravity of each set of levels (each 
level is assigned the quantum weight 2F H- 1), and the arrows indicate 
the levels that repel each other. It is assumed that there is no isotope 
displacement. 

By analogy with the perturbation rules given in Sec. 19.3 the quantum 
conditions for hyperfine term perturbations may be postulated as follows : 
Two levels belonging to the same or to different electron configurations 
will perturb each other (1) when both electron configurations are of the 
same sign, and (2) when both levels have the same F value. The I value 
being always the same for every energy level of each atom, the greatest 
effect is to be expected when the two levels have the same J value. 
(In the case of mercury the J’s are different.) Schuler and Jones point 
out that the repulsion is not only a function of the distance between the 
levels but also a function of the F and I values. Though the F = f 
levels are farther apart than the F — i levels, the shift is greater. Fur- 
thermore the shift of the F = f levels for / = | is twice as great as for 
/ = A possible explanation lies in the relative magnitudes of the 
nuclear factors. 

It is to be noted that the levels for / = | are inverted with respect 
to the levels for / = Whatever the coupling scheme may be for the 
6s6d configuration, the ^Z>i term can only be L5~coupling with S ^ I, 
L = 2, and J == 1. With a positive g factor and a strong coupling 
between the 6s electron and the nucleus, the hfs terms of ^Di will be 
large and inverted as observed for I - With a negative nuclear 
g factor they will be normal as observed for 7 = f . The magnitude of 
the hyperfine separations shows that the positive g factor is 2.7 times the 
negative g factor. 



CHAPTER XX 


THE STARK EFFECT 

20.1. Discovery of the Stark Effect. — Although the splitting up of 
spectral lines in a magnetic field was discovered by Zeeman as early 
as 1897, some 16 years elapsed before anyone succeeded in showing 
that a similar effect is produced when a source of light is placed in an 
electric field. In 1913 Stark ^ demonstrated that every line of the Balmer 
series of hydrogen, when excited in a strong electric field of at least 
100000 volts per centimeter, is split into a number of components. 
When viewed perpendicular to the field, some of the components of 
each line pattern are observed to be plane-polarized with the electric 
vector parallel to the field (p components), and the others polarized with 
the electric vector normal to the field (s components). When viewed 
parallel to the field only the s components appear, now unpolarized. 

There is at least one good reason why early attempts to observe 
the splitting of spectrum lines in an electric field were not successful, 
vtz.f the production of very high potential gradients along a discharge 
tube is a very difficult task. Soon after Stark's discovery, Lo Surdo^ 
observed the splitting of lines excited in the cathode dark space of a 
discharge tube. These tw o sets of observations mark the beginning of a 
very interesting, and at the same time complex, field of investigation.® 

20.2. The Stark Effect of Hydrogen. — If one were to ask, What was 
the most outstanding success of the early Bohr quantum theory?, the 
reply would be, The first satisfactory treatment of the hydrogen atom 
in an electric field, by Epstein^ and by Schwarzschild.® It is interesting 
to point out that these early results, coming as they did at a time before 
the spinning electron made its d6but, have been little altered by the 
more satisfactory quantum mechanics as given by the Schrodinger 
wave equation® and by the Dirac theory of the electron.^ 


1 Stark, J., Berl Akad. 40, 932, 1913; Ann. d, Phys., 43, 965, 1919. 

* Lo SuRDo, A., Accad. Lincei AUi, 22, 665, 1913; 23, 83, 256, 326, 717, 1914. 

* A rather complete bibliography and account of the Stark effect is given by R. 
Minkowski in H. Geiger and K. Scheel, Handhuch der Physik, Vol. 21, p. 389, 1929. 

* Epstein, P. S., Ann. d. Phys., 60, 489, 1916; also Phys. Zeits., 17, 148, 1916. 

‘ SCHWARZSCHILD, K., Sitz-hcr. Berl. Akad. Wiss., 1916, p. 548. 

* ScHRbDiNGER, E., Ann. d. Phys., 80, 437, 1926; Epstein, P. S., Phys. Rev., 28, 
696, 1926. 

^ ScHLAPP, R., Proc. Roy. Soc., A, 119, 313, 1928. 
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We shall not attempt to derive any of the equations for the Stark 
effect but shall begin by first writing down the general energy relations 
for a hydrogen atom in an electric field and then proceed to interpret 
them in terms of atomic models and the observed spectrum lines. The 
interaction energy of a hydrogen-like atom in an electric field is given by 

AT = AF + BFM- (20.1) 

Here AT represents the change in the term valvje of the atom in 
wave numbers, i.e., the shift in the energy levels from the field-free states 
to the states in the electric field, and F is the strength of the field in 
electrostatic units. The coefficients A and C, in this equation, have 
been calculated from classical and quantum-mechanical considerations by 
Epstein, Wentzel, Waller, Van Vleck, S.Doi, Schrodinger, and others, 
and are given by 

B - n.) - 9 m? + 191 , (20.2) 

Here n is the usual total quantum number, and and w? are dcctnr 

quantum numbers^ subject to the condition 

Ml — n — n 2 — n\ — (20.8) 


The allowed values are 

/t = 1, 2, 3, • ' • 00, ni = 0, 1, 2, 3, • • w - 1, 

(20.4) 

= 0, ±1, ±2, • • • ±{n - 1), 712 = 0, 1, 2, 3, • • - 1. 

If the field is expressed in volts per centimeter the independent 
constants preceding the quantum numbers in these expressions are 
6.42 X 10~®, 5.22 X 10“^®, and 1.53 X 10~^^ for A, J5, and C, respectively. 
The first term in Eq. (20.1), involving F to the first power, is called 
the first-order Stark effect; the second term, involving F to the second 
power, Stalled the second-order Stark effect; etc. The values of A, /?, 
and C indicate that, if the field is not too large {F < 100000 volts per 
centirueter), the lower states of the hydrogen atom (?2 small) would bf‘ 
expected to show only a firs^rder Stark effect. Such fields result in a 
symmetrical splitting of the energy levels about their field-free positions. 
The second-order effect, ^hich is always present and becomes large for 
higher states and higher fields, results in a unidirectional displacement 
of each line. One peculiar result should be pointed out before going 
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further, viz., that the first-order Stark effect is observed first in hydrogen- 
like atoms, whereas the second-order Stark effect predominates in most 
others. The latter will be considered more in detail in Sec. 20.8. 

20.3. Early Orbital Model of Hydrogen in an Electric Field. ^ — The 
early treatment by Epstein and Schwarzschild of the hydrogen atom in 
an electric held is shown schematically in Fig. 20.1. We have seen in 
Chap. Ill how the Bohr-Sommerfeld orbits, in field-free space, are 
quantized, and how the size and shape of each orbit are given by the 
total quantum number n, the azimuthal quantum number I (or k), and the 
radial quantum number r. In a magnetic field we have seen how 



Fig. 20.1. — The orbital model of hydrogen in an electric field. 


the orbit becomes oriented, or space-quantized, and how the magnetic 
quantum number mi is introduced. 

Now the action of an external electric field on an orbital electron 
is quite different from the action due to a magnetic field. So different 
in fact is the new motion that a different system of coordinates is required 
for a solution of the problem. The required solutions are found in 
parabolic coordinates, and the quantum numbers describing the motion 
are those given in Eq. (20.2). The quantum number mi, which gives the 
projection of the orbital angular momentum (i.e., mihl2Tr), on the electric 
axis, is .to be compared with the magnetic quantum number mi. It 
should be pointed out that in an electric field the orbital angular momen- 
tum is not necessarily constant as it is in a magnetic field. 

* For a treatment of the Stark effect in terms of electron orbits, see A. Sommerfeld, 
“Atomic Structure,’' p. 276, 1923; see also A. E. Ruatk and H. C. Urey, “Atoms, 
Molecules ami Quanta,” p. 149. 1930. 
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The quantum numbers ni and n2, called the parabolic quantuvi 
number 8 f are closely analogous to and replace the radial and azimuthal 
quantum numbers of field-free space. Just as r and I determine the 
range of the electron-nuclear distance r^in (perihelion) to (aphelion), 
so ni and 712 determine the range of the electron’s motion in the electric- 
field coordinates as shown in Fig. 20.1. While rii limits the motion to 
the region between the two paraboloids of revolution and fniax, 
712 limits the motion to the region between the two paraboloids of revolu- 
tion 77mm and 77^. The region intersected by the two pairs of parab- 
oloids is shown in cross section only. Confined to this region the 
electron has three periodic motions, one around the field direction given 
by niij and one each along the f and 77 coordinates given by ni and 712. 
Since the last two periods are not necessarily the same, the electron will 
in time have covered every point, in the cross-sectional area shown. ^ 
If m/ 0, rii 9^ 0, and 712— 0, then == Vxj^x and the motion is con- 
fined to move along a paraboloid given by 77 = constant between the 
limits inrin and If rii and 712 are both zero, 77„,m = Vuuxx and = 

and the electron moves in a circle wit h tt?.^ = 7? — 1 . 

Although quantum-mechanical models in the form of electron-cloud 
pictures have not been made for hydrogen-like atoms in an electric 
field, there is little doubt but what they closely resemble the orbital 
model just as they do for the field-free states shovm in ('haps. IV and IX. 
It will be seen in Sect. 20.5 that in a strong electric field the spin of the 
electron adds very little to the orbital picture presented above. This 
is to be contrasted with the large contribution of the spin to the energy 
in a magnetic field, as shown by the anomalous Zeeman effect. 

20.4. Weak-field Stark Effect in Hydrogen. — A treatment of the 
hydrogen atom in a weak electric field has been given for the orbital 
model, neglecting electron spin, by Kramers, ^ and for the quantum- 
mechanical model, including spin, by Schlapp.* This latter treatment 
employs the Dirac electron theory and is therefore to be preferred. 
Although Schlapp’s derivations will not be given here, we may neverthe- 
less form some picture of the atom in a weak field and see in a qualitative 
way how the energy levels and spectrum lines should split up according 
to his results. 

By a weak electric field in hydrogen is meant one in which the inter- 
action energy between the electron resultant j* and the field F is Con- 
siderably less than the magnetic interaction energy between I* and «*. 
In other words we have a weak field when the Stark splitting is small 

^ Attempts to represent the various possible motions of an orbital electron in an 
electric field have been made by R. W. Wood, Phys. Rev., 88, 346, 1931; see also A. 
Sommerfeld, “Atombau.” 

* Kramers, H. A., ZeiU. /. Phys.^ 3, 199, 1920. 

* ScHLAPP, R., Proc. Roy. Soc.^ A, 119, 313, 1928. 
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compared with the fine-structure splitting. In a weak field the spinning 
electron, which may be thought of classically as a small magnet, does 
not interact with the field so that the coupling of with F is due only to 
the interaction of Z* with F. On the classical picture of a precessing 
atom the electron mechanical resultant j*hl2w precesses around the 
field Fy somewhat as shown in Fig. 20.2. The projection of on the 
field direction F is given by where rrij takes values differing from each 
other by unity from to ~j. 

The important difference between the Zeeman effect and the Stark 
effect is that each pair of levels and — m, arising from a given le^^el 
have the same energy when in an electric field but different energies 



Fig. 20.2. — Classical vector model for the hydrogen atom in a weak electric field. 

when in a magnetic field. The state m,* — I in Fig. 20.3, for example, 
has the same energy as the state W/ = — Similarly the states m/ = 
and nij = —I have the same energy. Instead of a level j — | being 
split up into four components as in the Zeeman effect, there are but two 
levels. The reason for this can best be understood by referring to the 
classical orbital model, or to the quantum-mechanical model of electron 
clouds (see Figs. 9.8 and 9.10). The nature of the forces acting on the 
electron are purely electrostatic so that the energy of the electron in an 
orbit of given n and I depends only on the inclination of the orbit plane 
with respect to the electric field, or to the distribution of charge on the 
quantum-mechanical model, and not on the direction of rotation or 
motion of the electron in its orbit. The states with 4-m/ and — nij 
correspond to the same inclination of the orbital plane, or to the same 
charge distributions, and therefore have the same distortion, or energy 
change, due to the applied field. In a magnetic field, on the other hi'.nd. 
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the energy depends on the direction of rotation, and the energies change 
sign when m,- changes sign. It should be noted in Fig. 9.8 that for given 
n, Z, and j each pair of states ± Wy have the same charge distributions. 
Again each pair of states with the same n, j, and my but different I have the 
same angular ‘distribution but different radial distribution. 

The energy levels of the hydrogen atom for the two states n — 2 
and n = 3 are shown in Fig. 20.3. The field-free levels and theoretical 
pattern for Ha are given at the left and the weak-field levels and pattern 
are given at the right. Theoretical treatments of the Stark effect show 
that wherever two or more levels with the same n and j but different 




I lie close together the first-order Stark effect predominates over the 
second-order Stark effect. At the left in the figure it is to be noted that 
states for which n and j are equal fall together (see Fig. 9.3), and that 
these same levels at the right show a large first-order splitting. The 
only unpaired state for each n is in each case the one at the top, 2p, 
and 3cZ,^Z)§, and these show only second-order splittings too small 
to show in the figure. The reason why a first-order effect occurs in 
the double levels and not in the single may be explained as follows: 
Owing to the overlapping of angular wave functions, and the mutual 
energy shared by the two states, the atom in either one of the shared 
states will possess a net electric moment. When a state is unpaired, 
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there can be no appreciable electric moment and hence only a second- 
order effect. 

Due to the space quantization of the mechanical moments, as shown 
in Fig. 20.2, the electric moment interacts with F to give j + h equally 
spaced levels. The quantum numbers for weak-field Stark effect are 
n, j, and m,. Although I is no longer a quantum number, Schlapp 
arbitrarily assigns the upper levels of each parent j to the higher I value 
I = j + h, and the lower levels to I = j — All weak-field levels 
arising from the same fine-structure term j retain the same j value. 

The selection rules for the weak-field Stark effect are the same as 
those for the Zeeman effect: 

AiUj ~ 0 gives p com,ponentSy . / 

Amy = ± 1 gives s components, ' (20.5) 

The relative intensities of the various components shown at the lower 
right in Fig. 20.3 are those calculated by Schlapp. Each fine-structure 
component in Ha should show a sym- 
metrical pattern. Since the fine structure 
without, field has never been completely 
resolved, these patterns have never been 
observed. Due to the falling together of 
levels with the same nij^ the s com- 
ponents when viewed parallel to F will 
(since each arises from two opposite 
circular polarizations) be unpolarized. 

20.6. Strong -field Stark Effect in 
Hydrogen. — A strong electric field for 
hydrogen may be defined as one for which 
the interaction energy between the elec- 
tron and the field F is greater than the 
interaction energy between the electron 
spin and orbit. In other w^ords when the electric field." "spaerq^^^ 
splitting of the energy levels due to the Stark effect, 
field is greater than the fine-structure splitting, the field is said to be strong. 
In such a field the magnetic coupling between Z* and s* is broken down, and 
Z* is quantized with respect to (and on the classical model processes 
independently around) the field direction F as showm in Fig. 20.4. While 
the spin is not acted on by the external electric field, it does interact wdth 
the magnetic field of the orbital motion Z*. This interaction takes place 
even though s* is no longer coupled with the orbit to formj*. Resolv- 
ing the magnetic field due to Z* into two components, one along F and 
the other normal to F, the normal component will average to zero. 
As a result of this, s* will precess around the component parallel to 
F. As in a strong magnetic field the spin s’*' therefore processes around 



Fig. 20.4. — Classical vector mof^el 
for thp hvdrno^ftn Rtnm in r stroTior 
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the electric field direction but for a different reason. We may, there- 
fore, ascribe quantum numbers mi and w, to these two motions where 
mi takes values from +lio -I, and m, takes the values and 
[This is the mi of Eq. (20.3).] 

In such a strong field Epstein and Schwarzschild, and others, have 
shown that the first-order Stark effect is many times larger than the 
so-called second-order Stark effect (see Sec. 20.2), and that the inter- 
action energy of Z* with F is given by the first term of Eq. (20.1). 

AT ^ AF 6.42 X 10-^n(n2 - ni)F. (20.6) 

Although the coupling between I* and s* has been broken down 
in a strong field, there is still a magnetic interaction between the two 
vectors which is of the same order of magnitude as the fine structure 
in no field, and this must be added to Eq. (20.6). Just as in the Zeeman 
effect this ener^is given by Eq. (10.29) as 

r == al*s* cos cm-h (20.7) 

Even though I is not a quantum number, the cosine when averaged 
should give [see Eq. (10.33)] 

r = amm, cm~^ (20.8) 

\i 

Adding this energy to Eq. (20.6), each strong-field term is shifted by 

AT = 6.42 X 10-‘'n(n2 - ni)F + (20.9) 

where a is the l*s* coupling coefficient (see Sec. 8.6) determined from the 
fine structure, and where F is measured in volts per centimeter. 

Let us now apply Eq. (20.9) to the specific example of the first three 
states of hydrogen and then the selection rules to the first member 
of the Balmer series KL, The energies for each quantum state are 
easily calculated by tabulating as in Table 20.1. 

The allowed values of n, ni, and are first written down in columns 
to insure obtaining all possible combinations. The quantities n{n 2 — rii) 
are next computed. From Eq. (20.3) the values of mi are obtained. 
For every possible state mi there are the two possibilities m, = -f | 
and m, = — The a coefficients in the last column are not all equal 
as each is a measure of the spin-orbital interactions and there are several 
different Z's. We see from this table that there is exactly the same 
number of possible states of the atom as in the Zeeman effect. In the 
Stark effect, however, certain levels fall together. Plotting the energies 
as given by Cols. 5 and 8, each weak-field level m,- is connected to a 
strong-field level with the same my, such that no two levels with the same 
m, cross. 
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Table 20.1. — Eneboy Factors for the Stark Effect in Hydrogen 


n 

rii 

ni 

/li — Til 

n(n2 — ni) 

mi 

nit 

amiMt 

1 

0 

0 

0 

0 

0 

±l 

0 


+ 1 

+ 1 

0 

0 

-1 

± i 

+ o/2 

2 

+ 1 

0 

-t-1 

+2 

0 

±l 

0 

0 

-fl 

-1 

-2 

0 

± i 

0 


0 

0 

0 

0 

+ 1 

± 1 

±o/2 


+2 

+2 

0 

0 

-2 1 

±i 

T a 


+2 

+1 ! 


+3 


i-1 1 

f a/2 


+2 

0 

+2 


0 


0 


+ 1 

+2 

-1 

-3 

-1 


+ a/2 

3 

+ 1 

+ 1 

0 

0 

0 

f 1 

0 


+ 1 

0 

-fl 

+3 

f 1 

±1 

± a/2 


0 

+2 

-2 

-6 

0 

±i 

0 


0 

+ 1 

-1 

-3 

+1 

±h 

± a/2 


0 

0 

0 

0 

+2 

±l 

± a 


As in the Paschen-Back effect the selection rules for a strong electric 
field may be stated as follows: 

Am, = 0, 

Am-f = 0 for p componentSy (20.10) 

Ami = 1 for s components. 
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Fxo. 20.6. — ^Stark effect of hydrogen, showing weak- and strong-field energy lev els forn — 2 

and n » 3* 
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Intensity rules have been worked out from the quantum mechanics 
by a number of investigators. Those shown in Fig. 20.6 have been 
calculated by Schlapp using as a model the Dirac electron as applied 
to hydrogen. Although the weak-field patterns have not been observed, 
the strong-field pattern for each line has been observed and found to 
be in good agreement with theory, in both the intensities and the relatix c 
separations. It should be pointed out that under different electrical 
conditions in different types of sources the relative intensities of the 
components are different. The microphotometer curve shown for 
Ha in Fig. 20.6, taken from the work of Mark and Wierl/ is observed 



Flo. 20.0. Stark of hydrogen, showirig (’Jilculatc'd and ohsorveri struotiire for 

{Ohserved field-free pattern after Speddiu'f, Shane, and (irace; observed strono-field pattern 
after Mark and Wierl ) 

to be in excellent agreement. The fine-structure splitting due to the 
magnetic l*s* interaction is not resolved. The lower figure if plotted 
to the scale of the field-free line above would be many times wider 
than show'n. A reproduction of Mark and Wierl's published photograph 
of Ha is given in Fig. 20.7. In enlarging this photograph the photo- 
graphic paper was moved in the direction of the lines during the exposure- 
20,6 Second-order Stark Effect in Hydrogen. — In field strengtlfe 
of over 100000 volts per centimeter the Stark components of the hydrogen 
line patterns show deviations from the shifts given by the formulas 
for the first-order Stark effect. This effect, which is found experimentally 
to shift different components to the red or violet by an amount pro- 
portional to the square of the field strength, is called the second-order 
Stark effect In other than hydrogen-like atoms the same phenomenon 
is called the quadratic Stark effect. 

The first observations of the second-order effect in hydrogen were 
made by Takamine and Kokubu* in the Stark pattern of when 

1 Maek, H., and R. Wierl, Zeits. f. Phys., 66, 166, 1929. 

» Takamine, T., and N. Kokubu, Proc. Tokyo Math. Phya. Soc., 9, 394, 1918. 
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the spectrum was produced in a field of 147000 volts per centimeter, h 
this field the middle a component of BLy was observed to be shifte< 
toward the red by only 0.8 A. These experiments were followed up bj 
extensive investigations in fields of several hundred thousand volts pei 
centimeter by Kiuti,^ Foster,^ Ishida and Hiyama,* Rausch von Trauben 
berg and Gebauer,^ and others. 

The theoretical relation giving the second-order shift of the energ 3 
levels in hydrogen-like atoms is given by the second equation in Eq 



(20.2). Early derivations of this formula, using the orbital model 
of the atom, did not include the constant term 19. Recent comparisons 
of theory and experiment show better agreement with the newer formula 
as it is given in Eq. (20.2). This may be shown by the observations 
of Rausch von Traubenberg and Gebauer for two of the s components 
of In Fig. 20.8. The circles represent the observed shifts as measured 
from the photographic plates, the solid lines the theoretical shifts accord- 
ing to Eq. (20.2), and the dotted lines the shifts according to the older 
theory. Equally good agreement has been found in other components 
and other line patterns in hydrogen. 

In measuring the second-order shifts of various components of a 
given Stark pattern better agreement with theory is found by taking 


^ Kiuti, M., Japan. Jour. Physics^ 4 , 13, 1925. 

* Foster, J. S., Aatrophya. Jottr.y 63, 191, 1926. 

* Ishida, Y., and 8. Hitama, Inst. Phys. Chem. Research, Tokyo, Sci. Paper 9, 
Vol. 162, 1928. 

^ 70N Traubenbero, H. Rausch, and R. Gebauer, Zeiis. /. Phys., 64 , 307, 1929; 
66, 2/U. 1929. 
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symmetrical pairs of lines and measuring the shift of their center of 
gravity from the field-free lines. The wave-length shift is given by 

AX = - x„, (20.11) 

where K is the wave-length of the red component, X,, is the wave-length 
of the violet component, and Xo the wave-length of the field-free line. 

20.7. Stark Effect for More than One Electron. — As compared 
with the Stark effect in hydrogen the effect of an electric field on atoms 
containing more than one electron is in many cases quite complicated. 
One of the most important features to be mentioned is the unexpected 
appearance of so-called forbiddm_lines. These lines, involving what 



Fig. 20.8.— Second-order Stark effect in hydrogen. {After Rausch von Trauhenberg 
and Gebauer.) A. Wave-length shift of the middle s component of lly. B. Shift of the 
s components, ±3, of H^. 

in field-free space would correspond to a change in the azimuthal quantum 
number of zero, two, three, four, etc., are often the strongest lines in a 
pattern. The reason for this is that in an electric field the quantum 
conditions are quite different and the selection rules apply to a new set 
of quantum numbers. 

Although the splitting up of the energy levels for different atoms is 
different from level to level and from atom to atom, the formulas derived 
from the quantum mechanics for hydrogen are found to apply in many 
cases. To be more exact, the more nearly hydrogen-like a given term 
happens to be, the more nearly the Stark splitting will follow the hydrogen 
formulas [Eqs. (20.1) and (20.2)]. Hydrogen-like states in complex 
atoms are those for which the effective quantum number no is nearly 
an integer, and the quantum defect (see Sec. 7.4) is practically zero. 
Such terms arise when the excited electron, or running electron as it is 
sometimes called, is in a nonpenetrating orbit like 2p, Sd, 4/, 5/, 5p, 
6/, 6^, 6A, etc. 

If the excited electron moves in a penetrating orbit, the state will 
not show, in ordinary fieMs, a first-order Stark effect. A classical 
explanation that has been given for this is as follows: Owing to the rapid 
precession of a penetrating orbit when in a non-Coulomb force field 
the electric moment will precess rapidly in the orbit plane so that its 
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time average in any direction will vanish. With no electric moment 
there should be no first-order Stark effect. In an electric field, however, 
the orbit will be displaced as a whole in one direction and this will give 
rise to a quadratic, or second-order, Stark effect. On the quantum 
mechanics one might say, j ust as in hydrogen, that, due to the overlapping 
of wave functions and the mutual sharing of energy of two close neighbor- 
ing states, the atom in either of the two states will possess a net electric 
moment. This moment, due to the space quantization of mechanical 
moments, will interact with the field in such a way as to give rise to 
equally spaced levels, the intervals between which will be proportional 
to the first power of the fiield F. The farther removed a state is from 
other hydrogen-like states, the smaller will be the net electric moment 



Fio. 20.9. -—Quadratic Stark effect for the potassium doublet 4s, X4047 
and X4044, {After Grotrian and Ramsauer.) 

and the smaller the first-order splitting. Just as in hydrogen we can 
now say that, if the excited electron is in a hydrogen-like orbit and 
there are no other hydrogen-like orbits with the same w, the state will 
show no first-order effect. 

As an example of the practical application of the above principles, 
let us consider the sodium D lines arising from the transitions 35,2>Sj-3p, 
i. Here these states, arising from electron orbits with the same total 
quantum number n, are thousands of wave numbers apart as well as a 
long way from the almost hydrogen-like 3d,^i)|.| states. These lines 
have been studied in strong electric fields by Ladenburg^ and found to 
show only a quadratic Stark effect. In a field of 160000 volts cm~^ the 
various components for the two lines were displaced to the red by a 
small fraction of an Angstrom unit. Again in potassium, Grotrian and 

^Ladbnburg, R., Phy8. Zeits.j 22 , 549 , 1921 ; Zeits. f. Phys.y 28 , 51 , 1924 ; Ann. 
d. Phys.y 78 , 675 , 1925 . 
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Bamsauer^ have observed similar shifts, with slight splitting into com> 
ponents of the doublet 4s, A reproduction of their measure- 
ments on this doublet is shown in Fig. 20.9. 

If a given orbit is not far from hydrogen-like, the term will show 
only a quadratic Stark effect in a weak field. As the field increases, 
and the levels from the hydrogen-like orbits of the same n begin to overlap 
the one in question, the term will begin to show a first-order Stark 
effect. An electric field which, for a given level, gives only a quadratic 
effect is sometimes called a weak field, A field strong enough to give a 
first-order effect is also called a strong field. We therefore see that what 
may be called a weak field for one energy level may be a strong field 
for other levels of the same atom. (It should be noted that this reference 
to weak and strong fields cannot be applied to hydrogen, for there the 
first-order effect is observed first in weak fields and then Ihe second-order 
effect in strong fields.) A pure quadratic Stark effe(*t arises when the 
conditions for weak field are satisfied for b(jth the initial and final states. 
These are the conditions under which Fig. 20.9 was obtained. As the 
field increases, the initial state usually goes over to the strong-field case 
long before the final state does. When the field is strong for both the 
initial and final states the Stark separations are given by AF + BF"^ 
[see Eqs. (20.1) and (20.2)], and the resultant Stark patterns will resemble 
those of hydrogen. We shall now apply these principles to the Stark 
effect of helium. 

20.8. The Stark Effect in Helium. — The appearance of forbidden 
lines in helium when the spectrum is produced in an electric field was 
first observed by Koch.'^ Following Koch’s discovery, Stark ^ and his 
coworkers were able to produce long series of forbidden lines like Ls'2.v,'^»S- 
\snsASy ls2p,*P — IsnpAPj etc., where liZ = 0 and Ls2.s',*'^»S — 

\s2py^P — IsnJyWy ct c . , whcrc A/ = 2. Later experiments by Foster"* and 
others extended the observations and, under improved experimental 
conditions, brought out the significance of these new lines. The correla- 
tion between the Stark patterns of helium with its two electrons and the 
Stark patterns of hydrogen with its one electron is one of the most 
interesting and remarkable achievements of our modern theory of 
atomic spectra. 

As a specific example of the Stark effect in helium let us consider 
the spectrum line X3705, arising from the transition l,s2p,^P — l.s7d,^Z), 
and examine the various energy levels, transitions, and observed Stark 
components associated with it. From the energy level diagram of 

1 Gbotrian, W., and G. Ramsauer, Phys. Zeits., 28, 846, 1927. 

* Koch, J., Ann. d. Phys.y 48, 98, 1915. 

» Stark, J., Ann. d. Phya., 48, 210, 1916; 66, 577, 1918. 

< Foster, J. S., Phys. Rev., 23, 667, 1924; Proc. Roy. Soc., A, 114, 47, 1927; A, 11/, 
137, 1927. 



Sec. 20.8] 


THE STARK EFFECT 


415 


helium in Fig. 12.14, it is seen that both of these terms are nearly hydro- 
gen-like. By hydrogen-like is meant that the term value is within a 
few wave numbers of the corresponding term value in a hydrogen-like 
atom. In such a state the excited electron is in an orbit not greatly 
different from one of the hydrogen orbits. (Compare the He 2p curve 
in Fig. 12.15 with that of H in Fig, 4.6.) 
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Fig. 20.10. — Theoretical Stark splitting for the 1871 states of helium, where Z »» 0, 1, 2, 3, 
4, 5, and 6, for a, p, d, /, g, h, and i electrons respectively* 


Turning first to the final state ls2p,^P, we find that the only other 
near-by states are and ^Sj arising from 1323 several thousand wave 
numbers lower. From the discussion in the previous section one should 
therefore expect only a quadratic Stark effect for both the and *P 
terms of ls2p. Even the very highest fields yet attained would not be 
strong enough to bring the 1323 and ls2p sets of levels near enough 
together to give rise to a first-order Stark splitting. We may therefore 
assume little or no splitting and a very small shift in the final state *P 
for all ordinary fields. 
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Turning now to the ls7d,^D initial state which is almost hydrogen- 
like, we find ls7p,^P 42 lower and ls7s,^S 159 cm-^ still lower. 

Above ls7dy^D, and within but a few wave numbers, must lie the states 
arising from the configurations ls7/, ls7^, ls7/i, and ls7i (see Fig. 20.10). 
Although not observed in connection with the ordinary spectral series, 
these levels certainly do exist as possible states of the helium atom. 
Due to the close proximity of these latter states, an electric field will 
not have to be very strong to produce a first-order Stark splitting of 
At first the and states will show a second-order Stark splitting. 
As the field is increased, and the components of the upper levels approach 
those of ^Pj the levels will begin to show a first-order effect. Finally, 
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Fig. 20.11. — Theoretical and observed Stark patterns for the helium line X3705 in different 

field strengths. 


when the field and splitting are large enough, the term will show a 
first-order splitting. In these strong fields the spin-orbit interaction 
SL is broken down and the quantum number L no longer has meaning. 
Only the projections of the orbital and spin momenta on the field direction 
are quantized, and w^e have as quantum numbers Ml and Ms in place 
of mi and as in hydrogen. For each quantum value of Ml there 
will be three possible values of M.s, viz,, 1, 0, and —1. These are indi- 
cated at the right in Fig. 20.10. Although there is no coupling between 
the spin resultant S and the field F, S will interact with the orbital 
magnetic moment projected on F (see Sec. 20.5) and give rise to spUttings 
of the same order of magnitude as the fine structure of each triplet. 
This splitting is too small to show in the figure. The small separations 
appearing at the right are shown for the purpose of correlation with field- 
free states. 

Mention should be made at this point of the singlet terms arising 
from each of the configurations shown in Fig. 20.10. These singlets in 
field-free space lie just above each corresponding triplet, and these go 
over in an electric field to an array of levels almost identical with the one 
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shown for the triplets. Due to the spin-spin interaction this set of levels 
will be just above but almost superposed upon the triplet array. 

In considering the allowed transitions between two sets of levels the 
selection rules, 

AMs — 0 , 

AM L = 0 for p components, (20.12) 

AM L = 1 for 8 components 

must be applied. With the set of levels shown at the right in Fig. 20.10 
as initial states, and the states Ml = 1, 0, and —1 (from l«2p,*P) 
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Fig. 20.12. — Stark effect in helium. {Enlarged from a section of a plate taken by J. S, 
Foster,) The field-free spectrum is shown between the p components above and the s 
components below. 


as final states, transitions from the states Mz, = 0, ± 1, and ±2 are the 
only ones allowed. Since the final levels show only a quadratic effect, 
the three lower levels will be superposed and the observed spectrum 
lines should follow the dotted lines in Fig. 20.11. The observed patterns, 
as photographed by Foster, are reproduced in Fig. 20. 12. These observed 
Tines are drawn as heavy lines in Fig. 20.11. In very weak fields only 
certain of the lines from levels with higher L values appear. Most of 
these in zero field are forbidden transitions. As the field increases, the 
2*P — 7^P transition appears. Quantum-mechanical calculations for 
the tracing of various levels from zero field to strong field have been carried 
out by Foster^ and shown to be in good agreement with experiment. 

1 Fostur, J. S., Proc. Roy, Soc.^ A, 117, 137. 1927. 
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THE BREADTH OF SPECTRUM LINES 

It is well known from experiment that many spectrum lines have an 
observable breadth that is independent of any optical system used to 
observe them. In many cases narrow and broad lines are observed simul- 
taneously in the same spectrum. The sharp and diffiLse series of each 
of the alkali metals are good examples of this. Oftentimes it is found 
that suitable methods of excitation will sharpen the lines to within the 
limits of the resolving power of the best spectrographs. Other lines are 
known, however, where all of the general methods used for sharpening 
lines have failed to produce fine sharp lines. The copper arc lines dis- 
cussed in Chap. XIX, and reproduced in Fig. 19.14, are good examples of 
this. In this chapter we are concerned with the general causes of, and 
where possible the theoretical calculations for, the observed breadth of 
spectrum lines. We shall start by writing down the known causes and 
types of spectrum-line breadths and then proceed, in the following sec- 
tions of this chapter, to treat each one more or less independently:^ 

A. Doppler effect. 

B. Natural breadth. 

C. External effects: 

а. Collision damping. 

б. Asymmetry and pressure shift. 

c. Stark effect. 

The first of these, the Doppler effect^ has to do with the distribution of 
frequencies observed from many atoms moving at random as they do 
according to the kinetic theory of gases. This simplest of all broadening 
effects will be treated first in this chapter (see Sec. 21.1). 

The second of these, natural breadth j treats of an inherent property 
of the atom, independent of all external effects. The quant urn mechanics 
shows, for example, that the energy levels of an isolated atom are not 
sharp, as given by Bohr's simple theory, but have a finite natural breadth. 
This will be treated in Secs. 21.2 and 21.3. 

The third and perhaps the least understood of the causes for the 
broadening of spectrum lines includes all external effects pioduced by 
(1) collisions between atoms and (2) fields of neighboring atoms and 

^ For a more detailed account of, and references to the subject of, the breadth 
of spectrum lines the reader is referred to the article published by V. Weisskopf, 
Phy^. ZeiU.f 84 , 1, 1933, and also to Max Born, “Optik,” pp. 421-456, 1933. 
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molecules. These effects will be treated in the last three sections of 
this chapter. 

21.1. The Doppler Effect. — Apparently one of the most classical 
of all atomic phenomena is the effect of the Doppler principle as it 
applies to the observed frequency of a radiated line. This is perhaps 
best shown by the different stellar spectra and by the solar spectrum 
as observed from the limbs of the sun (see Fig. 21.1). Here, where the 
velocities of the stars and their emitting gases, with respect to the observer, 
are high, the observed shifts of the spectrum lines are large. Quite 
similar effects are well known to exist in the case of a gaseous discharge 
where, due to thermal agitation, the atoms emitting light have relatively 



It t , t 





Fiu. 21.1. — Solar spectra of the east and west limbs, and the north and south poles, 
of the sun. Arrows indicate solar lines showing the Doppler shift. Bracketed lines, 
showing no shift, are part of the oxygen A band produced by absorption in the earth’s 
atmosphere. 


high velocities. The random motions of the atoms or molecules in a 
gas, however, produce a net broadening of the line with no apparent 
shift of its central maximum. As one might well expect, this broadening 
is found experimentally to (1) increase with temperoiure and (2) decrease 
with incrvasing atomic weight. 

For an appreciable Doppler effect the atom must have an appreciable 
velocity at the time of radiation. If v is the velocity of the atom, and d 
is the angle between v and the direction of observation, the -frequency 
of the light will be changed by an amount Ar, given simply by the classical 
expression 

Av V — vq V cos 6 u _ 

. — = = — „, ( 21 . 1 ) 

Vo Vo c c 

where vq is the frequency of the line for v = Oy v the observed frequency, 

u = V cos 6 (21.2) 

the component of the velocity v in the direction of observation, and c the 
velocity of light. Unlike the closely analogous Compton effect this 
relation does not involve h and is exactly the relation given by the 
quantum mechanics. Assuming a Maxwellian distribution of the velcci- 
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ties the probability that the velocity will lie between u and u + du \b 
given by 




where 


Here /z is the molecular weight, R the universal gas constant, and 
T the absolute temperature. Substituting the value of u from Eq. (21.1) 
we get for the relative intensity / as a function of the frequency v, 

fi 

I{v) ~ constant c “ (21.5) 



Fig, 21.2. — Intensity-frequency contour for the Doppler broadening of a spectrum line. 

This general equation is plotted in Fig. 21.2 for the purpose of showing 
the general shape of a spectrum line which has been broadened by the 
so-called Doppler effect. To find the two frequencies at which the 
intensity drops to half its maximum value ^ the exponential term in 
Eq. (21.5) is set equal to one-half. Solving this for v and multiply- 
ing by two we get for the half -intensity breadth^ in absolute frequency 
units, 



This equation shows that the Doppler broadening is (1) proportional to 
the square root of the temperature ^ (2) proportional to the frequency pq, 
and (3) inversely proportional to the square root of the molecular weight. 


^ The half-intensity breadth of a spectrum line is here defined as the interval 
between two points where the intensity drops to half its maximum value. (Some 
authors take half of this interval and call it the half breadth.) 
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Remembering that ^p/v = AX/X, the half-intensity breadth in terms of 
absolute wave-length units is 

6^ = 2^ In 2 = 1.67-. (21.7) 

c \ fjL c y fjL 

As an example of the application of this equation, consider the sodium 
D lines at X5893 A. For a temperature of 500® Abs., Eq. (21.6) gives a 
half-in tensity breadth of 0.056 cm“^ or 0.02 A, a value 200 times as large 
as the natural half-in tensity breadth (see the following section). 

While Eq. (21.6) shows that the half-intensity breadth in frequency 
units increases with frequency, Eq. (21.7) shows that, in wave-length units, 



Fio. 21.3. — Amplitude-time curve of a single electric charge oscillating about a fixed point. 

A damped oscillator. 

it decreases. The latter would show that the x-ray region of the spectrum 
might be suitable for the measurement of natural breadths (see Sec. 21.4). 

21.2. Natural Breadths from Classical Theory. — According to classical 
electromagnetic theory a vibrating electric charge is continually damped 
by the radiation of energy. The energy E of such an oscillator decreases 
exponentially by 

E = EoC-t" (21.8) 

and the amplitude (see Fig. 21.3) by 

A = Afie \ (21.9) 

where Et is the initial energy at tipie t = 0, E the energy at any later 
time t, A and Ao the corresponding amplitudes, and y a constant given 
by 

2 c* . 

3 3toc* 


C21 10) 
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Here a>o is equal to 2ir times the frequency of the oscillation vq. The 
displacement x of the oscillator at any time i is given by 

X = Aoe cos (coo^ H- if). (21.11) 

An ordinary Fourier analysis of the damped wave emitted by the 
oscillator gives for the energy, or better the intensity which is proportional 
to the energy radiated, as a function of the frequency, 


I{v) 


4tX.'0 - vy + 


( 21 . 12 ) 


The general contour of such a distribution is shown in Fig. 21.4. 
The half-intensity breadth 5^ of this symmetrical distribution, like the 



Fig, 21,4. — Intensity-frequency contour for the natural breadth of a spectrum line*. 

Doppler half-intensity breadth, is here defined as the interval between the 
two points where the intensity drops to half its maximum value. As seen 
from Eq. (21.12) the intensity will drop to half its maximum when the 
two terms in the denominator are equal, i.e., when 

"O - ^ = ^5; = A., (21.13) 


which gives for the natural half-intensity breadth 


(21.14) 


Since Av/y = AX/X, and c == v\, the half-intensity breadth, in terms 
of wave-length, is 

5* = AX = = 1.16 X 10->» cm (21.15) 

cijg 2tv^ Sme^ ^ 

which is constant and equal to 0.000116 A for all wave-lengths, a value 
many times too small to be measured by ordinary spectroscopic methods. 

21.3 Natural Breadths and the Quantum Mechanics. — According 
to quantum-mechanical principles an energy level diagram of an atom 
is not to be thought of as a set of discrete levels but as a sort of continuous 
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term spectrum in which the probability distribution is concentrated 
in regions where the terms are observed (see Fig. 21.5). With such 
probability distributions for the different levels of a given atom the 
transitions between levels will not give rise to infinitely sharp lines. 
From Heisenberg's uncertainty principle, expressed in terms of energy 
and time, 

AEAt^h, (21.16) 

it is not difficult to understand how it is that the energy levels are 
not discrete. Writing for AE the uncertainty in the energy hAT, and 
for the time At the mean life r, the uncertainty in 
the breadth of an atomic state in absolute 
frequency units is of the order 

AT~-- (21.17) 

r 

Hiis may be interpreted to mean that the 
greater the mean life of an atom in a given 
state the smaller will be the half-intensity 
breadth of the state. It follow's therefore that 
normal states, or metastable states, of atoms 
will be sharp wffiereas other states will be broad. 

It is not surprising to find that the quantum 
mechanics leads to an expression for the half- 
intensity breadth of spectrum lines which, 
although different for different levels, is of the 
same order of magnitude as that given by the fio. 2i.5.~Schem at ic 
classical theory of radiation damping. The illustrating natural 

probability distribution I{T) of an energy state 
for an at om on the (quantum mechanics has been given by 



27r 47r2(Tn - + (yn/2y 


(21.18) 


whore Tn is the term value of the center of gravity of the term distri- 
bution, and 


7 


2 87rV2(Tn - T mV __ I 


(21.19) 


Here Tm is the term value of any lower level to which a transition may 
take place. Tn — T represents small Aj^ intervals in the initial term 
and Tn — Tm the mean radiated frequency Vn,m corresponding to transitions 
between the two levels. With the above value of in the term half- 
intensity breadth 81 is given [see Eq. (21.14)] by 




m 


( 21 . 20 ) 
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Now the coefficient vanes from level to level and depends for its 
value on all other states of the atom lower than the one in question : 

( 21 . 21 ) 

m 

Here and g„, are the quantum weights (2/ + 1) of the levels for the 
transition v w, and /n,m is the number of so-called dispersion electrons 
for the same transition. The sum is to be taken over all levels m which 
lie deeper than the level n. 

Although not easily determined the / factors in the above given 
equation are a measure of the intensity of a spectrum line and in a few 
simple cases have been calculated^ and measured.^ 

London has shown from Schrodinger’s theory that the number of 
dispersion electrons to be associated with any state of the atom is equal 
to unity. This means that, if we sum up the fs for all transitions into 
and out of a given state, 

Zf - 1. 1.22) 

The for transitions into a state are taken with a plus sign and those 
out of a state with a minus sign. The table of / values given in Table 
21.1 will serve as a simple example of this rule. Since these are all 
transitions into the normal state, and there are no transitions 

out, the sum, including the rest of the series and the small sum con- 


Table 21.1. — Dispersion Electrons, / Factors. Observed Values to Be Asso- 
ciated WITH THE Principal Series of Sodium 

(After Filippov and ProkofjewY 


Transition 



Transition 

Xair 

/n,m 

- 

3/1, 2P 

5893 

0.9755 

3.sAS - ll/>,2/^ 

2476 

0.0000384 

3«,VS - 

4p,‘^P 

3303 

0 01403 

3s-, 2.8 - 12/1,2.0 

2404 

0.0000284 

36',**S — 

5p,'‘P 

2853 

0.00205 

3.s,\S' - 13/), 

2456 

0 0000217 

- 

t}p,‘P 

2680 

0.000631 

3.s,2*S - 14/), 2p 

2449 

0.0000173 

3s, VS - 

7i)AP 

2594 

0 000256 

3s AS - ISpAP 

2444 

0.0000140 

- 


2544 

0 000134 

3s AS — 16y),2p 

2440 

0.0000116 

3.s\2.S - 

9p,V^ 

2512 

0.0000811 

3,s,".S - 17/), 2P 

2437 

0.0000092 

3,S‘,2,S - 

lOp/P 

2491 

0.0000537 

- 18/),2P 

2434 

0.0000075 


> Filippov, A., and W. Prokojjew, Ze ^ tli . f . I ' hys ., 56 , 458, 1929. 


tributed by the continuum above the series limit, should add up to 
unity. It is to be noted that almost the entire sum in this case comes 
from the resonance lines X5890 and X5896 (average 5893) due to the 

1 London, F., Zeits . f. Fhys., 39, 322, 1926; Hargreaves, J., Proc. Camb. Phil. 
Soc., 26, 323, 1929; Tiutmpy, B., ZeiU . f. Phys., 64, 372, 1929; 61, 64, 1930 ; 66, 720, 
1930. 

2 f iLippov, A., Zeits. f. Phys., 69, 526, 1931; Minkowski, R., Zeits. /. Phys., 36, 
839, 1926; Ladenburg, R., and E. Thiele, Zeits. f. Phys., 72, 697, 1931 
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transitions and - 3p,2Pj. Taking this fine struc- 

ture into account the / factors for each of these two lines separately 
are 0.3252 and 0.6503, respectively. Using these values we shall now 
return to the calculation of half-in tensity breadths. Remembering that 
the summation of the for a given state is to be taken over those 
levels lying deeper than the one in question, the 
value of C for and for [Eq. (21.21)] 

is practically unity. For ’^P\y 2fn,m = 0.3252, 

Qn = 2, and = 2. For ^Piy 'Lfn.m = 0.6503, 
gn — 4, and gm = 2. These levels, for these 
particular lines, have just the classical half- 
intensity breadth of 0.0001 16 A. By Eq. (21.20) 
this corresponds to a mean life of 


3mc* 


- 1.6 X 10-^sec. (21.23) 


It is not difficult to show that, if 5i = y\/2Tr 
and $2 = 72 / 2 t represent the respective half- 
intensity breadths of the initial and final states 
for a given transition, the intensity distribution 
of the observed spectrum line will be given by 

7i + 72 1 



Radiated Itne 


/(>') = 


27r 


47r“(j/i.2 — r)2 + 




Fig. 21.6. — Showing the 
relation between the natural 
breadth of a spectrum line 
and the natural breadths of 
the corresponding energy 
levels. 


(21.24) 

From this relation we observe that the line drops to half its maximum 
intensity when the first and second terms in the second denominator are 
equal, t.e., when 


2'k(vi^2 


,) = 2l±T^. 


2 (21.25) 

From this we see that the half-intensity breadth of the radiated line, 

7i 4- 72 


K = J'1.2 


2Tr 


5l + ^2, 


(21.26) 


is just equal to the sum of the half-intensity breadths of the initial and 
final states. This is shown schematically in Fig. 21.6, where both the 
initial and final states have been drawn with relatively large breadths. 
For the sodium D lines, discussed above, the final state with an almost 
infinite mean life is sharp so that the natural breadths of the observed 
lines will be due almost entirely to the spread of the initial states. Meas- 
urements of the half-intensity breadths of spectrum lines will be discussed 
in Sec. 21.4. 
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21.4. Observed Natural Breadths and Doppler Broadening. — In the 

preceding section we have seen that the Doppler breadths of the sodium 
D lines at normal temperatures. and pressures are many times the natural 
breadths as given by Eq. (21.26). In spite of this observed fact fruitful 
attempts to measure the natural breadths of many lines have been 
made. In order to see how this is possible the two types of curve are 
superposed in Fig. 21.7. One represents the natural breadth of a 
line and the other the Doppler breadth for the same total intensity. 
Each cur\'e assumes all other broadening effects are absent. It is 
observed that, while the Doppler intensity drops off sharply and becomes 
negligibly small in a very short frequency interval, the natural breadth 
remains fairly large at considerable distances from the center. If the 





Fic,. 21.7. -Comparison of natural hroadth and DojjpltT brc*adth of two linc>8 with tlio 
same half-intensity breadth and the same total intensity. 

Doppler breadth is not too large it is easy to see how one might measure 
the intensity contours far out on the wiugs and from these calculate the 
half-intensity breadth. This has been done for the sodium 1) lines by 
Minkowski.^ In this particular instance almost perfect agreement 
between theory and experiment was found. Many measurement. s of 
other lines have been made in this indirect way with varying degrees 
of agreement. 

In hydrogen the Doppler effect has been the chief limiting factor 
in all attempts to resolve the fine structure of the Balmer series lines 
(sec Fig. 9.5). For BL*, at temperatures between 250° and 300° Abs., the 
Doppler half-intensity breadth is about 0.2 cm"\ or O.OOA, a value of the 
same order of magnitude as the largest fine-structure interval. By oper- 
ating a hydrogen-discharge tube in a liquid air bath the Hi and Hi lines 
have been considerably sharpened. Attempts to excite the lines with the 
tube cooled in liquid hydrogen have been unsuccessful. The effect of 
atomic mass on the Doppler breadth is very beautifully brought out by 
the comparison of the Ha lines reproduced in Fig. 9.5. The Hi lines 

Minkowski, R.. ZeiU. /. Phys,, 36, 839, 1926. 
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are 1.4 times as broad as those of The measured contours of these 
and other lines as well as their increase in breadth with temperature are 
in excellent agreement with Eq. (21.24). 

Mention should be made at this point of the several attempts that 
have been made to measure the natural breadths of x-ray lines. The 
results thus far obtained in this region of the spectrum show that, while 
the shapes of the lines studied are not far from that expected, the half- 
intensity breadths are several times larger than is predicted by theory. 

Experimental verification of the natural contour of a spectrum 
line has been made in the case of the anomalously broad lines so well 
known in the copper arc spectrum (see Fig. 19.14). The intensity 



Fk;. 21.8. -Observed natural breadth contour of one of the anomaloua copper arc lines. 

See Fig. 19.14. {AJttr AUrn.) 

contour of one of these lines, as measured by Allen, ^ is reproduced in 
Fig. 21.8. For this as well as many other broad lines in copper the 
mean life of the atom in the upper state has been greatly reduced by the 
probability of autoionization^ a phenomenon discussed in Chap. XIX. 
Although this particular type of broadening is not due to exactly the 
same effect as a natural breadth, it is here classified as such in that it 
takes the place of natural breadth and is an inherent property of the 
atom independent of all external effects. The observed half-intensity 
breadths show that the mean life of the atom in such broad upper states 
is of the order of 10“^^ sec. 

With the exception of a few special cases, such as the broad copper 
lines, the natural breadth of a spectrum line may be neglected in compari- 
son with the Doppler breadth at ordinary temperatures. The importance 
of the subject of natural breadths lies in its application to the dispersion 
of a gas and to dispersion theory in general, a field of investigation 
which has developed largely in the hands of Ladenburg and Kopfermann.® 

21.6. Collision Damping. — One of the important external causes 
in the broadening of spectral lines is the process called collision damping, 

* Allen, C. W., Phys. Rev., S9, 42, 55, 1932. 

a LadenbuAo, R., Zeits. f. Phys., 66, 167, 189, 1930. For other references see H. 
Kopfermann and R. Ladenburg, Zeits. /. Phys., 48, 26, 1928. 
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This is but one of the effects produced by the collision of two atoms, one 
of which is in the process of emitting or absorbing radiation. Following 
the early suggestion of Michelson^ in 1895, and Lorentz^ in 1905, the 
phenomenon is based upon the following assumptions: //, during the time 
an atom is emitting or absorbing radiation of frequency vo it collides 
elastically with another atom^ the phase and amplitude of the radiation 
have a chance of undergoing a considerable change. 

If one assumes that the time two atoms are in collision is large com- 
pared with the mean time between collisions, the emitting or absorbing 
atoms will most of the time be under the influence of strong atomic 
fields. These conditions, which exist in a gas at relatively high pressures, 
give rise in general to a red shift of the spectrum lines. This phenomenon 

wall be discussed in the following 
section under the heading of Asym- 
metry and Pressure Shift. 

In this section we are concerned 
with the damping effect, or broaden- 
ing of a spectrum line, produced by 
the sudden change in the atomic 
radiation by collision. The assump- 
tions usually made are: (1) the 
mean time between collisions is large 
Fig. 21.8a. — linclamped oscillation in- Compared with the collision time, 

Btantly stopped after a short interval of and (2) with every impact the oscil- 
time. Ideal model for collision damping. , _ , . , , ^ 

lations are either completely cut off, 
or they are momentarily interrupted during impact only to resume the 
same frequency again with possibly a phase and amplitude (diange 
(see Fig. 21.10). That the phase of the oscillations may be changed 
in the short collision time may be seen from the follow ing rough calcula- 
tion. For normal temperatures and normal-effective-collision cross 
sections the collision time is of the order of 10“^^ sec. For ordinary 
visible light wdth a period of about 10“^^ sec. there w ill be some hundred 
modified oscillations during impact. 

In giving a classical treatment of the phenomenon of collision damp- 
ing, it is customary to assume the radiation to be an undamped oscillation 
of the form shown in Fig. 21.8a, and given by 



X - Ao cos (a)o^ d- ip) (21.27) 

(where wo == 2tvq), which is instantly stopped after an interval of time r. 
Now r is the interval between the time the atom begins radiating and 
the time a collision occurs. A Fourier analysis of a single finite wave 


* Michblson, a. a., Astrophys. Jour., 2, 251, 1895. 

*Lori!JNTZ, H. a., Koninklijke. Akad. Wetemchappen Ainsterdam, VersL, 
518, 577, 1905-1906. 
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like this leads, strangely enough, to an intensity distribution which has 
the contour of a single-slit diffraction pattern. The shorter the wave 
train, or the longer the wave-length, the broader the central maximum 
of this pattern. Now for each atom of a gas, t will have a different 
value so that for the gas as a whole there will be a certain probability 
distribution of the r’s. If we assume the same distribution for r as is 
usually assumed for the free paths of the same gas atoms, the probability 
that T will lie between r and t + dr is given by 

— r 

dw = —e^^dr, (21.27a) 

To 

where to is the mean flight time, i.e,, the average time between collisions. 
When a Fourier analysis of the set of wave trains has been made, the 
relative intensity /, as a function of the frequency v, is found to be given 
by the relation 

/(.) = constant ^^^-_ J ^ (21.28) 

This equation gives the same intensity contour as radiation damping 
shown in Fig. 21.4. The intensity drops to half its value when 

coo — w = ^ = 27r(]/o — v) (21.29) 

and gives for the collision-damping half -intensity breadth, 

5c' = "• (21.30) 


This result is to be compared with Eq. (21.20). It should be noted that 
in the derivation of this equation the small effect of natural breadth due 
to radiation damping has been neglected. Further consideration of 
this problem shows that, if the radiation starts again after impact with 
a new phase and amplitude, and radiation during impact is neglected, 
exactly the same intensity distribution is obtained as given above. 

Let us no^ find the order of magnitude of the line broadening due 
to collision damping. To do this we must first find a value of tq. From 
the kinetic theory of gases the average velocity of an atom or molecule 
is given by 



(21.31) 


where R is the universal gas constant = 8.3 X 10^ ergs mole~\ T the 
absolute temperature, and p the molecular weight. The mean free 
path lo is just 


lo = VoTOf 


( 21 . 32 ) 
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so that the half-intensity breadth 

5^ = JL ^ _1_ 

TTTo 7r/o\ TTM 


(21.33) 


If a foreign gas is present, the molecular weight ix is replaced by 
rnM /{m + i/), where w is the inoleeuliir weight of the emitting gas and M 
that of the foreign gas. The mean free path, as given by the Maxwellian 
formula, is also written 


hT ^ RT 

\/ 2 Tr p ~ f > \/2AVp“7J 


(21.3-4) 


where p is the optical rro.s.s section, or collision diayncter, i,c., the average 
distance between nuclear centers at closest ai)proa(*h, and p is the pres- 
sure. This gives for the half-intensity breadth, in terms of the Avogadro 
number N = 6.06 X 10'^^ mole^S and the pressure p or density d, 


5 


c 


_TVp^p 

VRTpn 


- 4Np-d. 


m:. 

\>'*7r 


(21 .35) 


The only unknown factor in this expression is the collision diameter p. 
Instead of assuming the kinetic-theory values of p and attempting to 
check theoretically the observed line bieadths for different pressures, 
it is customary to compute values of p from the observed lines. The 
following values, for example, were obtained by wSchiitz for the sodium 
D lines excited in an atmosphere of different foreign gases (see Table 21.2). 


Table 21.2. — Optkwl Cross Se(’Tion, or Colli.sion Diameter p, ixnt the Sodium 
1 ) Lines Absorbed in Mixtures \\itii a Fokek^n Cas 
{After Schutz) 


Source 

1 1 
! 

H, 

1 

1 

Ho 

1 

1 A 

i 

Nj 

Schi'itz^ 

i i 

i 5 S 

SC) 1 

i; 15 

1 !> 0 1 

s ;j A 

Kinetic theory ... 

1 1 

t Pkin 1 

1 2 3 ! 

1 1 ! 

2 3 

•i H ! 

3 1 


1 SciiOtz, W., Znth. f. Phys., 45, 30, 1927. 


Since the observed values p«p, are from two to three times those cal- 
culated from kinetic theory the term optical cross scciion has been applied 
in the one case and kinetic cross section in the other. 

In some instances the effect of a foreign gas on the spectrum lines 
of a given element is to give very broad lines and large opti(‘al cross 
sections. In favorable cases p^pt may be from 10 to 100 times pk,,.. This 
is interpreted to mean that even at great distances another gas atom 
may act on the radiating atom strongly enough to change the phase of 
the oscillation. Such large actions often arise when no foreign gases 
are present. 

A comparison of Doppler half-intensity breadths with collision half- 
intensity breadths [Eqs. (21,6) and (21.36)] shows that for visible light, 
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and room temperature and pressure, the two effects are of the same order 
of magnitude. In mercury, Fabry and Perot reduced the pressure to 
1 mm in order to measure the Doppler broadening without large distor- 
tions from collision damping. With increased pressures, on the other 
hand, collision damping becomes the predominant cause for the broaden- 
ing of lines. The effect of pressure or density [see Eq. (21.35)] on the 
breadth of a line is shown in the specific case of the mercury resonance 
line X2537 in Fig. 21.9. Here the half-intensity breadth, as it is observed 
in absorption, is plotted against the relative density, the latter being 
defined as the density of the gas relative to its density at normal tem- 



Fig, 21.9. —Observed pressure broad- 
ening of the mercury resonance line 
X25.‘<7 in al>sorption. (After Fuchi- 
bauer, Joos, and Dink el acker.) 



Fig. 21.10. — Schematic diagram of 
the change in frequency at the time of 
collision between two atoms one of 
which is radiating. 


perature and pressure. The largest readings correspond to values taken 
at a pressure of 50 atm. The foreign gas mixed with the mercury vapor 
to obiain the upper curve was CO 2 , and to obtain the lower curve, N 2 . 

21.6. Asymmetry and Pressure Shift. — In the previous section we 
have seen how the broadening of a spectrum line due to pressure has 
been attributed to the sudden change in phase of the emitted radiation 
by collision, a phenomenon called collision damping. Since collision 
damping takes into account only that part of the radiation given out 
before and after collision, we have yet to consider the radiation that 
takes place during collision. This is shown schematically in Fig. 21.10. 
In this very ideal model it is assumed that the frequency of the oscillation 
changes suddenly when the emitting atom first comes under the influence 
of the colliding atom. After collision the original frequency is resumed 
again. Asymmetry and pressure shift are attributed to the modified 
radiation indicated at the center of the figure. 

The explanation has been given that at close approach of a foreign 
atom the energy levels of the excited or radiating atoms in question are 
altered, due chiefly to polarization effects (see Fig. 7.5).^ It is convenient 


^ This is quite similar to a quadratic Stark effect and might well be classified as 
such (see Sec. 21.7). 
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in this explanation, following Jabl6nski,^ to represent the energy levels 
by means of potential curves for the two atoms considered as a molecule. 
In Fig. ?1.11 the initial and final states of the pseudo molecule are plotted 



Fig. 21,11. — Potential curves for two states of an atom at close approach of another atom. 
Illustrating the cause for asymmetry and red shift. {After Jahlonski and Weisakopf.) 

as functions of the distance between the atomic centers, r. Due to the 
polarization of one atom at close approach of another, an excited or outer 
state will be lowered more than a tightly bound lower state. The 
frequency distribution during this time of close approach is added to the 
oollision-damping distribution. The result is that the spectrum line 



Fia. 21 . 12. — Asymmetry and broadening of the mercury resonance line X2536 with increased 
pressure. {After Fiichtbauer, Joos, and Dinkelacker .) 

observed is spread out more on the long wave-length side than it is on the 
short (see Fig. 21.12). 

At normal temperatures and pressures the collision times are small, 
and the broadening and shift are small. With increasing pressure 
the mean collision time increases and the time between collisions decreases 

^ Jabl6n8KI, a., Zeita. f. Phye., 70, 723, 1931; see also Margbnau, H., Phya. Rev.y 
43, 129, 1933. 
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with the result that, as the line is shifted to the red, it is broadened 
asymmetrically. The mercury resonance line X2537 is shown in Fig. 

21.12, as observed in absorption by Ftichtbauer, Joos, and Dinkelacker, ^ 
at a pressure of 10 and 50 atm., respectively. The foreign gas used in 
these observations was nitrogen. To show that the pressure shift 
depends upon the foreign gas used, 
curves have been reproduced in Fig. 

21.13. In general it is observed that 
the shift of a line is very closely pro- 
portional to the relative density. The 
relative density is here defined as the 
density of the gas relative to the 
density at normal temperature and 
pressure. 

That the lowering of an energy 
level due to pressure effects is greater 
for high levels than it is for the low 
is confirmed by Babcock’s^ interfer- 
ometer measurements on the iron 
lines. The well-known spectrum of 
iron was investigated at pressures below 1 atm. for the purpose of 
determining how reliable the different lines may be as wave-length 
standards. At low pressures the lines are very sharp, and the pressure 



mercury resonance line X2537, in absorp- 
tion. {After Fiichtbauer, Jooa^ and 
Dinkelacker.) 



Fig. 21.14. — Relative shifts of the energy levels of iron as a function of their term values. 

{After Babcock.) 

shift is extremely small. Employing Fabry -Perot 4talons, however, 
shifts accurate to thousandths of an Angstrom or better were measured- 
Since an observed spectrum line gives only the difference between two 

‘ FtJcHTBAiJBR, C., G. Joos, and O. Dinkelacker, Ann. d. Phys., 71, 204, 1923. 

* Babcock, H. D., Astrophya. Jour„ 67, 240, 1928. 
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term values, relative shifts are all that can be determined. The results 
from over 100 lines are best shown by the graph reproduced in Fig. 21.14, 
where each term is plotted relative to the ground state as zero. Weight- 
ing each plotted point, Babcock expresses the belief that the quintet and 
septet terms are depressed slightly more than the triplets. Whether 
this is a real effect or not, the major effect is in good agreement with what 
one would expect from polarization effects explained above. 

21.7. Stark Broadening. — In an ordinary arc of high current density 
many ions are produced which upon collision with other atoms give 
rise to strong electric fields. The effect of these intermolecular fields 
is to produce a 8tark-effect broadening of the observed spectrum lines. 
In addition to this effect by tori fields, dipole or quadrupole nwrncriis 
of gas atoms or molecules may also produ(‘e relatively strong inter- 
molecular electric fields. The hydrogen atom and molecule are good 
examples of a dipole and quadrupole, respectively. Being of the same 
order of magnitude as collision damping and Doppler broadening (see 
Secs. 21.5 and 21.1), the Stark effect plays a relatively important part 
in the general subject of the breadth of spectrum lines. In attempting 
to calculate Stark-effect broadening one is immediately confronted 
with the problem of continually changing, inhomogeneous, electric 
fields. At the approach of two atoms in collision the electric field at 
each of the respe(qive atoms increases, reaches a maximum at closest 
approach, and then diminishes as the two atoms recede. 

Since the Stark effect for an inhomogeneous electric field has never 
been worked out, Holtsinark^ and Debye- made the simplifying assump- 
tion that there will be an average intermolecular field F to which, one 
can assume, the ordinary Stark-effect formulas apply. The problem 
of calculating average fields has been divided into three classes, (1) 
the field due to charged atoms or molecules, ?.c., (2) the field due 

to dipole mom,cnis, and (3) the field clue to quadrupole momeids. Although 
the theoretical treatment of each of these three possibilities is out of 
place here, we shall write down the derived formulas for the three average 
field strengths: 

(For ions) F — aicrd. (21.36) 

(For dipoles) F = (21.37) 

(F ;r (juadrupolc.s) F - (21.38) 

Here the a’s are constants, c is the ionic charge, p the dipole moment, 

q the quadrupole moment, and n the number of corresponding particles 
per cubic centimeter. 

Holtsmark made the next simplifying assumption that a spectrum 
line is spread out symmetrically into a continuous frequency band, the 

* Holtsmark, J., Phya. Zeita., 20, 162, J919; 26, 73, 1924. 

* Debye. P.. Phys. Zeitn., 20, KK). 1919. 
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total breadth of which is given by the outermost components of the first- 
order Stark effect (see Chap. XX). The total spread of the levels will 
be 

= A^F. (21.39) 


In general there will be a statistical distribution of the fields and 
a resultant distribution of bands of different breadths. The summing 
up of these distributions, in the case of dipole fields for example, leads 
to an intensity distribution having the same form as that for natural 
breadths. 


For dipole moments, 



^ 

(r ^ 


(21.40) 


whei'e 8s is the half-intensity breadth,’ 


(for dipole) 5, == (21.41) 

The intensity contours for ions and for quadrupole moments have 
almost the same form as those for the dipole moments (see Fig. 21.4). 



Ficj. 21.15. — Observ'ed half-inien»ity breadth of hydroKen Ha, XG563, in angstroms. 
(After Aficht'hon.) (Calculated half-iiitonsity breadth due to Stark effort from inter- 
moleeular <iuadrupole fields. {After Holtsmark.) 

The essential features of the above given equations are the expressions 
for the half-intensity breadths of the observed spectrum lines. For the 
latter two types of field these are: 


For ion = 3.25A^,cr?i. (21.42) 

For quadrupole 5* = d,^2A^^^qnK (21.43) 


As one might well expect, all half-in tensity breadths are functions of the 
density n. 

Of the many attempts made to check these formulas with observa- 
tion those made by Holtsmark are perhaps the best. Of these his 
comparison of Eq. (21.43) with Michelson’s observations on the hydrogen 

* For a derivation of the equations given here the reader is referred to M. Born, 
1933; also V. Weisskopf, Phys. Zeiis., 84 , 1, 1933. 
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line H„ has been pointed out by several investigators as giving the best 
general agreements. The quadrupole moment of the hydrogen molecule 
is known from theory (by Debye) to be 3.2 X 10-*« gml end sec.-'. 
This value substituted in Eq. (21.43) gives the half-intensity breadth as 
a function of ri. A„,„ is calculated from Eq. (20.2). In lig. 21.15 both 
the calculated and observed half-intensity breadths have been plotted 
for comparison. Subtracting the Doppler breadth the agreement, even 
here, is not very good. 

In general the first-order Stark effect will account for the broadening 
of many spectrum lines. The second-order, or quadratic*. Stark effect 
which only becomes appreciably large in strong fields must also produce 
an observable effect. 

One of the best confirmations of Stark-effect broadeninj; may be 
found in the chief series of the alkali atc>ms Avhere historically the terms 
sharp and diJifusc series orij 2 ;inated. Due to the penetration of the .s and 
p orbits involved in the sharp-series lines, both in the initial S states 
and in the final P states show no first-order Stark effect. As a result 
the lines, despite strong; intennolecular electric fields, are sharp, hor the 
diffuse series, however, the d and / orbits are nearly hydrogen-like 
and, being not far removed from the hydrogen-like f, . . . orbits, 
show a first-order Stark effect. Under suitable excitation conditions 
even the diffuse and fundamental senes have been observed as sharp 
lines. 

Finkelnburg^ has studied the Buhner series under pressures of from 
1 to 30 at ms. of hydrogen. Using a high-voltage condensed-spark 
discharge, bet^^eeIl metal electrodes placed very close together, each 
member of the series is observed as a very broad line. At a pressure 
of abf)ut 2 at ms. the IL, und Uy lines are symmetrically broadened, 
without an appreciable shift of the maximum, to the extent that the half- 
intensity breadths are about 25, 100, and 200 A, respectively. At from 
10 to 30 atms. the lines are so broad that they overlap one another and 
form a continuous spectrum. These enormous breadths are attributed 
by Finkelnburg to a Stark effect, the enormous fields being produced 
by the very high ion density in the spark discharge. 1 hat the Stark 
effect is chiefly responsible for the broadening is confirmed by (1) the 
general contour of the lines, (2) the symmetrical broadening without 
appreciable shift, and (3) the increased broadening with higher members 
of the series. 

It should be pointed out that asymmetry and pressure shift, discussed 
in Sec. 21.6, may well be classified as a second-order Stark effect. At 
close approach of a foreign atom the associated electric field causes a 
polarization and a displacement of the energy levels of the atom in 
question (see Fig. 21.11). 

^ Finkblotubo, W., Zeita. /. Phya , 70, 375, 1931. 
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Table I. — Values of the Physical Constants 
(After BirgeY 


Velocity of light c 

Mass of the electron (spectro- 
scopic) mo 

Mass of the proton Mp 

Charge on the electron e 

Planck’s constant h 

Rydberg constant (hydrogen i). Rh^ 

Rydberg constant (hydrogen®). jR//* 

Rydberg constant (helium) . . . jK//e 

Rydberg constant (infinit(‘. 

mass) R 

Ratio Mp/mc (spectroscopic) . . . 

Wave number per absolute volt 
Wave-length per absolute volt. , 

Energy of one abs-volt electron 
Speed of one abs-volt electron. . 


Fine-structure constant . . a = 2ire^lhc 


- (2.99796 ± 0.00004) X lO^® cm sec." 

= (9.035 ± 0.010) X 10-®8g 
= (1.6608 ± 0.0017) X 10~®^g 

- (4.770 ± 0.005) X 10-^0 abs-e.s.u. 
= (6.547 ± 0.008) X 10*®^ erg. sec. 

= C09677.759 ± 0.05) cm"' 

= (109707.56 ± 0.05) cm'i 
= (109722.403 ± 0.05) cm-i 

= (109737.42 ± 0.06) cm-i 
1838 ± 1 

(8106 ± 3) cm"^ abs-volt"^ 

(12336 ± 5) X 10“® cm“i abs-volt" 
(1.5910 ± 0.0016) X 10-1® erg 
(5.9346 ± 0.0017) X 10^ cm sec."^ 

= (7.283 ± 0.006) X lO-^ 

= (5.306 ± 0.008) X 10“® 


• l/« 

Unit angular momentum h/2Tr 

Magnetic moment (om; Bohr 

magneton) jui 

Magnetic moment (one nuclear 

magneton) Mi/ 1838 

Zcp-Nian displacement per gauss. 

Bo hr magnet, oil ^ >ii 

Ik)hr rneehaiucal moment h/2ir 


1 Biuoe, R. T., Fht/is. Rtv., Supplement, I, 1 , 1929 . 


= 137.29 ± 0.11 

== (1.0419 i 0.0013) X 10~®" erg. sec. 

= (0.9174 4:0.0013) X 10“®® erg gauss " 

= 4.991 X 10~®^ erg gauss'i 
= (4.674 ± 0.003) X 10'^ cm”* gauss” 

= (0.8805 ± 0.0005) X 10^ gauss"! sec“ 


Table II. — Eqitivalent Electrons 
(After Gibbs, Wilber, and White) 


p Electrons 


(6) 

p\ _ 

2/> 






(15) 

P’ - 

i.S 

U) 

*P 




(20) 

p3 ^ 

ip 


w 

*S 



(15) 

- 


H> 





(6) 

P‘ - 

ip 






(1) 

P' - 

IS 











d Electrons 


(10) 

- 


KD) 





(45) 

- 

KSDG) 


HPF) 




(120) 

- 


HD) 


HPDFGH) 

HPF) 


(210) 

d* - 

KSDG) 


HPF) 

HSDFGJ) 

HPDFGH) 

HD) 

(252) 

- 


HD) 


HPDFGH) 

HPF)HSDFGI) 


(210) 

dt - 

HSDO) 


HPF) 

HSDFGI) 

HPDFGH) 

HD) 

(120) 

d' - 


HD) 


HPDFGH) 

HPF) 


(46) 

<P - 

HSDG) 


HPF) 




(10) 

d * - 


HD) 





(1) 

- 

HS) 







1 Gibbs, R. C., D. T. Wilbur, and H. E. Whitu, Phys . Rev., 790, 1927. 
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Table II.— Equivalent Electrons. — {Continued) 




/ Electrons 

(14) /' - 

HP) 


(91) P - 

^iSDGI) 

*{PFH) 

(364) P - 

KPDiFTGiHtIKL) 

KSDFGI) 

(1(X)1) p - 

pSzDtFGiHrtiKUN) 

»iP*DtFiGzHJtKtLM) HSDFGT) 

(2002) P - 

^{PiDiFiGtHiIbK hLzM iN 0) 

*{SPtD»F4GiIidzKtLM) KPFH) 

(3003) P - 

liSiPDtFAG^HdiKzLiMiN^Q) 

^iPbDbFtGifhUKbUMsNO) HSPDzFjGiGtl iKL) 

(3432) P - • 

HSiPbDiFx^PrxdhUK-.UMbNzOQ) ^(StPtD^FbGdlfJ bKA>zMN) ^PDFGfll) 

(3003) p - 

DtFiGrill zQ) 

^{PiDbFXididbKtLzMzNO) >>iSP DzFiGiHil zKL) 

(2002) p - 

\P,nbFXhIhIbKbLzMtNO) 

^{SP^DzFiGA ffzIzK iL M) • {PF H ) 

(1001) /'“ - 

^SzDAFGJliIiKUN) 

•(/*3i)iF4Cr j//«/ zK zLAf) GI) 

(364) /“ - 

^{PIJiFtGzII il KL) 

*{SDFGI) 

(91) /‘2 - 

i^SDGJ) 

^iPFII) 

(14) />’ - 

HP) 


(1) - 

>(N) 



The subscripts to the right of each term type in the table for / electrons are not inner quantum 
numbers but indicate the number of such terms For example f — etc ,) indicates that there 

are two 'S terms, five -P terms, etc , arising from seven f electrons*. 
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Tablju IV. — Lande g Factors for LaS-couplino 
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Table V.-— Land^ g Factors FOFi Two Electron.s in jj-vovviAsr, 
(Values in parenthesis are exeluded if electrons arc* ecpii valent) 




INDEX 


A 

Abnormal scries, 18, 386, 388 
Absorption, Kirchhoff’s law of, 1 
Absorption (;dp;os, x-rays, 306, 307 
Absorption spectra, x-rays, 306, 329 
Actinium, 83 
Allen, C. W., 395, 427 
Allison, S., 313 

Alternation law of multiplicities, 249, 251 
Aluminum, 81, 82 
anomalous series in, 386. 388 
energy level diagram for, 115 
nuclear moment of, 372 
Anderson, O. E., 370 
Angstrom, A. J., 2 

unit of wave-lengtb, defined, 2 
Angular factor, probability den.sity, 60, 
64 

Anomalous series, 18, 380, 388 
Anomalous Zeeman effect, 152 
Antimony, 83, 259, 307 
nuclear moment of, 372 
Aphelion, of electron orbit, 44 
Arc spectra, photographs, 174, 250, 349 
Argon, 81, 82, 274 
fim* structure of, 277 
Arsenic, 83, 259 
nuclear moment of, 372 
Asymmetry of spectrum lines, 418, 431, 
432, 433 

Atom model, for complex spectra, 251 
for doublets, 118 
for hyperfine strueture, 354, 365 
Back-Goudsmit effect , 376, 380 
Paschen-Back effect, 370, 380 
forj[;-coiipling, 191, 224 
for Jj-coupling, 254 
for L*8-coupling, 191, 224, 254 
for Paschen-Back effect, 163 
complete, 231 
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